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ON REFINEMENTS OF CAUCHY’S
INEQUALITY AND HOLDER’S INEQUALITY

G. HORVATH

(Communicated by S. VaroSanec)

Abstract. The aim of this paper is to give refinements of Holder’s inequality by a sharpening of
Cauchy’s inequality.

1. Introduction

Let U be a real inner product space, and let # and v be arbitrary elements of
U. Then Cauchy’s inequality states that |(u,v)| < ||u||||v||, where ||u| = /(u,u) and
(u,v) denotes the inner product of u and v. X. Gao, M. Gao and X. Shang showed (see
Lemma 2.1 in [2]) that if w € U and ||ul|||v]||w]| # O, then

1
2\ 2
el bl IlwH 1]
which is clearly a sharpening of Cauchy’s inequality. We will give an improvement of
(1) in order to get refinements of Holder’s inequality.

Let p>1,1/p+1/q=1, f€LP, where LP = L”(S,1) is a Lebesgue space,
and let g € L. Then Holder’s inequality states that

178l = 11 71pllgllg, 2

(u,v)

1

where || f1|, = < IIf ’du) for r= 1 and f € L. Inequality (2) has many refinements

and generalizations, for example, Aldaz [1] proved that if || f||,[|g|l; # O, then

2 Ik
\f\ 72 (gl )
17 8 ‘ ‘ q 2
Using a refinement of (1), we will prove an improvement of (3).
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2. Main results

LEMMA. If u, v and w are elements of a real inner product space such that

Julv] ] # 0, then
_ o (M7W) 2 o (W,V) 2
(1 (nunnw))(l (nwv”)) @)

(ww)  (m)
Tl Tl Tl

< | ()
= |l
(ww)  (w) () \? () '\’
< ) . ? I R S I RS
. ’ (1 (nunnw))<1 (nwvn))'

[aal bl [lwHIv]

First we will show that the second inequality in (4) is a refinement of (1). Let
a= H( b= H( and ¢ = H( then by Cauchy’s inequality, |a| £ 1, |b| £ 1

MHHVH ’ u[Tow wivl >
and |c| < 1. Since

2
(bc—l— (1—b2)(1—c2)> = 1-b>— 4+ 2b°c +2|bc| /1 — b2/ 1 — 2
2
— 1= (V1= =[elVI-1?) <1

therefore

2
<|bc|—|— (1—b2)(1—c2)) :1—b2—cz—|—2|bc|<|bc|—|— (l—bz)(l—cz))

< 1—b*—c242]be| = 1—(|b] —|c|).

A

Proof of the lemma. For any x, y, z real numbers, we have

2
< ZW W +xm (5)
= 22+ v+ x> + 2yza + 2xzb + 2xyc = x* 4 2x(yc + zb) + y* 4+ 22 + 2yza.
Thus, considering the right side of (5) as a function of x, we get
0= (2(ye +Zb))2 —4 (y2 +722+ 2yza) ,
that is,
02> y* (2 —1)+2yz(bc —a) + 2% (b* - 1). (6)

If |c| < 1, then the right side of (6) is a non-positive quadratic function of y, so

02 (2z(be —a))* — 4 (* — 1) (b* —1) = 42 ((be —a)*— ( — 1) (b* — 1)).
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Therefore (bc —a)* < (¢? —1) (b*— 1), i.e
la—bel £ \/(1-02) (1 - ). )

In case |c¢| =1, (6) implies that bc = a, which means that (7) holds for |c| = 1. Finally,
by the triangle inequality, |a| — |bc| < |a — be| and |be| — |a| £ |a — bel, thus by (7),

bel — /(1= 52) (1 —2) < Ja] € be| +/(1 - 52) (1~ ).
This completes the proof of the lemma. [

THEOREM 1. If f,g,h € L* (S, 1) and ||h||2 # 0, then

h h
——du- —d, 8
N N
2 2
2 h 2 h
Jiseau—{ [1mdu | | [leldu— | [lelodu
I [
N N N N
< [ Ifglan

N

h h
< Ny / N g
R
S S
2
2 2 h
S S S 2

Proof. If || f]2]/gl|2 # 0, then applying the lemma with u =|f|, v=|g| and w=h,
and multiplying by ||f||2|lg||2, we get

2

1 gl
AT / au- [ o du ©)
7120 ] Tell el
2 2
1 gl
— 1=/ —=t—du - [ —=—
AGARE / TlaIl:

< [Irelau
S
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/] gl
< |1 £llll2 / du. [ —8 gy
7120 ] Tell el
2 2
/] glh
+ 1= [ —=t——du - [ —2 —du ,
IR J Tl ATz

which can be written as (8). If || f]|2||g|| =0, then f =0 u almost everywhere in S,
or g =0 u almost everywhere in S, thus we obtain that the sides of the inequalities in
(8) are equal to 0. This completes the proof of the theorem. [

THEOREM 2. Let p>1, 24+1=1, felr, geL9, heL?, and ||f|,llgll4|hll> #
0. Then

< 1P 814
Faldu < 1171, el r—dp [ S a0
/ LA m gl el

2min(1/p,1/q)
2 2

p/2 q/2
/ \fp\/zh i 1_/ ng\/2h s
1A11" 1172112 I1gllg 1712

The idea of the following argument appeared in Theorem 2.2 and Theorem 2.3 of

[2].

Proof of Theorem 2. 1f p > q, thenlet P =5 and Q = p%, andso 3+ 4 =1.

1
2 0

r/2
Furthermore, <%) € [?, because

f\f\”du

s/<<||fp)%>2d“— S b

q/2 /2 q/2
and similarly, (ﬁ) € L?. Thus by Holder’s inequality, (ﬂ) <ﬁ> eL!,

ol (NP P Gince ]9 —1_L.p _p2 (ﬁ)l_q/”_
ie., i (Hqu> e L". Since 1 » =1 2T = p_l,therefore el =
(p=2)/(p—1)
(%L) € L2, because
0

P
I

S/(nj:q)ﬁ d”:!(ﬁy ZS/(L%)"(W:L
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So by Holder’s inequality, we get

7 el 1] <|g>z <|g)1?<
18 qu = 1o -1 d
J A1l lells " / <||fp 2l ) lel,) ¥

i !(nfp(%);)Pdu . M('%))Qdu 6
- !(nfp)g(%)gdu 1

If g > p, then the argument is similar, so we have

N

» q 2min<%7é>
/I el ( | )2< 8] )2
ol g < — ] d 11
[ e =\ () (rety) 2 .

in(L 1
2m1n(p7q>

{\f\g\gl%du

B \/Sflflf’du \/{glqdu

which also holds for p = g = 2. Applying (9) for |f|?/?, |g|9/? and h, Theorem 2
follows from (11). [l

We note that if p > ¢ (and [ |f]?/?|g|?/*du # 0), then by (3),
s

A el 1A <g|)% <g|)1—%
oy = LA | = d
S 75 Tl ™ / (fllp sl ) el )

N

) () )
() (&) ()

<%> aw 18llq
g

which is a refinement of (11), and using (9), we can improve (10).

=

[STE

)
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We will show that if / = [g|/2, then (10) is a refinement of (3). To this, ||A|3 =
[ Adp = [ 15]9dp = g%, therefore
s s

[ g|*hdu .
S i Hqu _

q - q
lglZ|nl,  lslla

and so (10) can be written as (11). Suppose that p > g (the case p < ¢q is similar), then

by Young’s inequality,
) 1=/ (') ()1
S/ (i) (1) ) 123 S/ i) \Tslle) ) 7075
() )

( @) (h

- ‘%S ((L{d) (n;:) )2““
) - ()

The proof of the following theorem is based on Theorem 1 and the factorization
of the function |fg| as a product of two functions which are elements of L%.

THEOREM 3. Let p>1, 1/p+1/qg=1, f€LP, g€ LI, he L?, ||h|2#0 and
TeR. If|7] Smin(1/p,1/q), and in case |t| =1/p, |f| >0 u almost everywhere
in S, and in case |1| =1/q, |g| >0 W almost everywhere in S, then

A

1

2

and this inequality also holds for p = ¢q.

h
/\f\ HHPD)/2|g|(1=am)/ \hH du- /\f\ —r0)/2|g|(IHam)/ HhH " du| (12

2

~ | [1srelgli-onan - / 10792 =02
S

2

x| [ lrrlgltoma - / 102 14902
N

< [relau
S
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/ P2 (0072 gy / 07214092 g
' T
2
e\ [l rtel o= | fineseg-er o
/ [l
2
x| [ Urrlglteerdu / 1000 2092
N

Proof. Clearly,

[1slau= [ (1p10+7002g =072 (71792 g 14402 .
N N

Furthermore, in case |7| < min(1/p,1/q), p/(1+ pt) > p/(1+p(1 —1/p)) =
and (14 p1)/p+(1—qt)/q =1, therefore |f|'*P7 € LP/(14PT) | |g|1=a7 ¢ [a/(1=a7)
and by Holder’s inequality, |f]'*7%|g|'~9% € L!, which remains true in case |t| =
min (1/p,1/q) (for example, if T = —1/p, then we have |g|'+9(1-1/0) = |g|a € L),
That is, | f|(177)/2]g|(1=49)/2 ¢ 2 Similarly, |f|(1=77)/2|g|(1+9%)/2 ¢ [ 2 thus we can
apply Theorem 1 for |f|(1477)/2|g|(1=a0)/2 | £|(1=p7)/2|6|(1+47)/2 and h. This com-
pletes the proof of Theorem 3. [

We note that if |7] = min(1/p,1/q), then by a similar argument we have that (12)
holds without the conditions |f| > 0 and |g| > O if we omit the powers of zero exponent
in (12). For example, if p =¢ =2 and T = 1/2, then we get Theorem 1. If p > ¢ and
T = 1/p, then the following statement follows from Theorem 3.

COROLLARY. Let p>¢q>1, 1/p+1/q=1, feLP, geLi, hel? and
|||z # 0. Then

_ h h
J11sl 2 e [ gl
/ R ) Tl

= | [ 1rPler-aau - / it~/ i
N

2

h
x| [ leloau— | [ lgloodu
[
N N
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_ h h
< |/ 1rilgt TR / Bl
S S

h

du
[172]l2

+| [ 17Plesdn — { [17lgl'-0"
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2

h
X /|g|‘1du— /|g|‘1/2h—du
1A]|2
s s
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