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LINEAR OPERATORS INEQUALITY FOR
n—CONVEX FUNCTIONS AT A POINT

Josip PE(VZARI(’], MARJAN PRALJAK AND ALFRED WITKOWSKI

(Communicated by N. Elezovic)

Abstract. We study necessary and sufficient conditions on linear operators A and B for inequal-
ity Af < Bf to hold for every function f thatis n-convex at a point.

1. Introduction

Levinson’s inequality states that if f: [a,b] — R is a 3-convex function and p;, x;,
vi, i=1,2,...,n, are such that p; >0, ¥ p; =1, a <x;,y; <b, max;x; < min;y;
and
Xi1+yi=x+y=...=X,+y,=2c (1)
for some c¢ € [a,b], then the following holds
n

D pif (xi) = f(®) <

i=1

M=

pif(vi) = f(3), (2)

1

where X =Y | pix; and y =Y p;y; denote the weighted arithmetic means. Mercer
[4] showed that inequality (2) still holds if the assumption (1) of symmetric distribution
with respect to the point c is replaced with the weaker one

> pilei—3)° =3 pilyi =), (3)

i.e. that the variances of the two sequences are equal. Witkowski [9] extended these
results to more a general probabilistic setting.

On the other hand, Baloch, Pecari¢ and Praljak [1] showed that, for fixed ¢ €
(a,b), inequality (2) under the equal-variances assumption (3) holds for a larger class
of functions they introduced and called 3-convex functions at a point. Here, we give
a more general definition for this class and, in doing so, we introduce new classes of
(n+ 1)-convex functions at a point that we will use in this paper.
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DEFINITION 1.1. Let I be an interval in R, ¢ a point in the interior of / and
n € Ny. A function f:1 — R is said to be (n+ 1)-convex at point c¢ if there exists a
constant K¢ such that the function

F(x) = f() - L @

is n-concave on I N (—eo,c] and n-convex on IN|[c,). We denote the family of
(n+1)-convex functions at point ¢ by %, (I). A function f is said to be (n+1)-
concave at point ¢ if the function —f is (n+ 1)-convex at point c.

Probabilistic version of Levinson’s inequality under the equal-variances assump-
tion for the class of 3-convex functions at a point was proven by Pecari¢, Praljak and
Witkowski [5] and is given in the following theorem.

THEOREM 1.2. Let X : Q — IN(—co,c] and Y : Q — INJc,o0) be two random
variables such that Var(X) = Var(Y) < eo. Then, for every f € J5(I) such that
E(f(X)) and E(f(Y)) are finite, the following holds

E(f(X)) — f(E(X)) <E(f(Y)) — f(E(Y)). 5
Notice that inequality (5) can be restated as
Af <Bf, (6)

where A and B are the linear operators

Af =E(f(X)) - f(EX)),  Bf =E(f(Y)) = f(EY)).

Actually, if one looks at the proof of Theorem 1.2 in [5], it was proven that the following
inequalities hold

Ky
Ar<=Lh<sy, (7)
n!

where n =2 and h = Var(X) = Var(Y).

Next, we will cite some known results regarding necessary and sufficient condi-
tions on a linear operator to be non-negative on a cone of n-convex functions. Be-
fore stating the relevant results we introduce some notation. With C([u,v]) we denote
continuous functions on [u,v] and || - is the norm ||f| = max,<i<y |f(x)]. A se-
quence of functions f, € C([u,v]) converges uniformly to a function f € C([u,v]) if
lim, || f, — f]| = 0. Let us assume that D C R, and let S(D) be one of the normed
subspaces of the space of all real functions defined on D, where the norm of a function
f € S(D) is denoted by || f||p (for example, for a one-element set D the space S(D) is
equivalent to R). We consider operators A of the following form A : C([u,v]) — S(D),
and say that A is continuous if lim, ||/, — f|| = 0 implies lim, ||Af, —Af|lp =0 as
well. Also, we write Af > 0 if Af(z) > 0 holds for every r € D, where f is a given
function in the space C([u,v]).

The family of the polynomials of degree at most 7 is denoted by IT,,. The family of
continuous n-convex functions on [u,v] (i. e. right-continuous at a and left-continuous
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at b) is denoted by K, [u,v]. Monomials are denoted by e¢;, i. e. e;(x) = x' for i =
0,1,2,... The functions w,, and p,,forn € N, n > 2, are

Wn(xa d) = (.X - d)zjla pn(xa d) = (.X - d)riila (8)

where

x—d, x>d 0 x>d
—d — ? = " —d)_ = ) = 4a,
(e=d)+ {07 x <d, (x=d) {x—d, x<d.

Specifically, for n =1 we denote

1, x>d,

d)=1—w(x.d).
0. x<d p1(x,d) wi(x,d)

wi(x,d) = {
The following is a result of our interest (see [2], [6]).

THEOREM 1.3. Let A:C([a,b]) — S(D) be a linear and continuous operator and
n > 2. Then, the inequality
Af>0

holds for every function f € K, (|a,b]) if and only if the operator A satisfies:
(a) Ae;j=0fori=0,1,....n—1,
(b) Awy(-,d) =0 for every d € [a,b).

The proof of Theorem 1.3 is based on the following representation of n-convex
functions due to Popoviciu [8].

LEMMA 1.4. Let the function F,, be of the form

m
Fon(x) = Pyt (x) + 3, 0w (x, 1), ©)
i=1
where P, €11,,_1, 04, i=1,...,m, are real constants and a < x; < xp < -+ < X <
b.

(a) A necessary and sufficient condition for F,, to be n-convex is that o4 >0 (i =
1,...,m).

(b) Every continuous n-convex function on [a,b) is the uniform limit of the sequence
of functions F,, (m = 1,2,...) where the F,,’s are of the form in (9) and o; > 0
(i=1,...,m) are real constants.

In this paper we will study necessary and sufficient conditions on linear operators
A and B under which inequalities of type (6) and (7) hold for every function f that
is (n+ 1)-convex at point ¢. Our main results will be proven in Section 2 and ap-
plication of these results will be given in Section 3. For clarity of presentation and a
reader’s convenience, some technical proofs are moved to Appendix, which also con-
tains a recollection of some well-known results on n-convex functions that are invoked
throughout the paper.
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2. Main results

We will first give necessary and sufficient conditions for inequalities of type (7) to
hold. The result can be derived directly from Theorem 1.3, but we will derive it from
Lemma 1.4 for an easier and more instructive comparison to Theorem 2.4.

THEOREM 2.1. Let A : C([a,c]) — S(D) and B: C([c,b]) — S(D) be two linear
and continuous operators, h: D — R and n > 2. Then, the inequalities

K
Af < —Eh<Bf
n!
hold for every continuous f € %, \([a,b]) (and arbitrary constant Ky from Definition
1.1) if and only if the operators A and B satisfy:
(a) Ae;=Be; =0 fori=0,1,....n—1, and Ae, = Be, = h,
(b) Apu(-,d) <0 forevery d € |a,c],
(¢) Bwy(-,d) =0 forevery d € [c,b].
Proof. Assume that (a)—(c) hold and let F = f — Kye,/n! be as in Definition

1.1. Since F is n-concave on the segment [a,c|, by Lemma 1.4 it can be obtained as a
uniform limit of functions F;, of the form

Fu(x) =P, 1(x Za,wnxx,)—P 1)+ Y, aipn(x,x7),
i=1 i=1

where P, 1 €11, 1,020, a<x <" <xm<candPn 1( ) P, 1( ) Z;”:lai(x—
x;)"~'. Due to the assumptions,

AF, = AP, 1+ Y, 04Ap,(-,x;) <0
i=1

and K
Af — fAen—AF—hmAF <0.

n—00

Similarly, F restricted to [c,b] can be obtained as a uniform limit of the functions Gy
of the form

k
Gk(y) = anl(y) + Zﬁiwn(%)’i)»
i=1
where Q1 €11,,_1, B >0 and ¢ < y; < --- < yr < b and we conclude that
K
Bf — —{Ben = BG = lim BGy > 0.
n! o0

On the other hand, suppose that (7) holds for every continuous f € %, ([a,b]).
Then property (a) holds since both e¢; and —e; for i = 0,1,...,n — 1 belong to
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K5 ([a,b]) with K, = K, =0 and both e, and —e, belong to %, | ([a,b]) with
K., =n!= —K_,,. Moreover, since p,(-,d) (resp. wy(-,d)) belongs to 7,5 ,([a,b])
for d € [a,c| (resp. d € [c,b]) and Bp,(-,d) = BO =0 (resp. Aw,(-,d) = A0 =0), we
conclude that property (b) (resp. (¢)) holds. [

REMARK 2.2. Theorem 2.1 is an extension of Theorem 1.3. For a linear and con-
tinuous operator B : C([c,b]) — S(D) let us define the linear operator A with Af =
B(en)[x0,x1,.-.,X4]f, where x;, i =0,1,...,n, are some arbitrary distinct points in
[a,c]. Notice that Ae; =0 for i =0,1,...,n—1 and Ae, = Be,, so A satisfies as-
sumption (a) from Theorem 2.1. Moreover, if B satisfies the same assumption, then
BP,_1 =0 forevery P,_; € Il,_; and if, additionally, B satisfies assumption (c), then
using the representation of Lemma 1.4 for the n-convex function e, , we conclude that
Be,, > 0. Now, since p,(-,d) is an n-concave function, we conclude that Ap,(-,d) <0,
i.e. A satisfies assumption (b) as well. In conclusion, for the given A and B conditions
(a)—(c) are equivalent to

(i) Be;=0fori=0,1,....n—1,
(ii) Bwy(-,d) =0 for every d € [c, D],

i. e. the same conditions as for the linear operator A in Theorem 1.3. An arbitrary
continuous n-convex function f on [c,b] can be extended to a continuous function
f e 5 ([a,b]) with Kr = 0 by defining f = g on [a,c], where g is an arbitrary n-
concave function such that g(c) = f(c). Then (7) yields Af < 0 < Bf, which gives the
“if” part of Theorem 1.3. The “only if” part is immediate since w,(-,d), ¢; and —e;
for i=0,1,...,n—1 are all continuous n-convex functions.

As we can see from the proof of Theorem 2.1, the function F' is approximated
well by functions F;, on [a,c] and by functions G; on [c,b]. The polynomials B,
and Q,_; are different, but if ' (and, hence, f as well) satisfies sufficiently strong
regularity properties at ¢, then these two polynomials can be chosen equal, i. e. one
polynomial can be used in approximation of F over the whole interval [a,b]. If this
is the case, then we can obtain a result similar to Theorem 2.1, but without the middle
part in (7).

The next lemma shows that it is enough to assume that F("~2) is continuous at c.
Since F is n-concave on [a,c] and n-convex on [c,b], F("~2) exists and is continuous
on the open intervals (a,c) and (c,b), so the additional requirement is that the same
property holds at point ¢ as well.

LEMMA 2.3. Let n > 2 and let the function F,,; be of the form
m k
Fy o (x) = Pa1(x) + Y 03pn(x,3:) + X Bjwa(x,¥)), (10)
i=1 Jj=1

where P,y €I1,_1, o (i=1,....m)and Bj (j=1,...,k) are real constants and
a<x < <xp<c<yp<---y.<b.



1206 J. PECARIC, M. PRALJAK AND A. WITKOWSKI

(a) A necessary and sufficient condition for F,,j to be n-concave on [a,c] and n-
convex on [c,b] isthat 04 >0 (i=1,....m)and B; >0 (j=1,...,k).

(b) Every function F € C([a,b]) NC"%((a,b)) that is n-concave on |a,c| and n-
convex on [c,b] is the uniform limit of a sequence of functions F, . as m — oo
and k — o, where the F, ;’s are of the form (10) with real constants o4 > 0
(i=1,....m)and B; >0 (j=1,...,k).

Proof. See Appendix. [

The following theorem gives necessary and sufficient conditions for inequality of
type (6) to hold and it is based on Lemma 2.3.

THEOREM 2.4. Let n > 2 and let A : C([a,c]) — S(D) and B : C([c,b]) — S(D)
be two linear and continuous operators. Then, the inequality

Af <Bf

holds for every continuous f € 2,5, | (la,b])NC"*((a,b)) if and only if the operators
A and B satisfy:

(@) Ae;=Be; fori=0,1,...,n,
(b) Apu(-,d) <0 for every d € [a,c],
(@) Bwy(-,d) =0 for every d € [c,b].

Proof. Assume that (@)—(¢) hold and let f € ¢ ([a,b])NC"*((a,b)) be con-
tinuous with F = f — Kye,/n! as in Definition 1.1. By Lemma 2.3, the function F given
by (4) can be obtained as a uniform limit of functions of the form (10) with ¢; > 0 and
Bj = 0. Assumption (a) yields AP,_; = BP,_i. Moreover, since Aw,(-,y;) =A0=0
for y; € [c,b] and Bp,(-,x;) = B0 =0 for x; € [a,c], we have

m
AFy o =APy_1+ Y. 0iApPy(-,xi) <AP,—y = BP,_;
i=1

k
<BP_1+ Y, BiBwa(-,yj) = BF .
=1

By taking limits we conclude AF < BF, so
K K
Af =AF + =L Ae, < BF + ~LBe, = Bf.
n! n!

On the other hand, assume (6) holds for every continuous f € %, ([a,b]) N
C"%((a,b)). Since both ¢; and —e; for i =0,1,...,n— 1 belong to %, ([a,b]) N
C"2((a,b)), we conclude that both Ae; < Be; and A(—e;) < B(—e;), so (@) holds.
Furthermore, p,(,x;),wa(+,y;) € C"~2((a,b)) and analogously as in the proof of The-

orem 2.1 we conclude that both (b) and (&) hold. [
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REMARK 2.5. Condition (a) is stronger than condition (&), which is reflected
in inequalities (7) being stronger than inequality (6) with the middle term squeezed
in between in (7). On the other hand, Theorems 2.1 and 2.4 represent separate results
since it is possible to construct linear operators A and B that satisfy conditions (@)—(¢)
and such that there exists an i, 0 <i < n—2, such that Ae; = Be; # 0.
For example, let n =3, b=—-a >0, c=0, x; € [a,0] (i =1,...,m), yi = —x;
and let the operators A and B be given by

Af =Y pif(x),  Bf = pif(vi)
=1 i=1

Notice that

m m m
Aey = Bey = Epi, Ae; = —Be| = Zp,-x,-, Aey = Bey = Epix%.
i=1 i=1 i=1
If p;’s are such that Ae; = 0, then (a) holds. Furthermore, if p;’s and x;’s are such
that the condition

m
Zp,-(x,- —d)_<0 forevery d € [a,0]
i—1

holds, then also (b) and (&) hold. For example, all this holds for m =2, p; =1,
x1 = —3, po = —3 and x; = —1. Therefore, the linear operators

Af =f(=3)=3f(=1)
Bf = f(3)=3/(1)

satisfy (a)—(¢), but Aeg = Bep = —2 # 0. Thus, Af < Bf for every continuous f €
H T’C([a,b]), but there exists such an f such that (2.1) doesn’t hold. For example, the
constant function f(x) = u, where 0 # u € R, satisfies Ky = f”(0) = 0, so the middle
term in (2.1) is zero, while Af = Bf = —2u #0.

Similar results hold for n = 1 as well, but with minor technical modifications.
Firstly, the functions p, and w, for n = 1 are not continuous, so we need to require
that the linear operators A and B are defined on a larger class of functions that contains
them. More importantly, we also loose the “only if”” parts of Theorems 2.1 and 2.4. Sec-
ondly, the representation in Lemma 2.3 assumes that F € C"~2((a,b)), an assumption
that is mute for n = 1 and can, actually, be ignored. Therefore, for simplicity of presen-
tation, we state the result for n = 1 in a separate theorem. As for notation, let C ([u,v])
denote a linear space of functions such that C([u,v]) C C([u,v]) and w(-,d) € C([u,V])
for d € [u,v] (for example, C([u,v]) = {f + 3", cswi(-,x;) : £ € C([u,v]),04 ER,x; €
[u,v]}).

THEOREM 2.6. Let A : C([a,c]) — S(D) and B : C([c,b]) — S(D) be two linear
and continuous operators. If
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(i) Aeg = Bey and Ae; = Bey,
(ii) Api(-,d) <O forevery d € [a,c],
(iii) Bw(-,d) >0 for every d € (c,b],
then for every continuous f € 5 ([a,b]) the following inequality holds
Af < Bf. (11)
If, additionally,
(iv) Aey=Bey=0,
then for every constant Ky from Definition 1.1 the following inequalities hold
Af < KyAey = KyBey < Bf.
Proof. The function F = f — Kye; is continuous and it is non-increasing on [a, c|
and non-decreasing on [c,b]. Since a continuous function on a closed interval is uni-

formly continuous, for arbitrary € > 0 there exist points a < x; <xp < ... <X, <c <
y1 < ... <y < b such that the step function

g(x)=F(c)+ i 0ip1 (x,x:) + Y, Biwi(x,y;)

k
i=1 =1

satisfies
F(x)— <
max |F(x) ()| <&,
where
Oy = F(x) —F(c) 20,
o,=F

(
(x;
) —F(c) =
Bi=FW;)—F(yj-1) =0, j=2,3,.. k

The rest of the proof follows the same lines as the proof of Theorem 2.4. [J

REMARK 2.7. We, indeed, do not have the “only if” part in Theorem 2.6. For
example, if A and B are the linear operators

Af=0 and Bf=f_(d)— f(d)forsome fixedd € (c,b),

then Af = Bf = 0 for every continuous f (so (11) holds), but Bw(-,d) =—1<0 (i.e.
(iii) of Theorem 2.6 doesn’t hold).

REMARK 2.8. If (i)—(iii) of Theorem 2.6 hold and Aw(-,%) =0 for some a <
X < ¢ and Bp(-,y) =0 for some ¢ < § < b, then (iv) of Theorem 2.6 holds also.
Indeed, for every d we have w;(-,d) + pi(-,d) = eq, so

0 >Apl(v)z) :A€0 = BeO = BW1(7)7) = 0.
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3. Applications

We can obtain a probabilistic Levinson’s type inequality as a consequence of The-
orem 2.1.

COROLLARY 3.1. Ler X,Y : Q — [a,c] be two random variables such that Var[X]
= Var[Y| = C. Then, for every continuous f € %5 ([a,b]) the inequalities

ELF(X)] ~ F(B[X)) < 5LC <BLA(W)] - F(BIY)

hold.

Proof. Apply Theorem 2.1 to the linear operators

Af =E[f(X)] - f(E[X]),
Bf =E[f(Y)] = f(E[Y]).

Since continuous functions on a segment are bounded, by the dominated convergence
theorem the linear operators A and B are continuous. Condition (@) holds since
Aeg = Beg =E[1] — 1 =0, Ae; = E[X] — E[X] = 0 = E[Y] — E[Y] = Bf, Ae; = Var[X]
and Bey = Var[Y]. Furthermore, the functions wy(-,d) (resp. pa(-,d)) for d € |a,c]
(resp. d € [c,b]) are convex (resp. concave), so (b) (resp. (c¢)) hold due to Jensen’s
inequality. [J

We can get a generalization of the probabilistic Levinson type inequality from
Corollary 3.1 without the middle term as a corollary of Theorem 2.4.

COROLLARY 3.2. Let A :[a,c] = R and u : [c,b] — R be two functions of
bounded variation such that

c b
Xy :/u xdA(x) € [a,c] and Xy :/c xdu(x) € [c,b].

Then, the inequality
[ roanw st < [ re9ant) - s
holds for every continuous f € < ([a,b]) if and only if A and p satisfy:
(i) / A (x) = /ch d(x) and /acxzdl(x) - /Cbxzd,u(x) — 2,
(ii) / (= d)dA () < (T —d) = min{ Ty —d,0} for every d € [a,c],

b
(iii)/d (x—d)du(x) > (xy —d)+ = max{x, —d,0} for every d € [c,b].
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Proof. Apply Theorem 2.4 to the linear operators A and B given by
Ar= [ 1A - 1),
b
Bf = [ 1) du(x) — £(5).

By the same argument as in the proof of Corollary 3.1, the operators A and B are
continuous. Conditions (@)—(¢) for these particular operators correspond to conditions
(i)-(@i). O

Since the functions A and p in Corollary 3.3 do not need to generate probability
measures, that corollary is, indeed, a generalization of Corollary 3.1. For example, if
A and u satisfy the Jensen-Steffensen conditions (i. e. A(a) < A(x) < A(c) for every
x € la,c] and A(a) < A(c); u(c) < u(x) < u(b) forevery x € [c,b] and u(c) < u(b)),
then the Jensen-type inequality still holds for convex functions (see, e. g., [6]). Hence,
the convex functions wy(-,d) and —p,(+,d) satisfy the inequalities in (i7) and (iii) of
Corollary 3.3.

The following is another corollary of Theorem 2.4.

COROLLARY 3.3. Let A :[a,c] = R and u : [c,b] — R be two functions of
bounded variation and n > 2. Then, the inequality

[ e < [ reau

holds for every continuous f € ¢, ([a,b]) NC"*((a,b)) if and only if A and p
satisfy:

[ b .
(z)/ x’dl(x):/ x'du(x), foreveryi=0,1,...,n,

c

d
(ii)/ (x—d)" " 'dA(x) <0 for everyd € [a,c],
b
(iii)/ (x—d)" 'du(x) > 0 for every d € [c,b).
d
Proof. Apply Theorem 2.4 to the linear operators A and B given by
Af= [ ) an),
b
Bf = [ r(dut).

By the same argument as in the proof of Corollary 3.1, the operators A and B are
continuous. Conditions (@)—(¢) for these particular operators correspond to conditions

(D)-(iii). O

The following corollary is the discrete version of Corollary 3.3.



LINEAR OPERATORS INEQUALITY FOR 1n-CONVEX FUNCTIONS AT A POINT 1211

COROLLARY 3.4. LetneN, n>22,anda<x; < - <xp<c<y <<y <
b. Then, the inequality

m k
Y pif(xi) < D aif(y))
i=1 j=1
holds for every continuous f € %, ([a,b]) NC"2((a,b)) if and only if the sequences
p and q satisfy:
(i) Eszlpjxj- = 211‘-:151])13 foreveryi=0,1,...,n,
(i) Y™, pi(xi —d)"' <0 for every d € [a,c],

(iii) ¥5_yq;(yj—d)i" >0 forevery d € [c,b].

Proof. Apply Theorem 2.4 to the linear operators

m k
Af=3 pif(x)  and  Bf =Y q;f(y)) (12)
i=1 J=1
O

REMARK 3.5. Popoviciu studied necessary and sufficient conditions on points x;
and weights p; forinequality >/ | p,uf(xm) = 0 to be valid for every n-convex function
f (see [7], [6]). In light of Remark 2.2, Corollary 3.4 is an extension of Popoviciu’s
results.

The version of Corollary 3.4 for n = 1 can be obtained as a corollary of Theorem
2.6.

COROLLARY 3.6. Let a <x; <<y <e<y <"'<yk<b, 'fpzzynzlpixi,
V= 2];:1 qjy; be such that:

(l) )?P:yq!
(it) XM, pi <0 foreverymy=1,....m—1,and 3", p; =0,
(iif) 2’1‘-=k1 q;j 20 forevery ki =2,...,k, and 2.];:1 q;=0.

Then, the inequality

m

Y pif (i) SKp%p =Kry, <
i=1 J

M=

qa;f(v)) 13)

1

holds for every continuous f € 5 ([a,b)).
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Proof. Follows by applying Theorem 2.6 to the linear operators A and B given
by (12). Notice that Aw;(-,d) =0 for d € (x;n,c) and Bp;(-,d) =0 for d € (c,y1),
so, by Remark 2.8, Aeg =Y, pi =0 and Bey = Z’j‘-: 19; = 0 are implied by the other
assumptions. [l

A simple example when p;’s and g; s satisfy assumptions (ii) and (iii) of Corol-
lary 3.6 is when m = 2m’ and k = 2k’ are even and p; = (—1)', q; = (—1)/. Further-
more, if x;’s and y;’s are such that X, = S (X2 — Xain) = 2’;:1 (v2j—y2j-1) = Vg
then (i) holds as well and inequality (13) states

!

l(f(x2i)_f(x2i71)) <Kpxp=Kypy, < 21( (v2j) — f(32j-1)) -
=

3
s

4. Appendix

For the sake of clarity and completeness, in this section we will recall some of
the well known results that are frequently used in the paper, as well as give a rather
technical proof of Lemma 2.3. The stated results without explicitly cited source can be
found in, e. g., [6].

A kth order divided difference of a function f: I — R, where [ is an interval in
R, at distinct points xo,...,x; € [ is defined recursively by

xilf = f(xi), fori=0,...,k
and

[xl yere 7xk]f - [x07 ‘e »xk—l]f
Xk — X0 '

[x0, .-, x| f =

The value [x,...,x]f is independent of the order of the points x, ..., x;. If B, € I,
then [xo,...,xx|P is equal to the coefficient of P, in front of x*.

A function f: 1 — R is called n-convex if [xg,...,x,]f > 0 for all choices of
n+ 1 distinct points xy,...,x, € I. A function f is said to be n-concave if the function
—f is n-convex. If £ exists, then f is n-convex if and only if £ > 0. More
precisely, differentiability properties of n-convex functions and connection between
various orders of convexity are described in the following lemma.

LEMMA 4.1. Let f: (a,b) — R and n > 2. Then, the following statements are
equivalent:

(i) f is n-convex,
(i) f% exists and is (n—k)-convex for 0 <k <n—2,
(iif) finil) exists on (a,b) and it is right-continuous and non-decreasing,

(iv) fﬁnil) exists on (a,b) and it is left-continuous and non-decreasing.
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If f is n-convex, then f" Y < fi"il) and "V (x) £ fi"il)(x) for at most
countably many points x. Moreover, for any point d outside this countable set and any
g suchthat £V < g < "V itholds £2)(x) = f=2)(d) + [} g()dt.

The class of 3-convex functions at a point was introduced in [1]. There it was
proven that a function is 3-convex on an interval if and only if it is 3-convex at every
point of its interior, which justifies the name. From statement (ii) of Lemma 4.1 we
can deduce that this property transfers to (n+ 1)-convex functions, i. e. a function is
(n+ 1)-convex on an interval if and only if it is (rn+ 1)-convex at every point of its
interior. In [1] it was also shown that if f”(c) and f(c) exist for f € J#(I), then
Ky from Definiton 1.1 satisfies f”(c) < Ky < f(c) (moreover, any constant from the
interval [f”(c), f1(c)] can be taken for Ky). Again, due to Lemma 4.1 (ii), we can
see that this property transfers to f € 2,5 (1), i. e. if fEn)(c) and fJ(r")(c) exist, then
1) <Ky < 7).

Let us also mention that an n-convex function f, n > 2, on the closed interval
[a,b] can have discontinuities only at the edges, @ and b, and only in a certain direction.
More precisely, it holds (—1)"(fy(a) — f(a)) <0 and f_(b) < f(b). Consequently,
f € %5 ([a,b]) can have discontinuities only at a, ¢ and b and their directions can
be derived from the aforementioned discontinuity properties of n-convex functions.

Proof of Lemma 2.3. The intuitive idea of the proof is simple — the goal is to
construct a step function that approximates Fi"il) well enough so that, after integrating
it n— 1 times, we get a uniformly good approximation of F.

Firstly, due to the assumptions, FL"_I) exists on (a,c), where it is non-increasing,
and on (c,b), where it is non-decreasing. Furthermore, for every x,x’ € (a,c) and
¥,y € (¢,b) it holds

X
/ FU V@ dr = Fr 2 () - F2)(x), (14)
/ CFTY (1) dr = FUD () — Fr ), (15)
y/

Since F("~2) is continuous at ¢, the limits X’ — ¢ in (14) and y' — ¢ in (15) exist. The
limit lim, -, Fi"il)(t) (resp. limy FJ(rnfl)(t)) can be —oo, but then the integral (14)
(resp. (15)) with x’ = ¢ (resp. ¥ = ¢) exists and is finite as an improper integral. In
conclusion,

/yFL"*”(z)dz=F<"*2>(y)—F<"*2>(x), forevery x,y € (@,b),  (16)

with, potentially, improper integral(s) at c. Furthermore, due to the properties of FJ(rn_l)
mentioned above, it is easy to see that for arbitrary &; > 0O there exist a constant y and
points ¥ < ¢ and § > c¢ sufficiently close to ¢ such that

/;

FU' V) =yl dr < gy, (17)
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where y = min{FJ(rnfl) ()Z),Fi"il)(y)}. Let us now define the step function

gnl(X)=7+§I&ip1(x,xl i 1(637); (18)
where
D)= F" V(wg) =0, i=1,...m—1
m—F (xm) y>0
Br=r"")-y=0
ﬁj (yj) +n 1)(yj71)>0, j=2,... k.

The points x;’s and y;’s will suitably be chosen later (so that g,_; will be a “good” ap-

(n—1)

proximation of F ! ). Furthermore, let us define, recursively, for [ =n—2,...,1,0:

W=/ xgz+1(t>dt+F“>(c> (19)

m k
=P11(x) (Zd Pr—1(, X +Zﬁjwn zxy,))

Jj=1

(n—1)

Since g, will be a “good” approximationof F," ", by construction (19) the function

g1 will be a “good” approximation of F(). Notice, also, that gl(j ) = gi+j and gg is a
function of the form (10) with ¢o; = é&;/n! and f§; = B,-/n!.

Let & > 0 be arbitrary and let us now choose the points y,y»,... recursively by
the following algorithm: set y; = §, where ¥ is from (17). If y; is chosen, let

yin= inf {y:F" V) -F" V) > el (20)
yi<y<b

. —-1) . . . . .
Since FJ(F" ) is right-continuous and non-increasing on (c,b) we have

F V() = FY D 0)| < & forall y € [y, y541)s Q1)
F' Vi) - F" V) = e (22)

Due to (22), if lim; ~, Fi"il) (¢) is finite, then the procedure (20) will stop after finitely
many steps at some y;_; and, in that case, set y; = b. Otherwise, if lim; ~, FJ(rnfl)(t) =
oo, then for sufficiently large k the point y; can be arbitrarily close to b.

If limpy FJ(rnfl)(t) is finite, then set x; = a. Otherwise, if lim FJE"*U(I) = oo,
the point x; will suitably be chosen later (and such to be sufficiently close to a). Let us
now choose the points x,x3, ... recursively by the following rule: if x; is chosen, let

xipn = inf {x: F' V) = F" (x) > &) (23)
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Again, the following holds

F D () = BV ()] < & forall x € [, i), @4
F'" V) = F" Vi) = . 25)

Due to (25), after finitely many steps of the form (23) we will reach a point x,,_; such
(n—1

that ¥ from (17) satisfies F >(xm,1) - FJ(rnfl)()Z) < &. Set x,, = X and stop. Notice
now that, due to (17), (21) and (24), for every x € [x;,y;] one has

Fr0) =g o) = | [ (FV0) = gaa() a
</ FU V@) — (t)‘dH—/yl
X + 8n—1
X] Xm
Yk
+/
Y1

<&Xm—x1+yr—y1) +& <&,

F D (0) — guma (1) dt

FP00) = gua ()] ar

where the last inequality holds for arbitrary &3 > 0 when we choose € and & suf-
ficiently small. In a similar way, it can now be shown by induction that for every

X€ [x1,y¢] and i=n—3,n—4,...,1,0,

[ (F @) i) ar
c

IFO(x) - gi(x)| = <eb-a Q0

If x; =a and y; = b, then ||F — go|| < &3(b—a)"~? by (26) and this finishes the proof.
Otherwise, if Tim, ~ F" () = oo or lim, F"V(¢), we will use some properties
of Taylor’s expansion and polynomials.
Let Py, 2 € I1, > denote Taylor’s polynomial of F at y; of degree n—2,i. e.
)E;?n72(yk) =FW(y) for i=0,1,...,n—2. Due to (16), the remainder in Taylor’s
expansion can be written in the integral form, i. e. for every x € (a,b) it holds

_ 1 ! n—2p(n—1)
F() = Pn20) + gy /yk(x—t) 250V (1) .

Let us also denote by P,_; the polynomial

Pt (x) = Pyna () + F" 2 () (x— )"

n=2 1(i) :
=y F20u) (x—y)' + FJ(rn_z) () (x = )"~

1
-' .
i—0

We have

[y 2 - F ey @
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since [ (x—1)""2dr = (n—2)!(x—y)" "' Itis easy to see that the mapping hy, (x) =
I = 2(F" V() —Fin_l)(yk))dt is monotone on [y, b] with hy, (y;) = 0. Since
F' is continuous at b, the limit x — b in (27) exists and the integral

[y 0 - E o8
Yk

is finite. Moreover, since we can choose y; arbitrarily close to b, by the dominated
convergence theorem integral (28) can be arbitrarily small. Therefore, for arbitrary
€4 >0, we can choose y; such that for every x € [y, b] it holds

|F(x) = Puoi (x)] =

o [ 0 = F )

Yk

< &.

X

= -2 (F 00— )

Yk

By construction, for x € [y, b] we have go(x) = P,—1(x) + ZIJ‘-ZI Bi(x—yj)" L,
i.e. go on the interval [yg,b] is a polynomial in IT,_;. Furthermore, by construction
n— -1 -1
g0 € C"2)([a,b]) and gé" )(yk) =gn-10) = FJ(F" )(yk). Therefore, for x € [y, ]
it holds

n—2 (@)

8 (yk) i n— n—

go(x) = 3, 22 (r— ) + F D () (e =)
-0 U

From (26) we conclude |F)(y;) — g(()i) ()| < &(b—a)" 27", Therefore, for every

X € [yx,b] we have

n—2 1

|P(x) — go(x)| < &3(b—a)"? 27

and
n—2
|F (x) — go(x)| < [F(x) = P(x)| +|P(x) — go(x)| < &4 + &3(b—a)" > Y, ll, (29)
i=0 '+

In the same way we can show that we can choose x; sufficiently close to a such that
(29) holds for every x € [a,x;]. Finally, for sufficiently small &3 and &, from (26) and
(29) we conclude that for arbitrary € > 0 we can construct go of the form (10) such
that

|[F(x) = go(x)| < €

forevery x € [a,b]. O



[1]
[2]
[3]
[4]
[5]
[6]

[7]
[8]

[9]

LINEAR OPERATORS INEQUALITY FOR 1-CONVEX FUNCTIONS AT A POINT 1217

REFERENCES

I. A. BALOCH, J. PECARIC AND M. PRALIJAK, Generalization of Levinson’s inequality, J. Math.
Inequal., to appear

I. B. LACKOVIC AND P. M. VASIC, Notes on convex functions 1I: On continuous linear operators
defined on a cone of convex functions, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 602—
633 (1978), 53-59.

N. LEVINSON, Generalization of an inequality of Ky Fan, J. Math. Anal. Appl. 8 (1964), 133-134.
A. McD. MERCER, Short proof of Jensen’s and Levinson’s inequalities, Math. Gazette 94 (2010),
492-495.

J. PECARIC, M. PRALJAK AND A. WITKOWSKI, Generalized Levinson’s inequality and exponential
convexity, Opuscula Math. 35, no. 3 (2015), 397-410.

J. PECARIC, F. PROSCHAN AND Y. L. TONG, Convex Functions, Partial Orderings, and Statistical
Applications, Academic Press Inc., San Diego, 1992.

T. POPOVICIU, Les fonctions convexes, Herman et cie, Paris, 1944.

T. POPOVICIU, Sur une generalisation des fonctions “spline”, Math. Struct. Comp. Math.-Math. Mod-
eling, Sofia (1975), 405-410.

A. WITKOWSKI, On Levinson’s inequality, Ann. Univ. Paed. Cracov. Stud. Math. 12 (2013), 59-67.

(Received November 14, 2014) Josip Pecaric¢

Faculty Of Textile Technology
University Of Zagreb
Prilaz Baruna Filipovica 28a, 10000 Zagreb, Croatia

e-mail: pecaric@mahazu.hazu.hr

Marjan Praljak

Faculty of Food Technology and Biotechnology
University Of Zagreb

Pierottijeva 6, 10000 Zagreb, Croatia

e-mail: mpraljak@pbf .hr

Alfred Witkowski

Institute of Mathematics and Physics

UTP University of Science and Technology

al. prof. Kaliskiego 7, 85-796 Bydgoszcz, Poland
e-mail: alfred.witkowski@utp.edu.pl

Mathematical Inequalities & Applications

v.ele-math.com

mia@ele-math.com



