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ON WEIGHTED BERNSTEIN TYPE INEQUALITY IN
GRAND VARIABLE EXPONENT LEBESGUE SPACES

VAKHTANG KOKILASHVILI AND ALEXANDER MESKHI

(Communicated by L. Maligranda)

Abstract. In this paper a weighted Bernstein type inequality on derivatives of trigonometric poly-
nomials is established in new function spaces unifying two nonstandard Banach function spaces,
in particular, grand and variable exponent Lebegue spaces.

1. Introduction

The paper deals with the Bernstein type inequality in grand variable Lebesgue
spaces LP0)0 with weight (for Lr()8 spaces see Definition 1). Namely, we show that
for any r € N and trigonometric polynomial 7,, of degree less than or equal to n, the
inequality

sin” ¢ T ooy < enllsin”s Tult) | o) (1)

holds with a constant ¢ independent of 7;,.

The latter inequality in the classical Lebesgue spaces LP (0 < p < o), was proved
by Z. Ditzian and V. Totik [4], Section 8.4 (we refer also to [2], Theorem 7.5).

An improved Bernstein inequality in variable exponent Lebesgue spaces with Muck-
enhoupt type weights, suited to this spaces, was proved in [1]. It should be emphasized
that even for constant p, the special weights inside of norms in inequality (1) are more
general than the Muckenhoupt weights of the same type.

Let s(-) be continuous, 27 -periodic function defined on R. It is said that s sat-
isfies the log-Holder continuity condition if there exists a positive constant A such that
forall x,y € R, |x—y| < 1/2, the inequality

I5(x) — 5(3)] < ——

—— 2)
—log|x—y|

holds. In the sequel we denote the class of 27 -periodic functions satisfying the log-
Holder continuity condition by 22!°2 . Further, we say that s € & if

I <s_ <sq <o
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where
s_ = i%fs(x); st :=sups(x), T:=[-x, x|
T

Recently, the authors of this paper in [10] (see also [11]) introduced a new func-
tions space being the mixture of two well-known spaces: variable exponent Lebesgue
space and grand Lebesgue space. Let us recall the definition of that space.

DEFINITION 1. Let p € 2 andlet 6 > 0. Denote by L”()-9(T) the class of those
measurable functions for which

_6
||fHLp(l).9(1r) = sup &r—° Hf||Lp(-)—6(1r) < oo,
O<e<p_—1

where

fx
e = o {2+ |22 P ax<n),
T

In the same paper [10] (see also [11]) the authors showed that the space LP('>79(T)
is a Banach space. It is worth mentioning that the space LP()-? is non-reflective and
non-separable. Different from the constant exponent case this space is also non-rearran-
gement invariant.

For constant p and 6 = 1, the space Lp(')’e, is the Iwaniec-Sbordone space LP)
introduced in [9] in their studies related with the integrability properties of the Jacobian
in a bounded open set Q. The generalized version of that space, L) appeared in L.
Greco, T. Iwaniec and C. Sbordone [8]. For structural properties of L) spaces we
refer to [6]. The boundedness of the Hardy—Littlewood maximal operator in L{L) (Q)
spaces, 1 < p < o, for bounded open 2, under the Muckenhoupt A, condition was
proved in [7].

Let J be a bounded interval in R. It follows from the celebrated paper by L.
Diening [3] that the Hardy-Littlewood maximal operator defined on J is bounded in
L"0)(J) provided that r belongs to the classes Z2(J) and 22!°¢(J) defined on J. The
key point of the proof of the latter result is the following lemma:

LEMMA 1. [3] Let J be a bounded interval. A positive function s belongs to
298 (]) if and only if there is a positive constant C such that for all subintervals I CJ
the inequality

‘I|.\;(1)7.\'+(1) <C 3)

holds. Moreover, if s € '8 (J) with the constant A (see (2)), then the constant C in
(3) can be taken equal to max{eA,Z(”_S*)}. Further, inequality (3) holds for 1 C J
satisfying |I| < 1/2 with the constant C = é*.

Since for us it is interesting the constant C, let us see that C = max{e?, 2(”_”)}
in (3). Let I be a subinterval of J. Suppose that x,y € I. Let |I| < 1/2. Then

1[5~ D=5+0) < | = A
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Let |I| > 4. Then
|I|s,(1)7s+(1) L2575,

Finally we mention that in the sequel constants (often different constants in one
and the same lines of inequalities) will be denoted by ¢ or C. The symbol # stands for
the conjugate number of r; under the symbol s'(-) we mean the function s(-)/(s(-) —
1); the set of natural numbers will be denoted by N; by the symbol T we denote
the interval [—m, 7]; the symbol C(T) means the space of all continuous functions on
T, f' is a derivative of a function f; f7:= ﬁf\f(tﬂdt; s_ :=infrs, s; = supps;

s_(J) :=infys; s+ (J) := sup, s, where J is an interval.
2. Preliminaries

Let 7;, be any polynomial with degree less than or equal to n. Suppose that M :=
| 7|l z=(T) and let o be a point at which |T;,(#)| = M. Let us introduce the notation:

1 1 1
I:= [t()——Jo—f——}7 B:= {te’]I‘:\sint\gsin—}7 B :=T\B, B,:=BNIl. 4
2n 2n 8n
Observe that
1 1 1 1 1
Bl=—, —->|B2)|>~-—=—=—=|B|. 5
Bl=n =Bz 5= =8 )

In the sequel for an exponent p € &, we denote

REMARK 1. It is easy to see that if p € 22/°¢(T) with constant A, then p(¢) €
2'°8(T) with the constant A(P) := ;%2 ,i.e., forall x,y € T with [x—y| <1/2,

AP)

P (x) — p ()] <

{——. (6)
—log|x—y]|

Now we prove some auxiliary statements.

LEMMA 2. Let p € NP8 and let p be w-periodic. Suppose that 0 < € <
p— — 1. Then there is a positive constant ¢ independent of n and € such that for all
natural n,

B BB < %)

Proof. Let us observe that B=1; UL, UI3, where

I :=[-n,—n+1/8n)], L:=[-1/(8n),1/(8n)], I1:=[r—1/(8n),n].
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Suppose that x' and x” be points in B such that

P (B) = p (), pl(B)=p© K",

It is obvious that x',x” € B since the set B is compact. Consider the following cases

)X el andx" €hL,orx" €l and ¥ € I5;

(i) ¥ €l and X" €hL,orx" €1, and X' € I;

Gii)x¥ €b and ¥ €3,0or ¥’ €L and ¥ € Is;

) X, X" eli,or XX €h,or ¥, X' €.

Let the case (i) hold. Then by the fact that p(g) is 2m-periodic, it is clear that
pE () =p®(x), where ¥’ € I, ¥ =x'+2m and I =1 +2x. Then 5U I is an
interval of length ﬁ containing X’ and x”. Then by Remark 1 we have that

B B B) < ape P )= Z g I ) -p ()

A(I’/) AlD)
< 2p+ n —log|x —x| < 2P+ n Togdn < Cp7

where ¢, = 2P+ A" and AP) is the constant arisen in (6).

The case when x” € I} and X' € I is proved analogously.

(i), (iii): These cases are analogous to (i) but here it is used m-periodicity of
p'&) instead of 27 pCI‘IOdlCIty For example, in the case (ii) when X e 11 and X" € I,
denoting 1| := w+1; and x' = w4 x’, then we have that | C I, and x',x" € I,

(iv) This case is easier to prove because in this case we deal with an interval.
For example, if x’,x” € I, then by Lemma 1 we have that (7) holds with constant
¢ =max{e*,2!"1/P+}  where A is from (2). O

LEMMA 3. Let p € NP8 and let p be m-periodic. Then there is a positive
constant ¢ depending only on p such that

(e) (e)
|B|P="(B) < ¢ |B,|P+ (B2) Q)

provided that INB # 0.

Proof. Since B, C I and |I| = %,therefore by the condition p(&) € 2!°¢ Lemma
1, Remark 1, Lemma 2 and (5) we have that

\BQ|P(+8)(BZ) > |B2|p(f)(1) > pr(f)(l)mp(f)(l)
>0 l|I‘p+ ) s 2-le —Amp ) S0 le —Amp )(1nB)
>0 e*A|I‘p+ (InB) 5 51 7A|I‘p+ ) 4! 7A‘B‘p
where A is the constant of the condition p € 2/°¢. We also have that c =4~ 'eA. O

LEMMA 4. Let p € N2 and let p be mt-periodic. Suppose also that p_ =
p(0). Then there is constant ¢ > 0 such that forall n € N and € € (0, p_ — 1) inequality
(8) holds provided that INB = 0.
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Proof. Since 0 belongs to B we have

Then by using Lemma 2 we find that
(e) (B) (5)(3) () (5)(3 )
|B|P="\P) L c|BIP+ ) = ¢|B|P+ < c|By|P+ P2

where the constant ¢ depends only on p. [J

Summarizing Lemmas 2—4 we see that the following lemma is true.

LEMMA 5. Let p € 2N 28 and let p be m-periodic. Suppose also that p_ =
p(0). Then there is a constant ¢ depending only on p such that for all n € N and
€ € (0,p— — 1) inequality (8) holds.

The next lemma will be also useful for us.

LEMMA 6. Let p € 2N P and let © > 0. Suppose that p is w-periodic and
that p— = p(0). Then there is a positive constant ¢ depending only on p such that for
any polynomial T, with degree less than or equal to n, the inequality

||7;7||LP(-)~,9(’]1‘) < cn||sint Tn”LI’(')ﬂ(’H‘)
holds.
Proof. Using notation (4) we have
HT"HLI’(')>9(’]1‘) < CHT"HLI’(')>9)(BI) "’CHTn”LP(-)ﬂ(B) =:A1+ Az, )

where the constant ¢ depends only on p. We estimate A; and A, separately. To
estimate A, observe that

1
B C {t :n|sint| > _}. (10)
ar
Hence,
||7;7||LP(-)~,9(31) <4mn| Sintn(t)||y’(-)ﬂ(31)- (11

Now we estimate A, . Recall that 7y is a point at which |7, (t0)| = M := || T, | .= (T)
and I :=[to — 1/(2n),t0+ 1/(2n)]. Applying the Bernstein inequality for the space
C(T) we have that for z € I,

M.

S

1 1 1
|Ta(t) = Tulto)| < ﬁlT’(i)l < ﬁHT’(Z)Hmz) < 51Ty <

Consequently,

M
|T,(1)] > > rel. (12)



996

V. KOKILASHVILI AND A. MESKHI

Further,

¢}
1Tl 0 m) < Mllxsll o0 =M sup €7 | xpll )«
e€(0,p-—1)

<M sup €r—- 8max{\B\ BT ), |B| B>}
€€(0,p——1)

2] 1
g cM sup egp——¢ |B| (p()—€)4(B) |
e€(0,p——1)

In the latter inequality we used the estimate
S B S S
|B|PO-e1-B) < (27)~1/P+|B| PO ®)

Further, notice that inequality (12) holds for all ¢ € B,, because B, C I. Hence,
applying (10), (12), the inclusion By C B; and obvious inequality

n|| sint Tn(t)HLﬁ(-)ﬁ(’Jr) > nl|sint T"(t)HLI"

(:0(By)
we find that
. 1 1 M
anmt Tn(t)”Lp(-) o(T) = = 471'H n( )HLP(‘)~9(BI) = EHTH(I)”LP (32) HxBZHLP
M _6 1 1
> _— sup er—¢ min{32| +(B2) | By | Bz)}
8T ee(0,p_-1)
6 1
—(2m)P-"P+  sup €P—F|By|Pl)-e)-(B2)
” Ton ec(0.p 1)

Taking into account these estimates and Lemma 5 we conclude that

HT"HLP(‘)~9(B) <cn | sint Tn(t)HLp(*)ﬂ(]r) (13)
with the constant ¢ depending only on p.

Finally, inequalities (9), (13) and (11) yield that

||Tn||LP(-)~,9)(’Jr) < cn |[[sint Tn(’)HLP(-)ﬁ(T)

with the positive constant c¢ is independentof 7,,. [
For 2m-periodic f, it is defined its Hardy—Littlewood maximal operator as

A f(x) = sup Zit/|f(x+u)|du.

[r|<m

It is easy to see that .Z f is also 2m-periodic.

To prove the main result of this paper we to prove the boundedness of .Z in
LPO-O(T)
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PROPOSITION 1. Let p € 2 N\ P'°8. Then for 2r-periodic f € LPC)(T),
12 Fll poro ) < €l f Nl oo - (14)

To prove Proposition 1 we need some auxiliary statements.
Let J be a bounded interval in R and let s be a positive function on J. We denote
by . the Hardy-Littlewood maximal function defined on J:

Ao (5) = sup - [ 10
1

I>x
I1CJ

where the supremum is taken over all subintervals I C J containing x.
LEMMA 7. Let s be an exponent defined on a bounded interval J such that 1 <
s_(J) < s1(J) < oo. Suppose that s € P'°¢(J). Then

(a) there is a positive constant ¢, such that forall f, Hf”y(-)(j) <1,f>0,1CJ,
xelJ,

()™ < (F00),+1],

where
Cy = max{4“'+*1 ,2“‘*’1C},

and C is defined in Lemma 1 (see (3)).
(b)
(A0 <& [P +1], xed fo0.
Proof. We prove (a). Part (b) is a direct consequence of (a). Let |I| > 1/2. Let us

denote
= /fs(x) (x)dx
J

Observe that since |I| > 1/2 and py(f) < 1 we have that (f j ) 1. Then

< |m( [ o dy}

INn{f>1} Im{f<1}
1
< | — s() s(x)—1
< [I|I/(f (y)+1>dy} <2 }

_ o)1 (fT())I“ LT ¢ g1 ( 70 (')>1 41

<4t {(f-\'<'>(~)),+ 1}
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Let now |I| < 1/2. By Holder’s inequality and Lemma 1 we find that

(" (m/f )M

< 2@/ )| =s/s-0 [ Oy 4 = m

/

/ m
3

1

< 260/ D=1 1=s@/s=D](50)()) 4 1]

< 25/ (-1 75~ /Smkfmmh+q

< 25()()/57( )— 1C1/s |:(f5 ( )) :|’

N =

ymnm

<2 |I| s(x)/s—( |:

| =

where C is defined in (3). Finally we conclude that

¢y =max{4®+"1 2%"1c}. O

REMARK 2. It is well-known that .#; is bounded in L”0(J) for 1 < pg < oo.
Moreover, by Marcinkiewicz interpolation theorem the norm of . can be estimated
by Co(po) 1/powhere the constant Cy does not depend on pg. We refer to e.g. [5], pp.
29-30.

PROPOSITION 2. Let J be a bounded interval and let p € P (J) N 28(J). Then

1/p-
H‘%JHLI’(')(])-;LI’(')(J) 2p7_1~p [CO( )/+|J|] )

where
&= max{4P+/P-=1 ap+/P-=1C}

C is the constant (3) replacing s by p/p— and the constant Cy does not depend on p.

Proof. First we show that

(11 0)" 7 < ep) (Ao (F707-) () +1), 20, F 20,
where

1/p_
e(p) = [ﬂl( A >’+|J|]} |
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Indeed, by Lemma 7 (taking s(x) = % ) we have
(///Jf( )) /- < max{4‘”+/p*_1 21’*/”_1C}[(///pr )/ P~ )(x)—|—1
=¢p (///pr()/pf) (x) + 1}

Let [|fll o0 x) < 1. Let us estimate p,(.#f) = [(41f(x ))P¥dx. By using
J
Remark 2 we find that
Lo

poltf) = ()"
<2 @) (||(///Jf1’ PN 0o gy + LI )
<2 @r (Gl /”’HLE—<J>+ 1)

=21 (Gl [y i)

J

Thus,
plets) <26 oy +101| =€,
Hence
pp((//lff)/éll/ "<,
Consequently,
I /)",
Finally,

A5l ot gy oy < (Cp) P OO

COROLLARY 1. Let J be a bounded interval and let p € 2 (J) N Z?'%8(J). Then
forO<e<p_—1,
"%J‘f"LP(‘)*S(J)HLP(')*E(J) < CI%S’

where Cp, ¢ is the constant depending only on p and € such that

sup Cpe < oo,
0<e<d

for some small positive number 6.

PROPOSITION 3. Let J be a bounded interval and let p € 2 (J) N 2%8(J). Then
for feLPO)8(J),
A5\ o) < €l pporo - (15)
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Proof. First recall that (see e.g. [12])
L1O(7) — LPO(7) (16)

holds if and only if g(x) > p(x).
By using (16) and Corollary 1 we see that

o
sup &7 A [l oo e )

O<e<p_—1
= max{ sup (--), sup (---)}
O<e<o o<e<p_—1

_6
<max{ sup (). (141/]) sup €7 o)

O<e<o o<e<p_—

_0
< C(Gv |]|79,p) sup €r--¢ H*///JfHLP(-)*S(j)

O<e<o

_0
< C(G,|J|79,p) sup €r-~¢ Hf”LI’(-)*S(j)

O<e<o

< C(o 10 0) I peregy- O

Proof of Proposition 1. Following, for example, the arguments from [13], p. 244,
let g be a function equal to f in (—2m,2x) and to O otherwise. Then

(///f) (x) < (%(—2n,2n)g) (x), xeT.

Now taking into account the fact that p and f are periodic, and Proposition 3, we are
done. [

3. The main result

The main result of this paper reads as follows:

THEOREM 1. Suppose that p is n-periodic and that p— = p(0). Let p € &N
22 and let © > 0. Then for any r € N and arbitrary trigonometric polynomials T,
of degree less than or equal to n, inequality (1) holds with a constant ¢ independent of
T,.

To prove this theorem we need the next statement.

PROPOSITION 4. Let p be 2r-periodic, p € 2 N P8 and let 0 > 0. Then for
arbitrary trigonometric polynomials T, of degree less than or equal to n, the inequality

1) oy < en 1T poogr, a”

holds, where the constant ¢ does not depend on T,.
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Proof. 1t is well-known (see e.g., [13], Ch.12) that for the Cesaro means of f,

sup |0, (fx)| < (A f)(x). (18)

Further, by using the representation

where
1 n
D,(t) = 3 + ]Zlcoskt,

we have that

/() = — /Tn(t)D;(t—x)dt - —%/Tn(x—i-t)D;,(t)dt

T

1
T

T
l/Tn(x+t){ iksinkt}dt
Ty k=1

- n—k

1 1 n—1
_/Tn(x+t)2nsinnt{—+ Z
T 2 5

A -

coskt}dt
1 ‘ 1 .
=2 / Th(x+) sinneK, 1 (1)dr = 2n-— / To(t) sinn(t — x)Ko_1 ( — x)dr.
T T

Hence, taking estimate (18) and Proposition 1 into account we find that

170l pory < 20601 (1Tl Mporogry < el Tl oy O

Proof of Theorem 1. For n € N, we have
sin” T/ (1) = (sin"tT;,(¢)) — rsin”~ ! rcost T, ().
Therefore,

0 T300)p00z) < N sin"e To(0)) 000, + ] sin™

t Tn(t)”Lp(-)ﬂ(Ty

Now applying Proposition 4 and Lemma 6 we obtain

[[sin”t T, (0) | e py < canl|sin”t To(t) | oo ) + conll sint Tu(t) | oo -
Finally we have (1) with a constant ¢ independentof 7,,. U
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