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PARTIAL SUMS OF THE NORMALIZED LOMMEL FUNCTIONS

MURAT CAGLAR AND ERHAN DENIZ

(Communicated by J. Pecari¢)

Abstract. The aim of the present paper determine the ratio of the normalized Lommel functions
m
Zuv of the form (5) to its sequence of partial sums (fwv)m (2)=z+ X a,z"*! when the
n=1
coefficients of %), , satisfy some conditions. Furthermore we investigate the radii of univalency,

starlikeness, convexity and close-to-convexity of the partial sums (-’fmv)m (z). Computational

and graphical usages of Maple (Version 17) as well as geometrical descriptions of the image
domains in several illustrative examples are also presented.

1. Introduction and preliminary results

For r >0, let % = {z: |z| < r} be the open disk of radius r centered at z =0
and 2 = % be the open unit disk. Let <7 denote the family of functions f of the
form

F@ =2t Y (1)
n=1

which are analytic in the open unit disk %/ and satisfy the usual normalization condition
f(0) = f"(0) =1 =0. Let . denote the subclass of </ which are univalent in % .
Also let %, € and % denote the subclasses of .7 consisting of functions which are,
respectively, starlike, convex and close-to-convex in %/ . Analytically, these classes are
characterized by the equivalence

. zf'(2)
fes <:>5R<f(z >>O,

)
fe%<:>i)?<l+z';:/($)> >0,

and

!
fe%@‘ﬁ( /(Z)) >0, (g€%).
§'(2)
Special functions as the Bessel, Lommel, Struve functions have proved themselves
as some of the most frequently used special functions in mathematical analysis and its
applications in physis, mechanic and engineering.
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malized Lommel function, starlike function, convex function, close-to-convex function.
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Lommel’s function [23, Sec. 10.7] which was considered by Lommel [9] in 1876

ML = (_1)n1"(“*T"+1)1"(%"+1) z\2n
Su, V( ) 4 o l_,(ﬂ_;/+3 +n)l_,(ﬂ+;/+3 +l’l) (E) (Z € (C)v (2)

is a particular solution of the inhomogeneous Bessel equation
2W'(2) + 2/ (2) + [ = Vi]w(z) = T 3)

where 1 and v complex parameters, I'(z) stands for Euler gamma function and occurs
in several places in physics and engineering (see [5] for a list of references).
Normalized Lommel function .%}, v : % —C, which is defined as follows:

g,,l7v(z):4<“_;’+l> (”4—;—’_1)2’12“%7\,(\/2). )

By using the Pochhammer (or Appell) symbol, defined in terms of Euler’s gamma

functions, by (1), = F(FAJ)") =A(A+1)...(A +n—1), we obtain the following series

representation for the function %),y (z) given by (4):

Luv(@) =2+ Y A" (5)
n=1
where A, = m and o : = g V+1 7é . B u+v+1 7é 1,-2,...-

We refer to Watson’s treatise [23] for comprehensive information about Lommel
function and recall some more recent contributions. In [22], J. Steinig examined the
sign of s, v(z) for positive z and u,v € R. He showed, among other things, that for
1 < 1,2 the function s, has infinitely many changes of sign on (0,c). In 2012
Koumandos and Lamprecht [7] obtained sharp estimates for the location of the zeros
of Su-14 when u € (0,1). The Turdn type inequalities for Syu-1,1 were established
by Baricz and Koumandos in [1]. Very recently, Baricz and Sza Z [2] have studied
starlikeness and close-to-convexity of 1, (z) = p (1 + l)z’%+%sﬂ_ I (/z). Apart from
these, we study partial sums of Lommel functions in this paper.

Let (Zuy), (z) =2+ X a2 be the sequence of partial sums of normal-
n=1

ized Lommel functions %} v(z) given by (5). The aim of the present paper is to

determine lower bounds for R { (“j“iv)()() } , R { % } , R { % } and
v v v )2
9’{ (fu‘v)m(z)

70 (- Furthermore as an application of our main results, we examine the

JTR%
radii of univalency, starlikeness, convexity and close-to-convexity of the partial sums
($“7v)m (z). Computational and graphical usages of Maple (Version 17) as well as

geometrical descriptions of the image domains in several illustrative examples are also
presented.
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For various interesting developments concerning partial sums of analytic univalent
functions, the reader may be (for examples) refered to the works of Brickman et al. [3],
Caglar and Orhan [4], Lin and Owa [8], Deniz and Orhan [12], [13], Orhan and Yagmur
[14], Owa et al. [15], Sheil-Small [17], Silverman [19] and Silvia [21].

For convenience throughout in the sequel, we use the following notations:

F=(a+1)(p+1)

and
Y =(0+2)(B+2)

where o := “%VH #*—1,-2,..., B:= %"H #—1,-2,...and u,v eR.
LEMMA 1. Let u,v € R. Then the function
Ly —C
given by (5) satisfies the following inequalities:
(i) If 4 > § then
| Luv(2)| <1+

(ii) If 4 > % then

|2 @) <1+ zew).

F (29-1)
Proof. (i) By using the well-known triangle inequality:
21 + 22| < || + |22]
and the inequalities
(a+1), > (a+1)" (B+1),>(B+1)" (neN={12,..}),

we have

}XMN(Z)} =

=y, = I
H X aaan, B0 | A, B,

n=1

(ii) Suppose that &4 > %7 by using well-known triangle inequality and the following
inequality:

Mo+ 1)(B+1)p = (n+1)(a+1)"(B+1)" (neN),
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we obtain
/ B o (n+1)(=1)" > (n+1)
|20 (@) = 2 ot+1), (B+1),° Z "(oe+1),(B+1),
B s (n+1)
= yi T2 @+, B2,
1 oo n—1
<1435 2 (5)

=1+ [25—1} (%>%)

Thus the proof of Lemma 1 is completed. [

2. Main results

THEOREM 1. If u,v € R such that - + g <4 then

Zuv(z) F(49-1)-9
SR{ (L), (z)} Z T @91 ze%) ©
and ( )
L), @, _F(4g-1)
ER{ Luv(z) }> A7+ (zeU). 7

Proof. We observe from part (i) of Lemma 1 that

& &4
< e —
1+§'|A"|\1+ff(45¢—1)’

which is equivalent to

4 1 >
g 2|An|<17

=
(o+1),(B+1),”
Define the function w(z), we may write

where A, =

l+wiz)  F@9-1) L)  (F@Y9-1)
v~ 9 (%), 0 ()
1+ Z A+ M E Ap"
— n=m+1

1+ 2 A
n=1
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Then from (8) we can obtain

F(49—1) i A,

W(Z)_ nn:rl _
2+22Az+M Y A
— n=m+1
and -
J(4{§71) 2 ‘An|
w(z)| < = i"“ —
2 22\A| ZOTU Y (A

n=m+1

Now |w(z)| < 1 if and only if

2T (49-1) & "
LS <223,
n=m+1 n=1

which is equivalent to

L F(A9-1) &
E\AHH¥ > Al <1 9)
n=1 («j n=m+1

F(491)
(7 Y |Aul,

n=1

It suffices to show that the left hand side of (9) is bounded above by

which is equivalent to

F(AG-1)—G I
_— >0.

We next prove bounds for (7), we write

14w <§(4£¢—1) +1) (ZLuv),, (@) F(@4g-1)

1—w(z) 7 Zuvi) 9

m Py oo
1+ 3 A - 2820 v A

_ n=1 n=m+1
1+ Y A"
n=1
where ~
W s 1|An|
w(z)| < 4"; "l”g _ <.
2- 22|A| ZWUT s Al
n= n=m+1
The last inequality is equivalent to
ua F(49—-1) &
E\AHH% Y Al <1 (10)

n=1 n=m+1
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Since the left hand side of (10) is bounded above by % §, |A,|, the proof is
. n=1

completed. [

THEOREM 2. If 1, v € R such that -+ & < 2 then,

Ziv(@) F029-1)-9
SR{(iﬂw);,(z)}2 07— €Y (1n
and ( )/
L), (2) F(29-1)
SR{ Liv(@) }> FRI-1)+9 (ze?). (12)

Proof. From part (ii) of Lemma | we observe that

- 9
1 DA <14+ ——,
PR OIS S0,
which is equivalent to
254 1) &

Z n+1)|A,| <

n=1
- —1)"
- 4’1(a+1))1(ﬁ+1)n ’
Now, we write
1+w(z)  F09-1) £, ( 2g-1) 1)
1 —W(Z) g (D‘Zﬂ V) (Z 9

- F29-1) n
1+ 3 (n+ 1A+ =5— ¥ (n+1)A2
n=1 n=m+1

where A,

m
1+ Y (n+1)Ayz"

n=1
where ~
ZEEL S (nt 1Al
w(z)| < s <1,
2- 2z(n+1>\A| S A RCERIY
n=m
The last inequality is equivalent to
= 29—-1) &
2 (n+1)|A, \+¥ Y, (n+1)|A, < 1. (13)
n=1 &4 n=m+1

It suffices to show that the left hand side of (13) is bounded above by

ZED S il (14)

n=1
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which is equivalent to

(zg 1)—9 &

To prove the result (12), we write

14+w(s) <ﬂ(2€¢—1) +1> (L), @& F(g-1)

1—w(z) G Zv(@) G
143 (n+ DA mpdc- S S (14 1A
o n=1 n=m+1
1+ Y (n+1)A
n=1

where

F29-1)+9 &
ATIH Y (n+1)A
n=m+1

w(z)] < <L

2 zz<n+1>\A| FEINT S (n41) A
n=1 n=m-+1

The last inequality is equivalent to

29—-1) &
% PCESVHES|
n=m+1

2 n+1)|A,| +

Since the left hand side of (15) is bounded above by ﬁ

n=1

completed. [

3. Illustrative examples and image domains

1195

15)

Y. |Ay|, the proof is

In this section, we present several illustrative examples along with the geometrical
descriptions of the image domains of the appropriately chosen disk by the partial sums
which we considered in our main theorems in Sections 2. In Theorem 1 and Theorem

2, we obtain the following corollaries for special cases of 1 and v.

COROLLARY 1. Ifwe take @ =v = %, we have

Z11(z) =2—2c0s /7, 3% (Z):sin\/E

2

N\

and for m =0 we get
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S0,

53

ﬂz{l_cjs\/z}>mzo,45 (ze), (16)
{l_czsﬁ}>%z1,84 (zew), (17)
sz{s’in—ﬁz}>§zo782 (zew), (18)
{%}22“0’85 (zew). (19)

%, we obtain

(z) = M, gé (z) = 3sin\/z—3,/zc08 /2

COROLLARY 2. For =3 and v =

2°2 7
s0,

7—siny/z 389
{ } > s ~015 (Ze%), (20)

2460
{ _Sm\/} ap ©57 ), 1)
{Sm\[ \/ECOS\/} > 1D 029 (zew), (22)

600

/2 - 600 _
%{Sin\[ \/ECOS\[} o ST ). (23)

Now, we give the geometrical descriptions of the image domains of the unit disk
by the ratio of normalized Lommel function to its sequence of partial sums or the ratio
of its sequence of partial sums to the function which we considered in Corollary 1 and
Corollary 2.

EXAMPLE 1. The image domains of fi(z) = H%ﬁ, @) = =57
f3(z) = Si‘:ﬁz and f4(z) = Sir\lﬁz are shown in Figure 1.

EXAMPLE 2. We have the image domains of f5(z) = Y= Sm\[7 fo@) == \S/l;l\[7
filz) = W and f3(z) = W in Figure 2 and Figure 3.
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Itis therefore of interest to determine the largest disk %, in which the partial sums

fa=2z+ i akzk+1 of the functions f € &7 are univalent, starlike, convex and close-
to-conve;z. Iliecently, Ravichandran also wrote a survey [16] on geometric properties of
partial sums of univalent functions. By the Noshiro-Warschowski Theorem (see e.g [6])
for m = 0 in the inequality (11) of Theorem 2 the function .Z}, , is univalent and also
close-to-convex. Noshiro [1 1] showed that the radius of starlikeness of f;, partial sums
of the functions f € <7 is 1,/M if satisfies the inequality |f’(z)| < M. Therefore if we
consider the part ii of Lemma 1, we conclude that the radius of starlikeness of (Xu,v) m
is %. For functions whose derivatives has positive real part (R(f’(z)) > 0),
Silverman [20] and Singh [18] proved that f, is univalent in |z| < r,, where r, is
the smallest positive root of the equation 1 —r — 27" =0 and convex in |z| < 1,74,
respectively. In light of these results, for m = 0 in the inequality (11) of Theorem 2,
(Zy.v),, is univalent in |z| < r, and convex in |z| < 1,/4. According to the result of
Miki [10], from (11), ($#7v)m is close-to-convex in |z| < 1,74. The results are all
sharp.

Acknowledgement. The authors thank the referees for their valuable suggestions
to improve the paper.
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