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STEFFENSEN’S INEQUALITY FOR POSITIVE MEASURES

JULIJE JAKSETIC AND JOSIP PECARIC

(Communicated by S. Varosanec)

Abstract. We generalize Steffensen’s inequality for positive measures. We obtain conditions for
these inequalities which are invariant in form to Steffensen’s inequality for absolutely continuous
measures. Further, we produce linear functionals which generate exponential convexity and
Cauchy means.

1. Introduction and preliminary results

In 1918 Steffensen proved the following inequality, [11]:

THEOREM 1. Suppose that f is non-increasing and g is integrable on |a,b] with
0<g< 1l and

b
A= / g()dt. (1)
Then we have
b b a+A
[ roa< [ rosar< [T . 2

Using (2) we can define two linear functionals

nn= [ swa- [ rwgwa ®

and
L= [ rosoa— [ soa @

that act on class of integrable functions. Steffensen’s inequality tells us that L (f) > 0
and L,(f) > 0 if f is non-decreasing function. In [6] it is showed how to produce
Cauchy means using functionals L; and L, and, even more, how to construct nontrivial
examples of exponentially convex functions.
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Our aim is to generalize Steffensen’s inequality in measure theory settings, ap-
proach that is in already considered in papers [3], [4], [5] and book [9]. However, we
will show that our approach to conditions under which these inequalities stand would
give us certain invariance in form to basic Steffensen’s inequality. Further, we define,
similar to (3) and (4), linear functionals that produce exponential convexity and Cauchy
means.

We now list definitions and properties of classes of functions that we will use in
this paper.

DEFINITION 1. Let I C R be an interval. A function f: 1 — (0,0) is log-convex
in the Jensen sense if for all x,y €1 :

(52 <5010

The following lemma, using quadratic form, gives a necessary and sufficient con-
dition for the log-convexity of a function in the Jensen sense.

LEMMA 1. Let I CR be an interval. A function [ :1— (0,00) is log-convex in
the Jensen sense on I if forall &, & € R and all x,y €1 :

e+ 20r (50 + 810 20

DEFINITION 2. Let I C R be an open interval. A function f: I — (0,c0) is log-
convex on [ if log f is convex on I, or equivalently for x,y € I and o € [0, 1]

flox+(1—a)y) < f()*f)'

The following subclass of convex functions is introduced by famous Bernstein in

[2].

DEFINITION 3. A function f: 1 — R is exponentially convex on [ if it is contin-

uous on / and .,
Xi +x;
> ééjf( 5 ") >0

i,j=1

for all n € N and all choices &;,x; € R.
One of the most important properties of exponentially convex functions is their

integral representation.

THEOREM 2. The function y : I — R is exponentially convex on I if and only if

=

w(x) = / Hdo(r), xel

—oo

for some non-decreasing function o : R — R.
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Proof. See [1,p.211]. O

It is obvious that exponentially convex functions form convex cone. The product
of finitely many exponentially convex functions on / is again exponentially convex
function. Many other interesting properties and examples on exponential convexity can
be found in [6].

The following families of functions will be useful in constructing exponentially
convex functions.

LEMMA 2. For p € R let ¢p: (0,00) — R be defined with

P
5. p#FO;

¢p(x) =<7
logx, p=0.

Then x — ¢p(x) is increasing on R for each p € R and p — ¢,(x) is exponentially
convex on (0,00), for each x € (0,00).

Proof. First part: follows from %(q)p(x)) =x""1>0 on (0,), foreach p € R.
Second part: p— 2 = P08 . L Since p— eP1°¢% and p— L are exponentially
convex functions(see [0]), according to the above comment, conclusion follows. [

LEMMA 3. For p € R let ¢, : R — [0,00) be defined with

DX

<, P#O0;
Pp(x) = { P

X, p=0.

Then x — @,(x) is increasing on R for each p € R, and p — @,(x) is exponentially
convex on (0,), for each x € R.

Proof. First part: follows from %(qop(x)) =eP* >0 on R, foreach p e R.

Second part: follows from the fact % =eP*. %. O

The following proposition is obvious.

PROPOSITION 1. Let I C R be an open interval. If f: 1 — (0,e0) is exponentially
convex on / then it is log-convex function on /.

The converse of the Proposition 1 is not true, in general (see example in [0]).
Using characterization of convexity by monotonicity of 1st order divided differ-
ences it follows (see [8, p. 4]):

THEOREM 3. Let I C R be an open interval. Let f: 1 — (0,00) be log-convex,
differentiable function on I and M : I x I — (0,00) be defined with

(%)+ X7y

M(x,y) = /X y
exp('ﬂ(jf))>7 xX=y.
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If x1,x2,y1,y2 € I such that x; < x3, y1 < y2 then

M(xlayl) < M(x27Y2)~

2. Main results

Denote by #([a,b]) Borel o -algebra generated on [a,b].

THEOREM 4. Let U be a positive, finite, measure on %B(|a,b)) and let f and g
be measurable functions such that f is non-increasing and 0 < g < 1. If there exists
A € Ry such that

(b—2,b]) / (1)du(r) 5)
then
[ roaun < [ r0s0an). ©)
(b-2.b] (a.b]
Proof.

f0gdn~ [ fadut)

(b—A.b]

= f(f)g(t)dﬂ(t)—/ S@)(1=g(1))du(r)

0,6

la.b=2] (b—2.b)
> [, 080 o2 [ (=) )
= oy f(t)g(t)d.u(t) - f(b — 2,) /[a.’b_M g([)d‘u ([) Q)

= (f@&)—fb—2A)gt)du(r) >0. O

[a.b—A]

THEOREM 5. Let U be a positive, finite, measure on %B(|a,b]) and let f and
g be measurable functions such that f is non-increasing, non-negative function, and
0 < g < L. Ifthere exists A € R that satisfies

(b,b— 1)) / (1)du(r) ©)
then (6) holds.

Proof. We re-adjust proof of Theorem 4: condition (9) together with f(b—21) >0
ensures us transition from line (7) to (8). [l
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THEOREM 6. Let U be a positive, finite, measure on %B(|a,b)) and let f and g
be measurable functions such that f is non-increasing and 0 < g < 1. If there exists
A € Ry such that

u([a,a+AJ) /g )du(r) (10)
[a,b]
then
[ roauw= [ s (11)
la,a+2) [a,b]
Proof.

/[a,a+)L] f6)du(e) - /[a’b] f(t)g(t)du(t)

=] O s - [ rwswant)

la,a+2]

>fatd) [ O-g@)ue) = [ 700

a,a+
=flatd) [ s [ rwsnaut)
= [ (la+ ) =) > 0. O
(a+2.b]

THEOREM 7. Let U be a positive, finite, measure on B(la,b]) and let f and
g be measurable functions such that f is non-increasing, non-negative function, and
0 < g < 1. If there exists A € Ry such that

u(laa+a)> [ s)au), (12

then (11) holds.

Proof. Similar to proof of Theorem 5. [

REMARK 1. Some comments on Theorems 4-7 are needed.
(i) If we consider the Lebesgue measure in conditions (5) and (10), we get standard
constant A in Steffensen’s 1nequality given in (1).

) fu<Kvand h= ” then condition (9) becomes

/hdv /h

(b—Ab]

while condition (12) becomes

/[a,awh(t)dv(t» /h(z)g(t)d‘,t

[a.b]
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Clearly, both conditions have the same form as Steffensen’s inequality altough mono-
tonicity request on the function / is dropped.

3. Applications

Similar to (3) and (4) we can produce two linear functionals from Theorems 4 and

6:
s = [ r0auo- [ fs)auo) (13
(b—2.b] [a,b]
and
&) = [ fOsdu@) = [ odut). (14
[a,b] [a,a+1]

THEOREM 8. Let f+— £;(f), i= 1,2, be linear functionals defined with (13) and
(14) and let F;: (0,00) — R, i = 1,2, be defined with

Fi(p) = £i(¢p)
where ¢, is defined in Lemma 2. Then the following statements hold for every i =1,2.
(i) The function F; is continuous on R.

(ii) If ne N and py,...,p, € R are arbitrary, then the matrix

[Fi (pj+pk)]
2 jk=1

is positive semidefinite. Particularly,

det [F,- (M)] >0.
2 k=1

(iii) The function F; is exponentially convex on R.
(iv) The function F; is log-convex on R.
(v) If p,q,r € R are such that p < q < r, then
Fi(q)" " <F(p)"*F(r)"". (15)

Proof. (i) Continuity of the function p — F;(p) is obvious for p € R\ {0}. For
p =0 it is directly checked using Heine characterization.
(ii)) Let n € N, p; € R (i = 1,...,n) be arbitrary and define auxiliary function
v :(0,00) — R by
n
Vo) = 3 EEbrin ().

k=1
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Now
2
/ - it
V=Yg ) 20
Jj=1
implies that y is non-increasing function on (0,e) and then

Si(y)20,i=1,2.

|: . ( ' j >:| =
1S p()sltl\/e Se“ll'defl]llte.

(iii), (iv), (v) are simple consequences of (i) and (ii). [J

This means that the matrix

With similar arguments we deduce the next theorem.

THEOREM 9. Theorem 8 is still valid for ¢, given in Lemma 3.

We now use mean value theorems to produce Cauchy means.

THEOREM 10. Let f — £i(f), i = 1,2 be linear functionals defined with (13)
and (14) and y € C'[a,b]. Then there exist &; € [a,b], i = 1,2 such that

Li(y) = v/ (&)Li(id),

where id(x) = x.

Proof. Since y € C'[a,b] there exist m = min y’'(x) and M = max y/(x). De-
x€la,b) x€la,b)

note /i (x) = Mx — y(x) and hy(x) = y(x) —mx. Then

i) = M~ y/(x) > 0
Hy(x) = ¥/ (x) —m > 0

which means that £;(h;), £i(hy) >0, i=1,2 ie.
m&i(id) < Li(y) < MLi(id).
If £;(id) = 0, the proof is complete. If £;(id) > 0, then

Li(y)
£i(id)

<M

and the existence of &; € [a,b] follows. O

Using, standard, Cauchy type mean value theorem we get the next corollary.
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COROLLARY 1. Let f+ £i(f), i = 1,2 be linear functionals defined with (13)
and (14) and y, W € C'{a,b] such that y(x) does not vanish for any value of x €
[a,b], then there exist &; € [a,b], i = 1,2 such that

vi&)  Li(y)
V&)~ Silyn)’ (10

provided that the denominator on right side is non-zero.

REMARK 2. If the inverse of i/} exists then various kinds of means can be
defined by (16). That is

()G e o

Particularly, if we substitute vy (x) = ¢,(x), y2(x) = ¢4(x) in (17) and use con-
tinuous extension, the following expressions are obtalned (i=1,2).

<% ) 1/(p—q) 7 ke
Mi(pa) = Qe (—5+ 58, oo
ooz o

By Theorem 3, if p,q,u,v € R such that p < u, g < v then,
Mi(p,q) < Mi(u,v).

REMARK 3. Similarly, if we substitute yi (x) = @p(x), ya(x) = @4(x) in (17) and
use continuous extension, the following expressions are obtained (i = 1 ,2).

<%> 1/(p—aq) , vta

i(Pq

M = exp < % ) p=q#0
exp (33 ((%) ) p=g=0

Again, using Theorem 3, if p,q,u,v € R such that p <u, g < v then,

Mi(p,q) < Mi(u,v).

We can now further refine obtained results by dropping some of analytical proper-
ties of families of functions from Lemmas 2 and 3. Therefore we define

%:{WP: sz[a7b}_)R7 pEJ}7

a family of functions from C([a,b]) such that p — [xo, x1;y,] is log-convex in the
Jensen sense on J for every choice of two distinct points xo,x; € [a,b].
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THEOREM 11. Let f — L£i(f), i = 1,2 be linear functionals defined with (13)
and (14) and let G; : J — R, be defined with

Gi(p) = Li(yp)
where ,, € €. Then the following statements hold, for every i =1,2.
(i) G; is log-convex in the Jensen sense on J.

(ii) If G; is continuous on J, then it is log-convex on J and for p,q,r € J such that
p < g <r, we have
Gi(q)"" < Gi(p)" 1Gi(r)T™".

(iii) If G; is positive and differentiable on J, then for every p,q,u,v € J such that
p <u, q<v, wehave B B
M;(p,q) < Mi(u,v) (18)

where Mi(p,q) is defined with

(g({;g)ﬁ P#q

L(Gi(p)) _
Xp Gi(P) y P=4(q.

Proof. (i) We prove our claim for the case i = 1, second case is treated similarly.
Choose any two distinct points xo, x| € [a,b], any &, & € R and any p, g € J. Define
auxiliary function y : [a,b] — R by

W) = EPWp(0) + 26182y () + E g (x), (20)

M;i(p,q) = (19)

where Vp: Yeta and v, are from class C;. Then

[xo, x13 9] =& [x0, x15 W] + 2&1E o, xl;l//#]
+EF[x0, X1, X239g] =0

by definition of ¥ and characterization of log-convexity. This implies that y is non-
decreasing function on [a,b]. Hence £, (y) > 0 which is equivalent to

6i0) +28861 (57 + 610 >0

This proves that G is log-convex in the Jensen sense on J.
(i1) Since G; is continuous on J, then it is log-convex.
(iii) This is a simple consequence of Theorem 3. [

Let us introduce the following family of functions which will be used in the next
theorem.
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-@:{V]P: sz[a7b]—>R’p6J}’

a family of functions from C([a,b]) such that p — [xo, x1;V)] is exponentially convex
on J for every choice of two distinct points xo,x| € [a,b].

THEOREM 12. Let f — £i(f), i = 1,2 be linear functionals defined with (13)
and (14) and let H; : J — R, be defined with

Hi(p) = Li(yp) (21
where i, € 9. Then the following statements hold for every i =1,2.

(i) If ne N and py,...,pn € R are arbitrary, then the matrix

|:Hi (pk +pm):| "
2 k,m=1

is positive semidefinite. Particularly,

det [Hi (pk+pm)] >0.
2 k.m=1

(ii) If the function H; is continuous on J, then H; is exponentially convex on J.

(iii) If H; is positive and differentiable on J, then for every p,q,u,v € J such that
p <u, q<v, wehave
Mi(p,q) < Mi(u,v)

where M;(p,q) is defined with

Proof. (i) We prove our claim for the case i = 1, second case is treated similarly.
Let n € N, py,...p, € R be arbitrary and define auxiliary function y : [a,b] — R by

n

V) = 3 EnWiim ()

k,m=1

Then

n
[an xl;ll/} = 2 gké’m[XOa xl;lVI’k;I’m] 2 O
k,m=1
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by definition of 2 and exponential convexity. This implies that y is non-decreasing
function on [a,b] and then £;(y) > 0 which is equivalent to

i &i&iH (p;ﬁz-pm) > 0.

k,m=1

(i1) Follows from (i).
(iii) This is a simple consequence of Theorem 3. [J

4. Concluding remarks

Families of exponentially convex functions similar to families given in Lemmas 2
and 3 can be easily constructed because of application of Theorem 2.

EXAMPLE 1. Consider a family of functions %, : (0,e0) — (0,e2), p > 0, defined
with -

_r 1:

hp(x) = logp> P # 1

X, p=1.

Since p — %(hp(x)) = p~* is the Laplace transform of a non-negative function
(see [10] p. 210), it is exponentially convex according to Theorem 2.

Obviously x — #,(x) are non-decreasing functions for every p > 0. It is easy
to prove that the function p — [xg,x1;k,] is also exponentially convex for arbitrary
positive xg,x; (see also [6]). Using Theorem 12 it follows that for linear functionals
f— Li(f), i=1,2 defined with (13) and (14) we have that p — £;(h,) is exponentially
convex (it is easy to verify that it is continuous), for i = 1,2.

Using further Theorem 12 we conclude that

( Z) P#q
Ri eXp( ”> ——logp) p=q#1L
eXP( ) p=q#1;

satisfies

for p,q,u,v € R such that p <u, g < v

REMARK 4. From Example 1 and Theorem 12 it is clear that we presented a new
way how to generate exponentially convex functions, aside from Laplace transform and
Theorem 2.

REMARK 5. Notion of exponential convexity can be even further refined. For
details see [7].
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