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JESSEN’S FUNCTIONAL AND MAJORIZATION

MAREK NIEZGODA

(Communicated by I. Franjic)

Abstract. In this note, we prove a Sherman type inequality for the Jessen’s functional by using
a majorization method. In consequence, we obtain a Hardy-Littlewood-Pdlya-Karamata type
inequality, which says that some n-sums generated by the Jessen’s functional are Schur-concave
with respect to its n-tuple of weight vectors.

1. Introduction

Let E be anonempty set and £ (E,R) be a linear class of real functions f: E — R
such that

(): f,g € Z(E,R) implies o.f + Bg € ZL(E,R) for o, € R,
(i)): 1 € Z(E,R), i.e., the constant function f(¢) =1 for t € E isin .Z(E,R).
A real functional A : Z(E,R) — R is said to be a positive linear functional if
(iii): A(of +Bg) = aA(f) + BA(g) for f,g € Z(E,R) and o, € R,
(iv): fe . Z(E,R) and f(t) >0 for t € E imply A(f) > 0.
If in addition
v):A()=1

then A is called normalized.
We denote
Pea={peZ(ER):p=0, A(p) > 0}.

Let @ : 1 — R be a continuous convex function on interval ] C R. If A is a
normalized positive linear functional on £ (E,R), then Jessen's inequality [ 12, pp. 47—
48] holds as follows:

DA(f)) <AD(f)) for f € Z(E,R) such that ®(f) € Z(E,R). (1)
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Consider a function @ : I — R defined on an interval / C R. Assume A is a
positive linear functional on .Z(E,R). The Jessen’s functional is defined by

Alpf
. 1.00) =Alp(0) - A0 (510
A(p)
(see [6]). Here and hereafter it is assumed that the Jessen functional is well-defined,
ie., f,pf,p®(f) € Z(E,R) and f € IF.
Jessen’s inequality (1) ensures that

@)

J(®, f,p,A) >0 for a continuous convex function ®.

THEOREM A. [7, Theorem 1] Let @ : I = [a,b] — R be a continuous convex
function, A be a positive linear functional on £ (E,R), f € I¥N.Z(E,R), and the
map p — J(®, f,p,A), p € ﬁg_A, be well-defined. Then the map is superadditive, i.e.,

J( D, f,p+q,A) 2 J(®, f,p,A) + (P, f,q,A) for p.g € Pp 4. 3)
In consequence, the map p — J(®, f,p,A), p € @gA, is monotone, i.e.,

J(@,f,p+q,A) = J(®,f,p,A) for p,ge PP ,.

A more attentive analysis shows that inequality (3) is equivalent to the subadditiv-
ity of the function

p—A(p)® (%) for pe 2 4,
i.e.,
atp+ao (M) <apro (A0 1 age (44)) tor pge 7,

To motivate our further investigations, consider the following problem. Let m,n €
N. For a given vector ¢ € ,@g 4 » take two sum decompositions

c=pi+p2+...+pm and c=q +q+...+qn,

where p1,pa,....pm € P9, and q1,q2,...,qn € P2 ,. By virtue of Theorem A we
have
J(®@, f,¢,A) ZJ(D@, f,p1,A) +J (D@, f,p2,A) +...+ T (D, £, pm,A),

J(®@,f,c,A) 2 J(®, f,q1,A) +J (D, f,q2,A) + ... +J(®, [, qn,A).

In this situation, we are interested in comparing the right-hand sides of the last two
inequalities.

In this note our goal is to give conditions on the vector tuples (p1,p2,...,pm) and
(91,92, - -,qn) for the following inequality (4) to hold:

J((D»f»PI»A) +J(q)»f»P27A) + +J((D»f»l7m7A)
< J(q)yfthA) +J(q)7f7q2aA> + +J(q)7f7qnaA) (4)

2
2
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Thus for the Jessen’s functional, an inequality of the Hardy-Littlewood-Pélya-Karamata
type arises. This is a complement of the superadditivity property described in Theo-
rem A.

In fact, a more general class of inequalities can be obtained. Namely, we will pro-
vide conditions for real scalars a;,ay,...,an, by,bs,...,b, and for vectors py,pa,...,
Pms 41,42, --,qn I 322_ 4 so that the following Sherman type inequality (5) is satis-
fied:

alj(q)7f7pl7A) +612J((D»f»l727A) + '~~+am-](q)7f7pmaA)
< bl'](q)afaqlaA) +b2J(q)7f7q27A) +... +bn‘](q)7f7qn7A) (5)

As will be seen in Section 2, a key for solving the above-mentioned problem is
the notion of vector majorization for comparing the vector tuples (py,p2,...,pm) and

(6]176127~~~761n) [49 11]

2. Sherman inequality for Jessen’s functional

Throughout we denote . = % (E,R) and & = 2., for abbreviation.
We begin with a lemma, which, in fact, is based on the proof of [7, Theorem 1].

LEMMA 2.1. Let ® : I — R be a convex function on an interval 1 = [a,b] C R.
Let P= (p1,pa,...,p1) € P'. Let A be a positive linear functional on £ (E,R), and
felFnZ(E,R).

If the below expressions are well-defined then

l
i=1

If ® is concave, then the inequality (6) is reversed.

) . (6)

Proof. We introduce

ocl-:M fori=1,2,...,1. (7

!
2 A(pj)
j=1

Then the following identity holds:

! .
=t za,-A(p’O. ®)
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l
Since ®: 1 — R isconvexon I, and Y o; =1 with o >0 for i=1,2,...,1,
i=1
from (7)—(8) we find that

) M . (iaiA(pi£)> . ,ilaiq) (A(p;-f))

5 Al A(pi)

L Ap; A(p; 1 [ Alpi
fee(R) - T gee(8) o

It now follows that (9) implies (6). [

Before giving the next result some notation is needed. Throughout m,n € N.
An m x n real matrix S = (s;;) is said to be column stochastic if s;; > 0 for

m
i=1,2,...,m, j=1,2,...,n, and all column sums of S are equal to 1,i.e., ¥ 5;; =1
i=1

for j=1,2,...,n.

An n x n real matrix S = (s;;) is said to be doubly stochastic if s;; > 0 for i =
1,2,....n, j=1,2,....,n, and all row and column sums of S are equal to 1, i.e.,
n n

sij=1fori=1,2,...,n,and ¥ s;;=1for j=1,2,...,n.
= i=1

Given an m x n real matrix S = (s;;) and (p1,p2,...,pm) €ZL" and (91,42, -..,qn)
€ .£", we write

J

(qlana"'7qn):(plap27"'apm)S (10)

in the sense that
qj=s1jp1+s2jp2+...+8mjpm for j=1,2,... n. (11)

An n-tuple Q = (q1,92,...,qn) € £" is said to be majorized by n-tuple P =
(p1,P2s---5pn) € L™, written as Q < P, if there exists an n x n doubly stochastic
matrix S = (s;;) such that

(6117512»~~~751n):(P17P27~~~>Pn)s (12)

(cf. I8, p. 33]).

Below we show a Sherman like inequality (14) for the functional p — A(p)® (%) ,

pe P, (cf. [13], see also [1, 3, 10]). The basic hypothesis is condition (13) which de-
fines the notion of weighted majorization for pairs (P,a) and (Q,b) (see [1, 3, 11] for
details).

THEOREM 2.2. Let ®:1 — R be a convex function on an interval I = [a,b] C R.
Let P= (p1,p2,...,pm) € 2", Q=(q1,92;-..,qn) € ", a=(aj,ay,...,an) € RY
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and b = (by,by,...,b,) €R'L, where P = @27/4 and m,n € N. Let A be a positive
linear functional on £ (E,R), and f € IF N Z(E,R).
If
Q=PS and a=hbS" (13)

for some m x n column stochastic matrix S = (s;;), and the below expressions are
well-defined, then

< e [(Algif) S uA (@ [ AP
Semiwpo(G0T) < Zaawo(505). 0

If @ is concave, then the inequality (14) is reversed.

Proof. Note that (( )) €1=a,b] for f € I* N.Z(E,R). In fact, we have f(t) €

I,ie., a< f(t) < b fort € E. Therefore al < f < bl with < denoting the compo-
nentwise ordering on .2 (E,R). Now, we can see that

A(pal) _A(pf) _A(pbl)
A(p) S Ap) S AQ)

Hence

Finally we obtain A(( )) € 1, as claimed.

Therefore the function

A(pf)
A(p)

is well-defined. So, both sides of the inequality (14) are well-defined.

We shall prove that the function (15) is convex on &?. To do so, we use Lemma 2.1
for [ = 2. Namely, for any p,q € & and o € (0,1), we have op,(l —a)qg € Z.
Thanks to (6) applied to the vectors orp and (1 — o)q in place of p; and p,, we derive

Alap+(1 —a)qf))
A(ap+(1—-0a)q)

pH\P(m:A(p)cD( ) pe P, (15)

Wlop+ (1 a)g) = Alap+ (1 —a>q><1>(

on (528) it -aon (450
() - )

p)+(1—a)¥ (16)

Observe that for & = 0 or o = 1, inequality (16) is satisfied trivially. Thus we have
shown that W is convex on &2.
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By (13), (q1,92,---,4n) = (P1,P2,---,Pm)S. According to (11) we deduce that
m m

qj= Y sijpi with ¥ s;; =1, j=1,2,...,n, and s;; > 0. Therefore by convexity of
i=1 i=1

4 Weéet
m m
Y(gj) =Y Zsijpi <Zs,-j‘f‘(pi) for j=1,2,...,n.
i=1 i=1
Consequently,
n n m m n
Z bj¥(qj) < Z b; ) sij'¥(pi) = Z Z bjsij¥(pi)-
j=1 j=1 =l i=1j=1

n
But the second equation of (13) gives a; = Y bjs;j, i=1,2,...,m. So, we see that
j:

3

M-

b\¥(q)) < ), a¥(pi).
1 -

J
Combining this with (15) completes the proof of inequality (14). [

The following Hardy-Littlewood-P6lya-Karamata type result is a special case of
Theorem 2.2.

THEOREM 2.3. Let @ : 1 — R be a convex function on a closed interval I C R.
Let P=(p1,p2y...,pn) € " and Q= (q1,q2,-..,qn) € P", where & = @gA and
n € N. Let A be a positive linear functional on £ (E,R), and f € I* N Z(E,R).

If the below expressions are well-defined, then

Q<P implies iA(q,-)dD (AA((C’;;)) < iA(p,-)q) (ifé’;?) . (17)
i=1 i

4 i=1

If f is concave, then the inequality (17) is reversed.

Proof. We take m=n and b=e = (1,...,1) € R". It follows from the vector
majorization (¢1,42,---,qx) < (P1,P2,---,Pn) that (q1,92,...,Gs) = (P1,P2,---,Pn)S
for some doubly stochastic matrix S (see (12)).

We also define a = bS” . Then a = eS” = e. So, by making use of Theorem 2.2,
Eq. (14), we obtain the required inequality (17). [

A function F : 22" — R with a convex set & C ¥ is said to be Schur-convex on
2" if for P,Q € ",
Q <P implies F(Q) < F(P).

A function F : #" — R with a convex set & C .Z is said to be Schur-concave on
P" if —F is Schur-convex on 2",
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The statement (17) states that the function

F(p1,p2;--pn) = iA(Pi)q) (ifé;?) , Pi€Z,
=1 4

is Schur-convex on &".
For a real function ®: 1 — R, p € & and f € I* N Z(E,R) with ®(f) €
Z(E,R), the Jessen functional is defined by

J(@,f.p,A) = A(p®(/)) — A(p)® (%) 7 (1)

where @(f) =®o f,ie., O(f)(r) =D(f(z)) forr €I (cf. (2)).

We now illustrate the previous results in terms of the Jessen’s functional.

COROLLARY 2.4. Let ®:1— R be a convex function on a closed interval I C R.
Let P= (pl,pg,...,pm) eP" Q= (ql,th,...,qn) eP", a= (al,ag,...,am) S RT
and b = (by,by,...,b,) €R'L, where P = @27/4 and m,n € N. Let A be a positive
linear functional on £ (E,R), and f € IF N Z(E,R).
If
Q=PS and a=bS" (19)

for some m x n column stochastic matrix S = (s;;), and the below expressions are
well-defined, then

(D,f,9;,A) = Y, ai] (@, f,pi,A) (20)
1 i=1

'M=

j
If f is concave, then the inequality (20) is reversed.

Proof. Tt follows from (18) that

b = S (ata0) e (520

=4 (i qu.iq)(f)> - i bjA(q;)® <IZ((LZ£)) . @D

Jj=1

Analogously,

Z 7f7pla Zal< pt _A (
i=1

A(pi)
=A (;Iaip@(f)) ; (pi) ( A(p) ) (22)

It is not hard to verify by (19) that

n m
D bjgj= Y aipi.
j=1 i=1




1010 MAREK NIEZGODA

Now, thanks to (21), (22) and Theorem 2.2, we infer that inequality (20) holds, as
wanted. [J

By setting a and b to be the all ones vector e, with the aid of a doubly stochastic
matrix S, one obtains the following result from Corollary 2.4.

COROLLARY 2.5. Let ®:1— R be a convex function on a closed interval I C R.
Let P=(p1,p2y...,pn) € " and Q= (q1,q2,-..,qn) € P", where & = @gA and
n € N. Let A be a positive linear functional on £ (E,R), and f € I* N .Z(E,R).

If the below expressions are well-defined, then

Q<P implies Y J(®,f,qi,A) = Y J(D, f,pi,A). (23)
=1 i=1

If © is concave, then the inequality (23) is reversed.

Proof. From Q <P we have Q =PS for some doubly stochastic matrix S (cf. (12)).
By putting m=n, b=e=(1,...,1) €R",and a=bS” (see 19), we obtain a = eS” =
e. By using Corollary 2.4, (20), we can see that the desired inequality (23) holds. [l

Notice that the statement (23) says that the function

n

J(p17p27~~»pn) = Z‘,(q)7f7pi7A)7 Pi S 17
i=1

is Schur-concave on " .

REMARK 2.6. The above corollaries extend analogous results for the Jensen’s
functional and Jensen-Mercer’s functional (see [5, 6, 9, 11] for details).
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