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SOME NEW OPIAL DYNAMIC INEQUALITIES
WITH WEIGHTED FUNCTIONS ON TIME SCALES

S. H. SAKER, M. M. OsMAN, D. O’REGAN AND R. P. AGARWAL

(Communicated by J. Pecaric)

Abstract. In this paper we prove some new dynamic inequalities with two weight functions and
some new dynamic inequalities with two unknown functions of Opial type on time scales. The
main results will be proved by employing Holder’s inequality, the chain rule and some basic
algebraic inequalities.

1. Introduction

In 2001, Bohner and Kaymakgalan [1] proved some dynamic inequalities of Opial
type on time scales. In particular, they proved that if y : [0,a] T — R is delta differ-
entiable with y(0) = 0, then

YA ()

2
’ At (1.1)

aly(t)+y"(t)| v ()| At <a ‘
0 0

Also Bohner and Kaymakgalan in [1] proved that if p and g are positive rd— continuous
functions on [0, 5], fé’ (At/p(t)) < oo, g is non-increasing and y: [0,5]NT — R is
delta differentiable with y(0) = 0, then

[enfoo ot olas [ 28 oantof s a2

Karpuz et al. [0] replaced ¢°(¢) with ¢(¢) and proved an inequality similar to (1.2) of
the form

y%)jzm, (1.3)

b b
[ a0+ @t 0] o <Kyab) |

where g is a positive rd— continuous function on [a,b]r, y: [a,b]NT — R is delta
differentiable with y(a) =0, and

K,(a,b) = (2 / ’ ) (o) - a) Au) " (1.4)
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Wong et al. [11] and Srivastava et al. [10] proved that if ¢ is a rd-continuous, positive
and non-increasing function on [a,b] NT, then

[ aobor o] sos m-at [opro] e as

where y: [a,b] N T — R is delta differentiable with y(a) = 0.

Saker [9] improved the conditions in (1.5) and proved some new dynamic inequal-
ities with two weight functions p and ¢. In particular, he proved that if p and g are
nonnegative rd-continuous function on [a,b]y such that [” p~1/A+Y"UAf < oo and
y:[a,b)NT — R is delta differentiable with y(a) = 0, then

[ aovat ol s<ki@pan ool T ae

where

y \ 7Y )R+ /2 (A+r=1)
Ki(a,b,A,y)= (m> /a O ( p cEemy ) At
(1.7)

In this paper we prove some new integral inequalities involving two weight functions
with a power k different from A + y which appears in the right hand side of (1.6).
We also prove some new integral inequalities involving two unknown functions g; and
g» with two weight functions. The paper is divided into two sections. In Section 2,
we introduce some preliminaries on time scales and in Section 3, we prove the main
results.

¥/ (A+7)

2. Preliminaries on time scales

In this section, for completeness, we recall the following concepts related to the
notion of time scales. For more details on time scale analysis, we refer the reader to
the two books by Bohner and Peterson [2], [3] which summarize and organize much of
time scale calculus. A time scale T is an arbitrary nonempty closed subset of the real
numbers R. We assume throughout that T has the topology that it inherits from the
standard topology on the real numbers R. The forward jump operator and the backward
jump operator are defined by:

o(t):=inf{seT: s>t}, p(t):=sup{seT: s<t},

where sup® = infT. A point 7 € T, is said to be left-dense if p(t) =¢ and ¢ > infT,
is right—dense if o(r) =1, is left—scattered if p(r) < and right-scattered if o(r) > t.
A function g : T — R is said to be right—dense continuous (rd—continuous) provided g
is continuous at right—dense points and at left—dense points in T, left hand limits exist
and are finite. The set of all such rd—continuous functions is denoted by C;(T).

The graininess function y for a time scale T is defined by u(z) := o(¢t) —t, and
for any function f: T — R the notation f°(¢) denotes f(o(¢)). Fix t € T and let
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f:T —R. Define f2(¢) to be the number (if it exists) with the property that given any
€ > 0 there is a neighborhood U of ¢ with

[f (o)) — f(s)]— f2(0)[o(t) —s]| < e|lo(t) —s|, forallseU.

In this case, we say f2(¢) is the (delta) derivative of f at ¢ and that f is (delta) differ-
entiable at 7. We will frequently use the following results due to Hilger [4]. Throughout
the paper will assume that f: T — R andletr € T.

(1) If f is differentiable at 7, then f is continuous at ¢.

@ii) If f is continuous at ¢ and 7 is right-scattered, then f is differentiable at ¢

with fA(1) = W

(iii) If f is differentiable and 7 is right-dense, then f4(¢) = lim,_,, 20=/15),
(iv) If f is differentiable at 7, then f(o(z)) = f(¢) +u(t)f2().

The three most popular examples of calculus on time scales are differential cal-
culus, difference calculus, and quantum calculus (see Kac and Cheung [5]), that is,
when T=R, T=N and T = ¢ = {¢' : € Ny} where ¢ > 1. Without loss of
generality, we assume that supT = oo, and define the time scale interval [a,b]y by
[a,b]T := [a,b]N'T. In this paper we will refer to the (delta) integral which we can de-
fine as follows. If G2(t) = g(t), then the Cauchy (delta) integral of g is defined by
J2g(s)As :== G(t) — G(a). It can be shown (see [2]) that if g € C,y(T), then the Cauchy
integral G(t) := [; g(s)As exists, 1o € T, and satisfies G*(¢) = g(¢), € T. An infinite

integral is defined as [ f(r)Ar = limj_.. ff f(t)Ar. The integration on discrete time

scales is defined by [” f(1)Ar = Yiclap) 1 (1) f(t). We will make use of the following
product and quotient rules for the derivative of the product fg and the quotient f/g
(where gg© #0, here ¢g° = go o) of two differentiable function f and g

A A, oA
() = fog+ f9g* = fg* + f2¢°, and (g) :%. @.1)

The chain rule formula on time scale is given by
1
/ x® + (1 — h)]" " dmd(1), 2.2)

which is a simple consequence of Keller’s chain rule [2, Theorem 1.90]. The integration
by parts formula on time scales is given by

b b
/ w(e WA (A = [u(e)v(r)]” — / WAV ()AL 2.3)
Holder’s inequality [2, Theorem 6.13] states that for u, v € Cy([a, b]r, R), we have
b b Lo :
/ lu(t)v(t)| A < [/ u(t)th} U v(t)|pAt] , 2.4)

Wherep>1and%+é:1.
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3. Main results

The results in this section generalize and extend the Opial inequality (1.6) and
the inequality (1.5). Throughout this section (without mentioning) the integrals in the
statements of the theorems are assumed to exist.

To prove the main results we will use of the chain rule (2.2), Holder’s inequality
(2.4) and the inequality

A+ b < (a+b)* <22 N +bY), ifa, b>0, 2 > 1. 3.1)

THEOREM 3.1. Assume that T be a time scale with oc, T€ T, k> 1, A >0 and

0<y<k. Let p(t),q(t) be non-negative rd-continuous functions on [0, T|y such that
I (p(s)) YV * D As < oo, If x: [ar, T]r — R is delta differentiable with x(ot) =0, then

T T k (A+7)/k
[awmor ol sc<kozn| [[olcof a6
where
¥/k k(1) = els) ()
(Y t q (1) \ "7 ! L k=7
acer = (75 ) [[(50) (Lrmess) 7 ar
(3.3)
Proof. Since x(a) =0, we have that
1 1
Wl < [ [P@]as= [ o) oo o as e

Applying the Holder inequality (2.4) with indices k/(k— 1) and k on the right hand
side of (3.4), we get

o

/t (p(s))—l/(k—l)As> o (/tp(s) ‘XA(S)"‘AQ l/k. (3.5)

/t (p(s))(kll)As)Mkl)/k (/tp(s) e (s)’km)m. (3.6)

Now, we define

)= [ o) [0 As (3.7)
This gives us
V0 =p) 0] >0, a8
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and hence
v/k

0] = () ()

Since ¢ is a non-negative function and A > 0, we have from (3.6), (3.7) and (3.9) that
A
g O [ (1)

/’<p<s>>kﬂAs)m_l)/k@(z))“"(y%))”k. (3.10

o

3.9
)7
< 40)(p(e) T (

Integrating (3.10) from « to 7, and applying Holder’s inequality (2.4) with indices
k/(k—17) and k/y, we have that

[ aoboF o] a

=7
T (g @) w7 [ = L=
< Yy N At
[ () (Loorna)
T v/k
><(/ (y(z))“yyﬂ(t)m) . (3.11)
o
From the chain rule (2.2), and the fact that y(¢) > 0, we see that
TGO (1) < — Y (20 7)) 2
t 1) < 1)~ 3.12
()™ ¥y () )Hy(y (1)) (3.12)
Substituting (3.12) into (3.11), we have
T Y
| oo 2
(k=7)

Ly (e o]
X (#)Yk (Lf(y(kﬂ)/y(t))AAt)y/k

T k() (k_l) t A N
_ q () \“r —1/(k—1) v
L (o)
Ik
Y K (A+y)/k
<(75) e,
From (3.7), and the last inequality, we have
T y T k (A+7)/k
[awnor o] s gign | [Toolcof s
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which is the desired inequality (3.2). The proof is complete. [

Here, we only state the following theorem, since its proof is similar to that of
Theorem 3.1 with [, 7] replaced by [t, B]r.

THEOREM 3.2. Assume that T be a time scale with T, B € T, k> 1, A >0 and
0 <y<k. Let p(t),q(t) be non-negative rd-continuous functions on [t, 3]t such that
ftﬁ (p(s)) VU, DAs < oo, If x: [1,B]7 — R is delta differentiable with x(B) = 0,
then

/Tﬁ q(t) |x(t)[* )xa(t))ym <Ky (A, 7,k) Ufﬁp(t) )xa(t))km] (7L+)/)/k, -
where
w75
(3.14)

REMARK 3.1. As a special case when we take k = A + ¥, we see that inequality
(3.2) becomes inequality (1.6).

If we put p(t) = ¢(¢) in (3.2), we obtain the following special case from Theorem
3.1, which is a generalization of inequality (1.5).

COROLLARY 3.1. Assume that T be a time scale with o, T€ T, k>1, A >0
and 0 <y < k. Let p(t) be non-negative rd-continuous functions on o, T|t such that
J2(p(s) V=D As < oo If x: [ot, T — R is delta differentiable with x(o) = 0, then

[ o o] s igrn | [opee o] e
where
(k=)
Ak=1) Tk
Ki (A, 7,K) = (x—iyyk /l:p(t) (/O:(p(s))ﬁm) Tl (a6

On a time scale T, we note as a consequence of the chain rule (2.2) that

Ak—1 A _ e
((l—a) ((ky>)“) = (Mk l)+1> /01 [h(c(t)—oc)+(1—h)(z_a)}((kfw)dh

(k=)
)L(k - 1) ! Ag(kjyl)
= < k—7) +1>/0 [h(t—o)+ (1 =h)(t— )] &V dh

_ (}L(k_l)

= +1>(t—oc) 7 (3.17)
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This implies that

T Alk—1) _ oA
/ (t—a) T ar g T2 (3.18)
o A

where A = l&k_}? + 1. From (3.18) and (3.16) with p(r) = 1, one obtains that

(k=)

y vk ot Ak=1) T
Ki(A,7,k) = <7L+Y) Ua (t— ) T At] (3.19)

()"

Setting p(r) =1 in (3.15) and using (3.19), we have the following inequality.

ey

(T—(X)A 3

A

COROLLARY 3.2. Let T be a time scale with o, T€T, k>1, A >0 and 0 <
y<k.If x:[o,T]r — R is delta differentiable with x(a) = 0, then

(k=)

/k A (A+y)/k
N R N4 y \"| (- /T NL
/(x|x(t)\ RO <A+y> A s (0] o ,
(3.20)
where A = /1(5{1:/1)) +1.

REMARK 3.2. As a special case when k = A + 7, inequality (3.20) becomes

/J/V/(A‘H’) )L/*T
/|x ‘At\ e

xA(t)’}H_yAt. 3.21)

REMARK 3.3. Note that when T = R, inequality (3.21) becomes

v/ (A+ T
/ |x(7) dt\y (T—a)l/

A+y o
REMARK 3.4. Note that when A = y= 1, we have the following result

/ar |x(2)] ‘x,(z))dt < (T;a) /ar

THEOREM 3.3. Assume that T be a time scale with o, T€T, A >0 and y> 1.
Let f(t) be positive on [, T]y with [4(f(t)) YAt < e, and let g(t) be a positive
non-increasing and rd-continuous function on [o, T|r. If x : [a, T]r— R is delta dif-
ferentiable with x(ot) = 0, then

’ Aty
‘ d. (3.22)

x (1)

x’(t)‘zdt. (3.23)

[ ool o s (3.24)

o

<(75)( /(,f<f<t>>—w)l g o
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Proof. Define
)= [ () (g0s) A5 o) s, forr € ot 329
Hence
L0 = (£ (g7 * 4 [ o) (3:26)
and then
A0 = (1) 7 (g0) TR ). (327)
Since x(or) =0, we see that

O as= [ gen e e o] s

wlo) < [

Applying Holder’s inequality (2.4) with indices y/(y— 1) and 7y, we have
1 =017/ y 1y
s < ([rorss) ([ ey oo as)
o o

Then for o <t < 7, we get that

()t < (/t(f(s))—msy(y_l)/y (/O: (f(s)7r )xﬂ(s)‘ymy/y. (3.28)

Thus, if g(¢) is positive and non-increasing, we have from (3.27) and (3.28) that
(P ) (o) [ <>\ o1
Vy D " %
( YAS) (/ (f(s))"r Y ‘xA(S))yAs) ()
= (FE) T 020, (3.29)

where F(t) := [},(f(s))"YAs. Now, since FA(t) = (f(t))~7 > 0, we see that F(t) <

F (7). This and (3.29) implies that
[ oy D gk o] a

@0 )

o

- (/ T(f<s>>W>ml)/y/;Z“ ()25 (1) .

o

N

(3.30)
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From the chain rule (2.2), and the fact that 72 (r) > 0, we obtain

(mey(,))A _ (%’) /01 [(h2% + (1 — )Y dhz? (¢)

> (M) /1 [hz+ (1 —h)Z]A/ythA(l) (3.31)
y )Jo

- (A_;’Q M(0)Z2 ).

Substituting (3.31) into (3.30), and using the fact that z(c«r) = 0, we have

[ @) g s [ o s

/T(f(f))_yﬁf> N z@(r)
/ T(f(r))%r)w_l)/y ( [y (gt o7

/T(f(t))yAt>My_l)/y

A
T ~iy P+r-1) 7
( FE)EH (@) G (g

X2 (Z)‘YAI)

Again applying Holder’s inequality (2.4) with indices (A +7)/A and (A +7)/y, we
have

[y Vg ol o a

. <$) (/(:(f(l))_yAt)Myl)/y

“(/ T(f(t))‘yﬂt)m [ @y g [

o o

B (x—iy) (/;(f <t>)YAr)A g e wf T ar

A+y
‘ At

which is the desired inequality (3.24). The proof is complete. [J

REMARK 3.5. As a special case when f(r) =1 and g"(¢) = ¢(¢), inequality
(3.24) becomes inequality (1.5).

Here, we only state the following theorem, since its proof is similar to that of
Theorem 3.3 with [et, 7|t replaced by [T, B]r.
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THEOREM 3.4. Assume that T be a time scale with t, B €T, A >0 and v >
1. Let f(t) be positive on [t,B]1 with fTﬁ (f(1)) YAt < oo, and let g(t) be positive
non-decreasing and rd-continuous function on [t,Blr. If x: [t,B]r — R is delta
differentiable with x(B) = 0, then

[ oy oo [ o ar 632

) (A—-Yw) (/ﬁ Y <t>)YAr)l / g |

Now, we prove some new integral inequalities involving two unknowns g; and g»
with two weight functions p and gq.

THEOREM 3.5. Assume that T be a time scale with o, T € T, let p(t) is a pos-
itive rd-continuous function on (o, Ty with [ At < oo, and q(t) be a positive, non-

increasing and rd-continuous function on |, ’L’] If g1, & :la,tlr — R are delta
differentiable with g, (o) = ga2(a) =0, then

[0 [[@o+s@es o)+« [eo+gmtol s 63
< [k [roaw et of [0 o

Proof. Let f(t) := f(; q°(s)
A 1) =/q°(1) ’giA(t)‘ > 0 and note that for s <t we have q°(s) > q(t). Thus

|gi(?) /‘g / q:((t“;’ As_ ';2).

0'

giA(s)‘ As, fort € [a, t|t and i=1, 2. Note that

Hence, (note that t < o(t) which implies q(t) >

[0 <>+gi’<r>>gf<t>|+\< 0+ ) <>|]m

< [ l( fl()>f2()+<fz() ff(r))fﬁ(t)]m
Val) Va0 ) Vel \Val) Va0 ) V)

< [n@+ @k n+ro+g£o) o] o

= [(GA2 4128+ prl + IE 5

=2 [ (OLM® O =2A(0 A < (hEDF + (AP,

where we have applied the inequality

20 < (a® 4 B?), for at, B reals. (3.34)
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Applying Holder's inequality (2.4), we get

[ a0 [[@an0+70)88 0] + o200 + g2 0el )] 20

o

2
</FV Okl ) </FV Ot ’)
</(:%/ap(t)qc(t)‘gf At+/ /p ()]s 0)[ o
< [ [roan o] + o) } A,

which is the desired inequality (3.33). The proofis complete. [

REMARK 3.6. Note that when g(¢) = g2(f) = g(¢), then inequality (3.33) be-
comes the Opial inequality (1.2).

The proof of the following theorem is similar to the proof of Theorem 3.5.

THEOREM 3.6. Assume that T be a time scale with T, B €T, let p(t) be positive

and rd-continuous function on [t,B|r with fﬁ ﬁt) < oo, and ¢(t) be positive, non-

decreasing and rd-continuous function on |t,B|r. If g1, g2 : [T, B]r — R are delta
differentiable with g1 () = g2(B) =0, then

[ 00|+ 70150 e + SO0 0| 1 339

<[ % / p0a0) ||et 0 + [0 ] o

THEOREM 3.7. Assume that T be a time scale with o, T€T, A >0 and v > 1.
Let p(t) is a positive rd-continuous function on [, T|p with [, % < oo, and q(t) be
positive, non-increasing and rd-continuous function on [0, T|t. If g1, g2: [0, Tt — R
are delta differentiable with gi(ot) = go(ot) = 0, then

[ 0la 020" [0 +eF O |8 0 +lea)+85 0 o5 0)]] 21

<21l <xly) (- a)2/1+y—1

X /: % /;p(t)q(t) [‘glA(t)‘z(}H_Y) + ’gzﬁ(t)‘mm] A (3.36)

Proof. Let fi(1) = [ (q(s))"/***V ’giA(s)‘yAs, 1€ o, T)r for i=1,2. Thus

£ = (@) * g 0] >0, (3:37)

‘ Y
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and since g;(o) =0, we have

|gi(1)] S/O: giA(S))AS:/O:W(q(s))l/m”)

Applying Holder’s inequality (2.4) with indices y and y/(y— 1), we obtain

t s =iy, 1)y
il </oc (Q(S))V/ﬁlJrV)(Vl)) </a (ql))**+7 giA(s)‘YAs>

< (g(0) PR (=) DY (i) V. (3.38)

giA (s) ) As.

Applying the inequality (3.1) and (3.38), we get (note that o(r) > ¢ which implies
q°(1) < q(r)), that

16i(1) + 87 ()7 < 27" [|gi(0)| + 187 (1)]"]
<2 (e— o) () P ) + 2 (0)]. (B39)

Hence
[ e 0lawn0l a0+ 0l [ o] +lan+8nr |« o] o
<27 V(1 — o) DAY
< [ ROLOM [0+ O)E O+ (o) + W) 0] 0
= 21(e— o) I [0 () (i 0)f0)) P A (3.40)
Applying the chain rule (2.2), we see that

((flfz)()urwoA = w/l h(fif2)° + (L= ) (fif )T an(fi12)"

}Hy(f M (R)E. (3.41)

Substituting (3.41) into (3.40), we obtain

[ e 0la0a0l a0+ 0 || + a0+ 80 ¢ 0] ] o

A+n/r

<2 (55 ) (- VB (@ ) 642

Applying inequalities (3.34) and (3.1) yield

NG
(fif) 20T < <§> (f + ) A
NGEY
< <§> Doy [ gy

1
_ 5 [f12(1+7)/y+f22(l+7)/7:| ) (3.43)
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Substituting (3.43) into (3.42), we get

[ e 0lawn0l a0+ 0l o] +lan+8nr |« o] o

< o1 ( . JVF y) (1= @V [, (2) P00 ()20

On the other hand applying Holder’s inequality (2.4) with indices 2(A +7)/v,2(A +
7)/(2A +7), we have
2A+n/r
(fi()2AN/7 = /r (q(0)p(t))"*A+Y) -A(t)‘yAt
’ «  (p)Een |
<

T A+y/
/a (p <>>W+v)2 +”/ at

Again applying Holder’s inequality (2.4) with indices (24 +7)/y, (2A +7)/24, we

‘ 2(A+7) At

0

get
T N A gt 2(A+7)
e ([Fan) [ [ awp]eo] T o
= (7 )WY/ AI/q g?()‘mmm. (3.45)

Substituting (3.45) into (3.44), we get the desired inequality (3.36). The proof is com-
plete. O

THEOREM 3.8. Assume that T be a time scale with T, B € T, AL >0 and y > 1.
Let p(t) is a positive rd-continuous function on [, Bt with fﬁ A(t) <o, and q(t) bea

positive, non-decreasing and rd-continuous function on [t,B]r. If g1, &2 : [T,B]lr —
R are delta differentiable with g,(B) = g2(B) =0, then

[ 0lai@s 0 [l + 80 |65 0] +lea) +8 0 g 0] ] 2

< o1l <)L—?|’_y> (B _T)z/lﬂf—l

y /T ﬁ% /T P a0 [)glﬁ(:)f(”m‘g,f(t)f(“”] At (3.46)

For p(t) =1 in Theorem 3.7, we obtain the following result.

COROLLARY 3.3. Assume that T be a time scale with o, T €T, A >0 and
vy = 1. Let q(t) be positive, non-increasing and rd-continuous function on [o, T|t. If
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g1, &2 o, Tl — R are delta differentiable with g\(a) = g2(ot) =0, then

[ e 0la0a0l a0+ 0 [ 0] + a0+ 80 ¢ 0] ] o

<2r! (ﬁ) (t— a)””/;q(t) Ugf(t)Iz(Mw + ‘gf(f)Iz(My)} At (347)

Also for g(r) =1 and y =1 in inequality (3.47), we have the following result.

COROLLARY 3.4. Assume that T be a time scale with o, T €T and A > 0. Let
g1, & : [at, ] — R are delta differentiable, and gi(o) = g2 (o) =0, then

[ a@e01 [ 610) +870)65 0)] + [ (e20)+ 8 wel ]| A1

_ (! ’[ ’2<l+1 ‘2<k+1)]
| /oc

Also for p(t) = ¢(r) =1 and y =1 in inequality (3.46), we have the following
result.

)
g2 () + ‘gf (1) At. (3.48)

COROLLARY 3.5. Assume that T be a time scale with T, B € T and A > 0. Let
g1, & :[1,B]r — R are delta differentiable, and g, (B) = g2(B) =0, then

/ 108201 [[ (01 0) +5 )85 0|+ (8200 + 8501 0]

- (B — 1)1 /ﬁ “ A ‘2(/1“ )2(A+1):|

< 11 gy (1) At. (3.49)

'y )gf (t)

Now, a combination of (3.48) and (3.49) with 7 = ﬁ% immediately gives the
following result.

COROLLARY 3.6. Assume that T be a time scale with o, B € T and A > 0. Let

g1, g2 [, B]r — R are delta differentiable, and g,(o) = g1(B) = g2() = g2(B) =
0,then

/aﬁ g1(0g2()]* H(gl(l‘) +g?(t))g§(t)‘ + ‘(gz(t) +g§’(z))glﬁ(1)u At
. %H (ﬁ;a)zul/aﬁ U&A(’)‘z(ﬂlu’ ‘gzﬁ(t)‘z(ul)] A (3:50)

Note that when T = R, we have g = g; for i = 1, 2. Then from the above
inequalities (3.36), (3.48), and (3.49), we obtain the following results due to Lin and
Yang [7], and Pachpatte [8].
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COROLLARY 3.7. Let A >0, y> 1 andlet g(t), g2(t) be absolutely continuous
Sunctions on |a, T such that g(a) = g2(a) = 0,then

/q (t)]g1(t)ga(t Hgl )t ‘+)gl )Hdr

Y _ dt 1 |2y)
s (- P [T [0 [0

rAt

1 2y)
e,

(3.51)

where p(t) is a positive and continuous function with [, < oo, and ¢(t) is a posi-

tive, bounded, and non-increasing function on [, .

COROLLARY 3.8. Let A >0, and let g1(t), g2(t) be absolutely continuous func-
tions on [0, T| such that g,(a) = g2(o) =0, then

/Igl )82t ’gl )er (1 ’+’g1 )ga( )Hd

, ’()L+l) , ‘2(7L+ )]

(T—OC)MJFI
< m/a s

(7 +

g (1) dr. (3.52)

COROLLARY 3.9. Let A >0, and let g1 (t), g2(t) be absolutely continuous func-
tions on [t,B] such that g;(B) = g2(B) =0, then

/|81 gt Hgl gz ‘+‘g1 gz()Hdt

. ([32(_)L —i)_ZiL)-H /Tﬁ |:g/( )‘ 2(A+1) glz([)) (l+l):|

[t + dr. (3.53)

COROLLARY 3.10. Let A > 0, and let g(t), g2(t) be absolutely continuous
Sfunctions on [a, B] such that gi(o) = g2(0t) = g1(B) = g2(B) =0, then

/Igl )ga(t Hgl )gr(t )+)g1 )&ga( )Hd

: m@%‘)”“/f[

Note that when T =N and p(n) = 1, we have from (3.36) the following discrete
Opial type inequality.

, (A+1)
ol

+’g2 ’A U}dl. (3.54)

COROLLARY 3.11. Assume that A, Yy be positive real numbers such that y >
1, {q(i)}o<i<n is a non-increasing sequence of non-negative real number. Further,
let {g1(D) }o<icn and {ga2(i) }o<i<n be two sequences of real numbers with g,(0) =
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82(0) =0. Then

q(n+1) g1 (n)g2(n)[*
g1(n) +g1(n+ )" |Aga(n)|" + |g2(n) + ga(n+ )| | gy (m)7]

( ) (=@ S gl [ 181 P+ gl 47
n=1

. 1M2

(3.55)

Also when p(n) =¢q(n) =1 and y= 1, we have the following discrete Opial type
inequality.

COROLLARY 3.12. Let {g1(i) }o<i<n and {g2(i) }o<i<n be two sequences of real
numbers with g1(0) = g2(0) =0. Thenfor A >0

M=

1 g1 (mg2(m)* [lg1(n) + g1 (n+ 1) [Aga(m)] + |g2(n) + g2 (n + 1)] | Aga (n)]]

N—o 20+1 N
T +)1 > [18g1m)PH ) 4 Aga(m) PAHY]. (3.56)

n=1

3
Il

—~
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