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ON REVERSE ISOPERIMETRIC INEQUALITIES IN
TWO-DIMENSIONAL SPACE FORMS AND RELATED RESULTS

YUNWEI XIA

(Communicated by M. A. Hernandez Cifre)

Abstract. In this paper, we investigate the curvature radius of strictly convex domains in two-
dimensional space forms. We obtain a class of new reverse isoperimetric inequalities which
provide a measure for the deviation of a strictly convex domain from a geodesic disc, via the
maximum and the minimum of the curvature radius of its boundary.

1. Introduction

The geodesic circle is uniquely characterized by the following property: among
all simple closed curves of given perimeter L in a surface of constant curvature c,
the geodesic circle of perimeter L bounds maximum area. This property is succinctly
expressed by the isoperimetric inequality

L> —47A+cA%> >0, (1)

where A is the area bounded by a simple closed curve I' of perimeter L, and where
equality holds if and only if I" is a geodesic circle [13, 14, 19].

Let X2 denote the two-dimensional space forms of constant curvature c, that is:
the Euclidean plane E? for ¢ = 0; the sphere S? of radius \Lﬁ for ¢ > 0; the hyperbolic

plane H? for ¢ < 0.
A more general isoperimetric inequality for the domain D of area A and perimeter
Lin X2 is
L* —4mA + cA% > Bp,

where Bp is non-negative and vanishes only when D is a geodesic disc. This inequality
is also called a Bonnesen-style isoperimetric inequality. Bonnesen-style isoperimetric
inequalities are widely investigated by many mathematicians, see for instance [1, 2, 4,
10, 11, 12, 13, 14, 18, 21, 22].

Mathematics subject classification (2010): 52A10, 53A35.
Keywords and phrases: Reverse isoperimetric inequality, space forms, strictly convex, strictly #-
convex.

This research is Supported by Fundamental Research Funds for the Central Universities (XDJK2013C134,
SWU113061) and National Science Foundation of China (No. 11271302).

© t1€I'€l\T Zagreb 1025

Paper MIA-18-78


http://dx.doi.org/10.7153/mia-18-78

1026 Y. X1A

In contrast to the Bonnesen-style isoperimetric inequality, one may wish to con-
sider the reverse Bonnesen-style isoperimetric inequality:

L* —47A + A% < Up,

where Up is an invariant, and hopefully equality is attained if and only if D is a
geodesic circle.

Only a few reverse Bonnesen-style isoperimetric inequalities for strictly convex
domains in the Euclidean plane E? are given by [3, 6, 7, 9, 15, 16, 17, 18]. In this
paper, our purpose is to investigate the reverse isoperimetric inequalities for strictly
convex domains in X2.

2. Preliminaries and main results

To deal simultaneously with the Euclidean plane, the sphere, and the hyperbolic
plane, we consider the functions

L g —

Psmh(« ct), ¢<0,
sng(t) == 1, c=0,

% sin(+/ct), ¢>0,

and

cosh(v/—ct), ¢<0,
eng(r) == 1, c=0,
cos(y/ct), ¢>0.

It is natural to define the function

tn.(t) = zﬁzg;, ctng (1) =

Therefore we have the following identities:

c-sn?(t)+en?(t) =1, snl(t) =cn.(t), cnl(t)=—c-sn.(t),

2)

—c tn?(L
cnc(t) _ 1= mc(%z)

Trcm2(3)

A domain D in X2 is a (closed) simply connected subset of X2 such that its
boundary is a regular, simple and closed curve. The curvature radius p at x € dD is
defined by

ctne(p (x)) = K (x),

where x(x) is the curvature of dD at x.
If the curvature is further restricted, then we have the following definition from

[5].
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DEFINITION 1. A domain D C X2 with at least C> smooth boundary 9D is con-
vex if the curvature at every point of dD is nonnegative; if the curvature at every point
of dD is positive, D is strictly convex.

If ¢ > 0, a convex domain on the sphere S? is always assumed to lie inside an
open hemisphere. If ¢ < 0, we need a stronger convexity notion.

DEFINITION 2. A domain D C H? with at least C> smooth boundary 9D is h-
convex if the curvature at every point of dD is greater than or equal to \/—c; if the
curvature at every point of dD is greater than \/—c, D is strictly h-convex.

For example, discs of radius 7 in H2 have curvature equal to \/—ccoth(y/—cr),
thus they are strictly &-convex.
We also need a lemma from [5, Theorem 4.1].

LEMMA 1. Let D be a strictly convex domain of area A and perimeter L in Xg,
if c 20, orstrictly h-convex if ¢ < 0. Then

4 —cA

. >A—m——
/a mep(s)ds > AT, 3)

where s is the arc length parameter.

It follows from (3) that

THEOREM 1. Let D be a strictly h-convex domain of area A and perimeter L in
H2, let p be the curvature radius at D. Then

L
A< /BDme (s)ds < s 4)

Proof. Ttis obvious that

4w —cA

1< P <2 for ¢<O.
We have from (3)
/ tn.p(s)ds > A. (%)
oD

Since

1+tanh2<—v_cp> > 2t h( V= p)

2
and, for ¢ <0,
2tn. (2 2tanh \/_p 1 1
p_ 2me(8)  2unh(52)

@) V= " V=c

I—c-m(5) 1—|—tanh2(
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we have

/ tnep (s)ds < (6)
aD

Combining (5), (6) gives the inequality (4). [

L
V=c

Let D be a bounded convex domain with perimeter L and area A in X2. Let
N(x) € T, X2 denote the outward unit normal vector at the point x belonging to dD.
For each x € dD let y(t) = exp,(tN(x)) be the unit speed geodesic starting at x with
7(0) = x, ¥(0) = N(x). For any ¢ > 0, each point x € dD moves the same distance
t along the geodesic through x. Then one has a convex domain D, parallel to D at
distance (> 0). The area A(t) of D, in X2(c # 0) is

2 2
Al = Z - Lsne(r) — (= — A)enc 1),
c c
This formula is called the Steiner formula of D in XZ ([20]; see also [18, p. 322]). By
(2), A(t) can be written as

(4m— cA)mnZ(%) +2Ltn 5 + A

Alr) = 1+c w(l)

It is worth noting that the behavior of the Steiner formula of D for negative values

of ¢ is quite interesting. Setting
A(r) =0,
we have
o (t_1> _ —L++/A(D) 0 (t_2> _ —L—+/A.(D)
N2/ dmw—cA 7 \2) Am—cA

where A.(D) = L? — 4wA + cA?. We notice that when ¢ > 0 we have 47 —cA > 0
because D C S? is always assumed to lie in an open hemisphere. The fact that the roots
are real is equivalent to the isoperimetric inequality (1).

Let D C X2 be a convex domain (make it #-convex if ¢ < 0). The focal set F(dD)
of 9D is the set

F(9D) = {exp,(—p(x)N(x)) :x € ID} € X2,
where N(x) is the outward unit normal vector at x € dD and p(x) is the curvature

radius at x € dD. The definition of the focal set also can be found in [5].

LEMMA 2. Let D be a strictly convex domain of area A and perimeter L in X2, if
¢ >0, or strictly h-convex if ¢ <0. Let p,, and p,, be the maximum and the minimum
of the curvature radius p at dD. Then we have

Pm L— vV AC(D) L+ \V AC(D) Pm
mc<7>< dr—cA S dn—cA gmc<7). )

Each inequality holds as equality if and only if D is a geodesic disc.
In particular,

A(_pm)>0’ A(_pM)>0'
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At) A

oo/

_pMU_pm

Figure 1: The convex domain D, for —p, <t <0 and its area A(t) for t <O.

Proof. Let p, be the minimum of the curvature radius p at xo € dD, that is,
p,, = p(xo) at xo € dD. Then the curvature

K(x) < x(xp) =ctn.(p,,) for x € dD.

Note that the convex domain we consider is simple connected, and p,, < Tﬂﬁ < \%
when ¢ > 0 since D is strictly convex. By applying Theorem 2.9 in [9] to Xg the focal
point yo = exp,, (—p, N(xo)) has a distance of at least p,, from dD, and D contains a
geodesic disc of radius p, . Then at every boundary point the tangent disc of radius p,,
remains inside D, and the locus of centers of geodesic discs with radius p,, is a convex
curve (see Figure 1). If each point x € dD moves inward along the geodesic y(¢) for
0 < —r < p,,, then D, remains convex and of non-negative area. So A(—¢) > 0 for
0 < —t < p,,. Further,
m(&)géz_éﬁl
2 4w —cA

Equality holds if and only if A(—p,,) =0, that is, D, is a point since D is strictly
convex. Thus equality holds if and only if D is a geodesic disc. For —t > p,,, D;
remains again convex and of non-negative area. So A(—r) > 0 for —¢ > p,, . It follows

that
mC(P_M) > Lt vA(D)

2 4w —cA
Equality holds if and only if D is a geodesic disc. [J

When ¢ =0, (7) is written as

L—VIL*—4rnA Lt VIL? —47A -
2n = 2n =

PMm,

Pm <
which was proved by Green and Osher in [8, Theorem 1.10].

THEOREM 2. Let D be a strictly convex domain of area A and perimeter L in
Xg if ¢ 20, or strictly h-convex if ¢ <0. Let p,, and p, be, respectively, the max-
imum and the minimum of the curvature radius p at dD. Then we have the following
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inequalities:

tne(75-) tnc

—47'cA+cA2<ATZ< - 1 )
2
Pm EM_
—4TA + cA? < I* (%) :
Each inequality holds as equality if and only if D is a geodesic disc.

Proof. From (7) and since 41 — cA = (L* — A.(D))/A, we have

VAA(D) < A —L and /A A . )

tnc( 2 ) tHC(TM)

Adding the two inequalities gives

1 1
2 A(D)<A( - )
‘ (%) (%)
that is,
A2 1 1 2
—4nA+cA2<—( . 9
4 tnc(pm) tnc(pM)> ( )

Multiplying the first inequality in (8) by tnc( 1), the second by tnC(TM) we have

e (22)V/aD) <4 -1 (22),

tnc<p7’”> A.(D) < Ltnc<pM> —A.

Adding the two inequalities above yields

<tnc(2”)+tnc<p2"4>> AC(D)gL(mC(%M)—mC(’;)).

Therefore,

tnc<%m>—tnc<%M>>2, 10)

—4mA+cA* L P
tn(Ba) + . (Br)

The fact that equality holds in (9) or (10) implies that equalities hold in (8), that is,
o (p_m)_L—\/AC(D) 0 <p_M>_L+\/AC(D)
N2/ dm—cA T N2/ dm—cA

Therefore, equality in (9) or (10) holds if and only if D is a geodesic disc, by Lemma
2. The proof of Theorem 1 is complete. []

From Theorem 1 we get the following corollary.
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COROLLARY 1. Let D be a strictly convex domain of area A and perimeter L in
E2. Let p,, and p, be, respectively, the maximum and the minimum of the curvature
radius p at dD. Then we have the following inequalities:

2
2 _ 2( 1L _ 1
[2—47A<A <pm pM) 7

2
2 2 ( Pm—Py
12 —amA <12 (Befu )

Each inequality holds as equality if and only if D is a disc.

THEOREM 3. Let D be a strictly convex domain of area A and perimeter L in X2,
if ¢ 20, or strictly h-convex if ¢ <O0. Let p,, and p,, be, respectively, the maximum
and the minimum of the curvature radius p at dD. Then we have

A(D) < (Zn—%A)z(tnc(%M> —tnc(%m))2. (11)

The inequality holds as equality if and only if D is a disc.
Proof. 1t follows from (7) that

L+\/AD) L-/A(D) gmc(”—M) _mC(Pﬂ>
)

4w —cA 4w —cA 2

that is,

0= (o 5a) (%) (%))’

The inequality holds as equality if and only if D isadisc. [

Inequality (11) was already obtained by Li and Zhou in [12]. Here we prove it
using a different method. When ¢ = 0, this inequality becomes the classical inequality

L* —4mA < 1 (pyr — pm)*

attributed to Bottema [3].
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