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COMPACTNESS FOR THE COMMUTATOR OF THE

PARAMETERIZED AREA INTEGRAL IN THE MORREY SPACE
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(Communicated by B. Opic)

Abstract. In this paper the authors prove that the commutator [b,μρ
S ] is a compact operator in

the Morrey space Lp,λ (Rn ) for 1 < p < ∞ and 0 < λ < n , if and only if b ∈ VMO(Rn) , the
BMO (Rn) -closure of C∞

c (Rn) , where μρ
S denotes the parameterized area integral.

1. Introduction

The parameterized area integral is defined by

μρ
S f (x) :=

(∫
0

∞∫
|x−y|<t

|FΩ,t(y)|2 dydt
tn+2ρ+1

) 1
2

,

where

FΩ,t(y) :=
∫
|y−z|�t

Ω(y− z)
|y− z|n−ρ f (z)dz,

where Ω satisfies the following conditions:
(a) Ω is homogeneous function of degree zero on R

n \ {0} , i.e.

Ω(tx) = Ω(x) for any t > 0 and x ∈ R
n \ {0}. (1.1)

(b) Ω has mean zero on Sn−1 , i.e.∫
Sn−1

Ω(x′)dσ(x′) = 0. (1.2)

where Sn−1 denotes the unit sphere in R
n equipped with the Lebesgue measure dσ .

On the other hand, if taking

ϕρ(x) := Ω(x)|x|−n+ρ χ{y:|y|�1}(x), 0 < ρ < n,

ϕt(x) := t−nϕ(x/t), t > 0,

Mathematics subject classification (2010): 42B20, 42B25.
Keywords and phrases: Compactness, commutators, parameterized area integral, VMO, Morrey space.
The research was supported by NSF of China (Grant: 11471033), NCET of China (Grant: NCET-11-0574), the

Fundamental Research Funds for the Central Universities (FRF-TP-12-006B).

c© � � , Zagreb
Paper MIA-18-98

1261

http://dx.doi.org/10.7153/mia-18-98


1262 Y. CHEN AND H. WANG

then we can write

μρ
S f (x) :=

(∫
0

∞ ∫
|x−y|<t

|ϕρ
t ∗ f (y)|2 dydt

tn+1

) 1
2

,

where
ϕρ

t (x) := t−nϕρ(x/t), t > 0.

Before stating some results, let us recall some definitions and notations.

DEFINITION 1.1. ([1]) Let X and Y be Banach spaces and V be a subset of X .
Then operator T :V �−→Y is said to be a compact operator if T is continuous and maps
bounded subsets of V into strongly pre-compact subsets of Y .

DEFINITION 1.2. ([2]) Suppose that Ω(x′) ∈ Lq(Sn−1) for q � 1. Then the inte-
gral modulus ωq(δ ) of continuity of order q of Ω is defined by

ωq(δ ) := sup
||τ||�δ

(∫
Sn−1

|Ω(τx′)−Ω(x′)|qdσ(x′)
) 1

q

,

where τ denotes the rotation on R
n and ||τ|| := sup

x′∈Sn−1
|τx′ − x′|. The function Ω is

said to satisfy the Lq−Dini condition, if∫
0

1 ωq(δ )
δ

dδ < ∞.

Let b ∈ Lloc(Rn) and 0 < ρ < n, we define the commutator [b,μρ
S ] as follows:

[b,μρ
S ] f (x) :=

(∫ ∞

0

∫
|x−y|<t

∣∣∣∣∫|y−z|�t

Ω(y− z)
|y− z|n−ρ (b(x)−b(z)) f (z)dz

∣∣∣∣2 dydt
tn+2ρ+1

) 1
2

.

In [2], the authors gave the Lp compactness of the commutator [b,μρ
S ] .

THEOREM A. ([2]) Let Ω satisfies (1.1), (1.2) and∣∣Ω(x′)−Ω(y′)
∣∣ � C1

(log 2
|x′−y′|)

γ , C1 > 0, γ > 1, x′,y′ ∈ Sn−1. (1.3)

If n/2 < ρ < n and [b,μρ
S ] is a compact operator in Lp(Rn) for 1 < p < ∞ , then

b ∈VMO(Rn) .

THEOREM B. ([2]) Let Ω ∈ L2 (Sn−1) satisfy (1.1), (1.2) and∫
0

1 ω2(δ )
δ

(1+ | logδ |)σ dδ < ∞, σ > 2. (1.4)

If n/2 < ρ < n, b ∈ VMO(Rn) , then [b,μρ
S ] is a compact operator in Lp(Rn) for

1 < p < ∞ .

For p ∈ (1,∞) , λ ∈ (0,n), we give the definition of the Morrey space Lp,λ (Rn)
as follows.

Lp,λ (Rn) := { f ∈ Lloc(Rn) : ‖ f‖p,λ < ∞},
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where

‖ f‖p,λ := sup
y∈Rn,r>0

(
1

rλ

∫
B(y,r)

| f (x)|pdx

) 1
p

and B(y,r) denotes the ball centered at y and with radius r > 0. The space becomes
a Banach space with norm ‖ · ‖p,λ . Moreover, if λ = 0 and λ = n , then Lp,0(Rn) and
Lp,n(Rn) coincide with the space Lp(Rn) and L∞(Rn) , respectively.

Therefore, an interesting question arise naturally. That is, is true the conclusion
in Theorem A and Theorem B if replacing the Lp(Rn) by Lp,λ (Rn)? In this paper we
will give a positive answer to above question. Now we state our results as follows.

THEOREM 1.1. Let Ω satisfies (1.1), (1.2) and (1.3). If n
2 < ρ < n and [b,μρ

S ] is
a compact operator in Lp,λ (Rn) for 0 < λ < n, 1 < p < ∞ , then b ∈VMO(Rn).

THEOREM 1.2. Let Ω ∈ L2(Sn−1) satisfies (1.1), (1.2) and (1.4). If n
2 < ρ < n,

b ∈ VMO(Rn) , then [b,μρ
S ] is a compact operator in Lp,λ (Rn) for 0 < λ < n, 1 <

p < ∞ .

It is easy to see that the condition (1.3) implies (1.4), so we may get the following
corollary immediately.

COROLLARY 1.1. Let Ω satisfy (1.1), (1.2) and (1.3). If n
2 < ρ < n, 0 < λ < n,

1< p < ∞ , then [b,μρ
S ] is a compact operator in Lp,λ (Rn) if and only if b∈VMO(Rn).

Throughout this paper the letter C will stand for a positive constant which is inde-
pendent of the essential variables and not necessarily the same one in each occurrence.
Moreover, |E| denotes the Lebesgue measure of the measurable set E in R

n . As usual,
for p � 1, p′ = p/(p−1) denotes the dual exponent of p .

2. Lemmas

Let us begin with some lemmas, which will be used in the proof of the main results.

LEMMA 2.1. ([10]) For f ∈ BMO(Rn) , then f ∈ VMO(Rn) if and only if f
satisfies the following three conditions:

(i) lim
a→0

sup
|Q|=a

M( f ,Q) = 0.

(ii) lim
a→∞

sup
|Q|=a

M( f ,Q) = 0.

(iii) lim
x→∞

M( f ,x+Q) = 0 , for each Q, where M( f ,Q) = 1
|Q|

∫
Q | f (x)− fQ|dx.

LEMMA 2.2. ([4]) Let 1�p < ∞ , 0 < λ < n. If the subset G in Lp,λ (Rn) satisfies
the following conditions:

sup
f∈G

‖ f‖p,λ < ∞, (2.1)

lim
|y|→0

‖ f (·+ y)− f (·)‖p,λ = 0 uniformly in f ∈ G, (2.2)

lim
β→∞

∥∥∥ f χEβ

∥∥∥
p,λ

= 0 uniformly in f ∈ G, (2.3)
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where Eβ = {x ∈ R
n : |x| > β}, then G is a strongly pre-compact set in Lp,λ (Rn).

3. The proof of Theorem 1.1

By Theorem 1.3 in [5], we get b ∈ BMO(Rn). Without loss of generality, we
may assume ‖b‖BMO = 1. By Lemma 2.1, to prove that b ∈ VMO(Rn) , it suffices
to show that b must satisfy the conditions (i), (ii) and (iii) in Lemma 2.1. First, we
show that if that b does not satisfy the condition (i) of Lemma 2.1, then [b,μρ

S ] is not
a compact operator in Lp,λ (Rn) . By the assumption, there exist a constant η > 0 and
a sequence of cubes {Qj(y j,d j)}∞

j=1 with lim
j→∞

d j = 0, where d j is the diameter of the

cube {Qj(y j,d j)} , such that for every j

M(b,Qj) :=
1

|Qj|
∫

Qj

|b(y)−bQj |dy > η . (3.1)

Define the function sequence { f j}∞
j=1 by

f j(y) := |Qj|−(n−λ )/np[sgn(b(y)−bQj)− c0]χQj (y), j = 1,2, ..., (3.2)

where c0 = 1
|Qj |

∫
Qj

sgn(b(y)−bQj)dy . Then { f j} satisfies the following properties:

supp f j ⊂ Qj, (3.3)

f j(y)(b(y)−bQj) > 0, (3.4)∫
Rn

f j(y)dy = 0, (3.5)

| f j(y)| � 2|Qj|−(n−λ )/np,∀y ∈ Qj. (3.6)

In [4], the authors proved that {‖ f j‖p,λ}∞
j=1 is bounded uniformly. Then by the Lp,λ

boundedness of [b,μρ
S ] , if

{
[b,μρ

S ] f j
}∞

j=1 is not a pre-compact set in Lp,λ (Rn) , then

[b,μρ
S ] is not a compact operator in Lp,λ (Rn) (see Definition 1.1). Consequently, it

suffices to show that there exists a subsequence
{
[b,μρ

S ] f jk

}∞
k=1 which has no any con-

vergence subsequence in Lp,λ (Rn) .
From now on, for 1 � i � 8, Ai denotes the positive constants depending only on

Ω, p,n,λ ,γ,η and Ak (1 � k < i) . Since Ω satisfies (1.2), then there exists an A1 such
that 0 < A1 < 1 and

σ
({

x′ ∈ Sn−1 : Ω(x′) � 2C1

(log 2
A1

)γ

})
> 0.

By the condition (1.3), it is easy to see that

Λ :=

{
x′ ∈ Sn−1 : Ω(x′) � 2C1

(log 2
A1

)γ

}
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is a closed set. Then (see [3])

i f x′ ∈ Λ,y′ ∈ Sn−1 satisfying |x′ − y′| � A1, then Ω(y′) � C1

(log 2
A1

)
γ . (3.7)

Taking A2 > 2/A1 , for x ∈ (A2Qj)c ∩{x : (x− y j)′ ∈ Λ} , by (3.1)–(3.4) and similar to
the estimate of (4.4) in [2], we have that∣∣[b,μρ

S

]
f j(x)

∣∣
� Cη

∣∣Qj
∣∣ 1

p′ +
λ
np

∣∣x− y j
∣∣−n−C

∣∣Qj
∣∣ 1

p′ +
λ
np

∣∣b(x)−bQj

∣∣ ∣∣x− y j
∣∣−n

(
log |x−y j|

d j

)−γ
.

(3.8)
On the other hand, by (3.6), and similar to the proof of (4.7) in [2], we get

∣∣[b,μρ
S

]
f j(x)

∣∣ � C
∣∣x− y j

∣∣−n ∣∣b(x)−bQj

∣∣ ∣∣Qj
∣∣ 1

p′ +
λ
np +C

∣∣x− y j
∣∣−n∣∣Qj

∣∣ 1
p′ +

λ
np . (3.9)

By |b2Q−bQ|�C‖b‖BMO = C , we get

(∫
2kd j<|x−y j |�2k+1d j

∣∣b(x)−bQj

∣∣p
dx

) 1
p

� C2kn/pk
∣∣Qj

∣∣ 1
p . (3.10)

For u > A2 , by (3.9) and (3.10), we get

(∫
|x−y j |>ud j

∣∣[b,μρ
S

]
f j(x)

∣∣p
dx

) 1
p

� C
∣∣Qj

∣∣ 1
p′ +

λ
np

(∫
|x−y j|>ud j

∣∣b(x)−bQj

∣∣p∣∣x− y j
∣∣np dx

) 1
p

+C
∣∣Qj

∣∣ 1
p′ +

λ
np

(∫
|x−y j|>ud j

1∣∣x− y j
∣∣np dx

) 1
p

� A3
∣∣Qj

∣∣ λ
np u−n(1−1/p).

(3.11)

For ω > u > A2 , by (3.8) and (3.10), we get

(∫
ud j<|x−y j|<ωd j

∣∣[b,μρ
S

]
f j(x)

∣∣p
dx

) 1
p

� Cη
∣∣Qj

∣∣ 1
p′ +

λ
np

(∫
ud j<|x−y j |<ωd j

1∣∣x− y j
∣∣np dx

) 1
p

−C
∣∣Qj

∣∣ 1
p′ +

λ
np

(∫
|x−y j|>ud j

∣∣b(x)−bQj

∣∣p

∣∣x− y j
∣∣np

(
log |x−y j|

d j

)γ p dx

) 1
p

� A4η(u−np+n−ω−np+n)
1
p
∣∣Qj

∣∣ λ
np −A5(logu)1−γu−n+n/p

∣∣Qj
∣∣ λ

np .

(3.12)
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By (3.11) and (3.12), we get there exist A6 > A2, B = B(Ω, p,n,λ ,η ,A3,A4,A5) > 1, A8

such that (∫
A6d j<|x−y j |<BA6d j

∣∣[b,μρ
S

]
f j(x)

∣∣p
dx

) 1
p

� A8
∣∣Qj

∣∣ λ
np , (3.13)

and (∫
|x−y j |>BA6d j

∣∣[b,μρ
S

]
f j(x)

∣∣p
dx

) 1
p

� A8

4

∣∣Qj
∣∣ λ

np . (3.14)

Then using similar argumentations as in the proof of Theorem 1 in [3], we can show
that [b,μρ

S ] is not a compact operator in Lp,λ (Rn) .
Similarly, we may show that if b does not satisfy conditions (ii) or (iii) in Lemma

2.1, then [b,μρ
S ] is not a compact operator in Lp,λ (Rn) .

4. The proof of Theorem 1.2

Suppose that F is an arbitrary bounded set in Lp,λ (Rn) , that is, there exists a
constant D > 0 such that ‖ f‖p,λ �D for every f ∈ F . It is well known that (see [8],
[11])

‖[b,μρ
S ] f‖p,λ � C‖b‖BMO‖ f‖p,λ . (4.1)

Thus [b,μρ
S ] is continuous in Lp,λ (Rn). Let G = {[b,μρ

S ] f : f ∈ F} if b∈C∞
0 (Rn) and

G̃ = {[b,μρ
S ] f : f ∈ F} if b∈VMO(Rn) . So, by Definition 1.1, it suffices to prove that

for any bounded set F in Lp,λ (Rn) , G̃ is a strongly pre-compact set in Lp,λ (Rn) . We
first show that if (2.1)–(2.3) hold uniformly in G , then (2.1)–(2.3) hold also uniformly
in G̃ and thus [b,μρ

S ] is a compact operator in Lp,λ (Rn) .
Actually, assume that b∈VMO(Rn) , then for any ε > 0 there exists bε ∈C∞

0 (Rn)
such that ‖b−bε‖BMO < ε . By

|[b,μρ
S ] f (x)− [bε ,μρ

S ] f (x)|

�
(∫ ∞

0

∫
|x−y|<t

∣∣∣∣∫|y−z|�t

Ω(y− z)
|y− z|n−ρ ((b−bε)(x)− (b−bε)(z)) f (z)dz

∣∣∣∣2 dydt
tn+2ρ+1

) 1
2

and (4.1), we get

‖[b,μρ
S ]− [bε ,μρ

S ]‖Lp,λ→Lp,λ � ‖[b−bε,μρ
S ]‖Lp,λ→Lp,λ �Cε . (4.2)

By Minkowski’s inequality and (4.2), for any fixed f ∈ F

sup
f∈F

∥∥[
b,μρ

S

]
f
∥∥

p,λ � sup
f∈F

∥∥[
bε ,μρ

S

]
f
∥∥

p,λ +CDε < ∞.
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By Minkowski’s inequality, (4,1) and (4.2), for any fixed f ∈ F

lim
|z|→0

∥∥[
b,μρ

S

]
f (·+ z)− [

b,μρ
S

]
f (·)∥∥p,λ

� lim
|z|→0

∥∥[
b−bε ,μρ

S

]
f (·+ z)

∥∥
p,λ

+ lim
|z|→0

∥∥[
b−bε ,μρ

S

]
f (·)∥∥p,λ

+ lim
|z|→0

∥∥[
bε ,μρ

S

]
f (·+ z)− [

bε ,μρ
S

]
f (·)∥∥p,λ

� 2CDε.

Similarly, by Minkowski’s inequality, (4.1) and (4.2), for any fixed f ∈ F

lim
β→∞

∥∥∥[
b,μρ

S

]
f χEβ

∥∥∥
p,λ

� lim
β→∞

∥∥∥[
bε ,μρ

S

]
f χEβ

∥∥∥
p,λ

+ lim
β→∞

∥∥∥[
b−bε ,μρ

S

]
f χEβ

∥∥∥
p,λ

� CDε.

Thus (2.1)–(2.3) hold uniformly for G̃ . Therefore, by Lemma 2.2, we know G̃ is
a strongly pre-compact set in Lp,λ (Rn) and then [b,μρ

S ] is a compact operator in
Lp,λ (Rn) .

So, it suffices to prove that (2.1)–(2.3) hold uniformly in G . Without loss of the
generality, we can assume ‖b‖BMO = 1. By (4.1), we have

sup
f∈F

‖[b,μρ
S ] f‖p,λ �C‖b‖BMO‖ f‖p,λ�CD < ∞. (4.3)

The estimate (4.3) shows that (2.1) holds for the commutator [b,μρ
S ] in G uniformly.

Now we discuss (2.3). For any ε > 0, q > 1 there exists A > 0 such that

(∫ ∞

A

dr
rnq−n+1

) 1
q

< ε. (4.4)

Suppose that suppb ⊂ {z : |z| < η} for some η > 0 and β = max{2A,4η} . Thus, for
any x satisfying |x| > β and every f ∈ F ,

|[b,μρ
S ] f (x)|

=
(∫ ∞

0

∫
|x−y|<t

∣∣∣∣∫ |y−z|<t
|z|<η

Ω(y− z)
|y− z|n−ρ (b(x)−b(z)) f (z)dz

∣∣∣∣2 dydt
tn+1+2ρ

)1/2

=
(∫ ∞

0

∫
|x−y|<t

∣∣∣∣∫ |y−z|<t
|z|<η

Ω(y− z)
|y− z|n−ρ b(z) f (z)dz

∣∣∣∣2 dydt
tn+1+2ρ

)1/2

.

Since 2(n−ρ)< n and |x−z|� |x−y|+ |y−z|< 2t. For 1 < q < p < ∞ , by Minkowski’s
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inequality and Ω ∈ L2(Sn−1), we have

|[b,μρ
S ] f (x)|

� C
∫
|z|<η

|b(z)|| f (z)|
(∫ ∞

|x−z|/2

∫
|y−z|<t

|Ω(y− z)|2
|y− z|2(n−ρ)

dydt
tn+1+2ρ

)1/2

dz

� C
∫
|z|<η

|x− z|−n| f (z)|dz

� C

(∫
|z|<η

|x− z|−nq| f (z)|q dz

)1/q

� C

(∫
|z|>β−η

|z|−nq| f (x− z)|q dz

)1/q

.

(4.5)

Then by Minkowski’s inequality and (4.5), we have(
1

rλ

∫
B(s,r)

|[b,μρ
S ] f (x)χ{y:|y|>β}(x)|p dx

)1/p

� C‖ f‖p,λ

(∫
|x|>β/2

|x|−nq dx

)1/q

� CDε.

(4.6)

(4.6) shows that (2.3) holds for the commutator [b,μρ
S ] in G uniformly. Finally, to

finish the proof of Theorem 1.2, it remains to show (2.2) holds for the the commutator
[b,μρ

S ] in G uniformly. We need to prove that for any fixed ε > 0, if |v| is sufficiently
small depended only on ε , then for every f ∈ F ,

‖[b,μρ
S ] f (·+ v)− [b,μρ

S ] f (·)‖p,λ � Cε.

To do this, for any v ∈ R
n , by the proof of Theorem 4 in [2], we have

|[b,μρ
S ] f (x+ v)− [b,μρ

S ] f (x)| �
(∫ ∞

0

∫
|x−y|<t

|I(x,v,y,t)|
2 dydt
tn+2ρ+1

)1/2

,

where

I(x,v,y, t) =
∫
|z−y|<t

Ω(y− z)
|y− z|n−ρ (b(x)−b(z)) f (z)dz

−
∫
|y+v−z|<t

Ω(y+ v− z)
|y+ v− z|n−ρ (b(x+ v)−b(z)) f (z)dz.

For any 0 < ε < 1
3 and v ∈ R

n, write I(x,v,y,t) as

I(x,v,y, t) =
∫

|x−z|>2
1
ε |v|

|y−z|<t, |y+v−z|�t

Ω(y− z)
|y− z|n−ρ (b(x+ v)−b(z)) f (z)dz

+
∫

|x−z|>2
1
ε |v|

|y−z|�t, |y+v−z|<t

Ω(y+ v− z)
|y+ v− z|n−ρ (b(z)−b(x+ v)) f (z)dz
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+
∫
|x−z|>2

1
ε |v|, |y−z|<t, |y+v−z|<t

(
Ω(y−z)
|y−z|n−ρ −

Ω(y+v−z)
|y+v−z|n−ρ

)
(b(x+v)−b(z)) f (z)dz

+
∫
|x−z|>2

1
ε |v|, |y−z|<t

Ω(y− z)
|y− z|n−ρ (b(x)−b(x+ v)) f (z)dz

+
∫
|x−z|�2

1
ε |v|, |y−z|<t

Ω(y− z)
|y− z|n−ρ (b(x)−b(z)) f (z)dz

+
∫
|x−z|�2

1
ε |v|, |y+v−z|<t

Ω(y+ v− z)
|y+ v− z|n−ρ (b(z)−b(x+ v)) f (z)dz

=:
6

∑
i=1

Ii(x,v,y, t).

Further we use the estimates for Ji,1 � i � 6 from [2]. Since(∫ ∞

0

∫
|x−y|<t

|I1(x,v,y,t)|2 dydt
tn+2ρ+1

) 1
2

� C
∫
|x−z|>2

1
ε |v|

|v| 1
2 | f (z)|

|x− z|n+ 1
2

dz,

(see, [2] p. 291), by Minkowski’s inequality, for any s ∈ R
n , r > 0, we have(

1

rλ

∫
B(s,r)

∣∣∣∣∫ ∞

0

∫
|x−y|<t

|I1(x,v,y,t)|2 dydt
tn+2ρ+1

∣∣∣∣
p
2

dx

) 1
p

� C|v| 1
2

(
1

rλ

∫
B(s,r)

∣∣∣∣∫|x−z|>2
1
ε |v|

| f (z)|
|x− z|n+ 1

2

dz

∣∣∣∣p

dx

) 1
p

� C|v| 1
2

∫
|z|>2

1
ε |v|

1

|z|n+ 1
2

(
1

rλ

∫
B(s,r)

| f (x− z)|pdx

) 1
p

dz

� C‖ f‖p,λ2−
1
2ε � CDε.

Thus we get ∥∥∥∥∥
(∫ ∞

0

∫
|x−y|<t

|I1(x,v,y,t)|2 dydt
tn+2ρ+1

) 1
2

∥∥∥∥∥
p,λ

�CDε. (4.7)

Similarly, we can get∥∥∥∥∥
(∫ ∞

0

∫
|x−y|<t

|I2(x,v,y,t)|2 dydt
tn+2ρ+1

) 1
2

∥∥∥∥∥
p,λ

�CDε. (4.8)

Since (∫ ∞

0

∫
|x−y|<t

|I3(x,v,y,t)|2 dydt
tn+2ρ+1

) 1
2

� C|v|ρ− n
2

∫
|x−z|>2

1
ε |v|

| f (z)|
|x− z|n/2+ρ dz

+C
∫
|x−z|>2

1
ε |v|

| f (z)|
|x− z|n(log |x−z|

|v| )
2+θ dz,
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where θ < min{1,n(λ − 2),2ρ − n,σ − 2} (σ > 2, see Lemma 2.2 in [6] and [11]),
(see, [2] p. 293). Then for any fixed s ∈ R

n , r > 0, we have(
1

rλ

∫
B(s,r)

∣∣∣∣∫ ∞

0

∫
|x−y|<t

|I3(x,v,y,t)|2 dydt
tn+2ρ+1

∣∣∣∣
p
2

dx

) 1
p

� C|v|ρ−n/2
(

1

rλ

∫
B(s,r)

∣∣∣∣∫|x−z|>2
1
ε |v|

| f (z)|
|x− z|ρ+n/2

dz

∣∣∣∣p

dx

) 1
p

+C

(
1

rλ

∫
B(s,r)

∣∣∣∣∫|x−z|>2
1
ε |v|

| f (z)|
|x− z|n(log |x−z|

|v| )
2+θ dz

∣∣∣∣p

dx

) 1
p

= C|v|ρ−n/2
(

1

rλ

∫
B(s,r)

∣∣∣∣∫|z|>2
1
ε |v|

| f (x− z)|
|z|n/2+ρ dz

∣∣∣∣p

dx

) 1
p

+C

(
1

rλ

∫
B(s,r)

∣∣∣∣∫|z|>2
1
ε |v|

| f (x− z)|

|z|n
(

log |z|
|v|

)2+θ dz

∣∣∣∣p

dx

) 1
p

� C|v|ρ−n/2
∫
|z|>2

1
ε |v|

1

|z|n/2+ρ

(
1

rλ

∫
B(s,r)

| f (x− z)|pdx

) 1
p

dz

+C
∫
|z|>2

1
ε |v|

1

|z|n
(

log |z|
|v|

)2+θ

(
1

rλ

∫
B(s,r)

| f (x− z)|pdx

) 1
p

dz

� C

(
1

2
1
ε (ρ− n

2 )
+

ε1+θ

(1+ θ )(log2)1+θ

)
‖ f‖p,λ � CDε.

Therefore we get ∥∥∥∥∥
(∫ ∞

0

∫
|x−y|<t

|I3(x,v,y,t)|2 dydt
tn+2ρ+1

) 1
2

∥∥∥∥∥
p,λ

�CDε. (4.9)

For I4 , (∫ ∞

0

∫
|x−y|<t

|I4(x,v,y,t)|2 dydt
tn+2ρ+1

) 1
2

� |b(x)−b(x+ v)|Sρ

2
1
ε |v|

f (x),

where

Sρ

2
1
ε |v|

f (x) =
(∫ ∞

0

∫
|x−y|<t

∣∣∣∣∫|x−z|>2
1
ε |v|

|y−z|<t

Ω(y− z)
|y− z|n−ρ f (z)dz

∣∣∣∣2 dydt
tn+2ρ+1

) 1
2

,

(see, [2] p. 296). For any fixed 1 < q < p < ∞, by the estimate of Sρ

2
1
ε |v|

f (x) in [2], we

get

Sρ

2
1
ε |v|

f (x) � CM(μρ
S f )(x)+C(M| f |q(x)) 1

q +CM f (x).
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By the Lp,λ boundedness of μρ
S (see [7] and [11]) and ‖(M(| f |q))1/q‖p,λ � C‖ f‖p,λ

(see [9]), we get
‖Sρ

2
1
ε |v|

f‖p,λ � C‖ f‖p,λ .

Now we give the estimate of I4 . Since b ∈C∞
0 , we have |b(x+ v)−b(x)|� C|v| , then

for any s ∈ R
n , r > 0, we have(

1

rλ

∫
B(s,r)

∣∣∣∣∫ ∞

0

∫
|x−y|<t

|I4(x,v,y,t)|2 dydt
tn+2ρ+1

∣∣∣∣
p
2

dx

) 1
p

� C|v|∥∥Sρ

2
1
ε |v|

f
∥∥

p,λ � C|v|‖ f‖p,λ � CD|v|.

That is ∥∥∥∥∥
(∫ ∞

0

∫
|x−y|<t

|I4(x,v,y,t)|2 dydt
tn+2ρ+1

) 1
2

∥∥∥∥∥
p,λ

�CD|v|. (4.10)

About I5 , since |b(x)−b(z)| �C|x− z| , t > |x− z|/2, 2n−2ρ < n , Ω ∈ L2(Sn−1) , by
Minkowski’s inequality and the estimate of J5 in [2], we get(∫ ∞

0

∫
|x−y|<t

|I5(x,v,y,t)|2 dydt
tn+2ρ+1

) 1
2

� C
∫
|x−z|�2

1
ε |v|

| f (z)|
|x− z|n−1 dz,

(see, [2] p. 298). Then for any fixed s ∈ R
n , r > 0, we get(

1

rλ

∫
B(s,r)

∣∣∣∣∫ ∞

0

∫
|x−y|<t

|I5(x,v,y,t)|2 dydt
tn+2ρ+1

∣∣∣∣
p
2

dx

) 1
p

� C

(
1

rλ

∫
B(s,r)

∣∣∣∣∫|x−z|�2
1
ε |v|

| f (z)|
|x− z|n−1 dz

∣∣∣∣p

dx

) 1
p

= C

(
1

rλ

∫
B(s,r)

∣∣∣∣∫|z|�2
1
ε |v|

| f (x− z)|
|z|n−1 dz

∣∣∣∣p

dx

) 1
p

� C
∫
|z|�2

1
ε |v|

1

|z|n−1

(
1

rλ

∫
B(s,r)

| f (x− z)|pdx

) 1
p

dz

� CD2
1
ε |v|.

That is ∥∥∥∥∥
(∫ ∞

0

∫
|x−y|<t

|I5(x,v,y,t)|2 dydt
tn+2ρ+1

) 1
2

∥∥∥∥∥
p,λ

�CD2
1
ε |v|. (4.11)

Similar to the estimate of I5 , using the estimates |b(x + v)− b(z)| � C|x + v− z| and
2t > |x− y|+ |y+ v− z|� |x+ v− z| we get(∫ ∞

0

∫
|x−y|<t

|I6(x,v,y,t)|2 dydt
tn+2ρ+1

) 1
2

� C
∫
|x−z|�2

1
ε |v|

| f (z)|
|x+ v− z|n−1 dz.
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Then for any s ∈ R
n , r > 0, we get(

1

rλ

∫
B(s,r)

∣∣∣∣∫ ∞

0

∫
|x−y|<t

|I6(x,v,y,t)|2 dydt
tn+2ρ+1

∣∣∣∣
p
2

dx

) 1
p

� C

(
1

rλ

∫
B(s,r)

∣∣∣∣∫|x−z|�2
1
ε |v|

| f (z)|
|x+ v− z|n−1 dz

∣∣∣∣p

dx

) 1
p

= C

(
1

rλ

∫
B(s,r)

∣∣∣∣∫|z|�2
1
ε |v|

| f (x− z)|
|z+ v|n−1 dz

∣∣∣∣p

dx

) 1
p

� C
∫
|z|�2

1
ε |v|

1

|z+ v|n−1

(
1

rλ

∫
B(s,r)

| f (x− z)|pdx

) 1
p

dz

� CD(2
1
ε |v|+ |v|).

That is ∥∥∥∥∥
(∫ ∞

0

∫
|x−y|<t

|I6(x,v,y,t)|2 dydt
tn+2ρ+1

) 1
2

∥∥∥∥∥
p,λ

�CD(2
1
ε |v|+ |v|). (4.12)

In (4.7)–(4.12), taking |v| sufficiently small depending on ε , we can get

lim
|v|→0

‖[b,μρ
S ] f (·+ v)− [b,μρ

S ] f (·)‖p,λ = 0 uniformly in f ∈ F.

This says (2.2) holds for the commutator [b,μρ
S ] in G uniformly and therefore we

complete the proof of Theorem 1.2.
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