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(Communicated by Z. Pdles)
Abstract. In this paper we prove that if a real function f satisfies the inequality [xo,x1,...,Xnt15f]

+@(xye1—2x0) =0 forall xo <xj <...<x, <x,+1 With some fixed positive integer n and non-
negative function ¢ fulfilling lim;_o4 @(h) =0, then f is convex of order n, i.e., f satisfies
the former inequality with ¢ =0 as well.

1. Introduction

In 1979 S. Rolewicz [ 16, Lemma 4] proved that every absolutely continuous func-
tion f: R — R which satisfies the inequality

Flx+(1=0)y) <tf(x)+(1—1)f(y) +Clx—y[*P (1)

for every x,y € R, 7 € [0,1], with a fixed non-negative real number C and a fixed
positive real number p , has to be convex.

Later, in a series of papers (see [17] and the references therein), S. Rolewicz in-
vestigated continuous real functions f satisfying the functional inequality

flx+(1=1)y) <t/ () + (1L =0)f(y) + Cr(1 = )ee(|x = y)) 2)

or
flx+ (1 =1)y) <tf(x) + (1 =1)f(y) + Co(|]x - y]) 3)

for every x,y € R, t € [0,1], with a non-negative constant C and a nondecreasing
function o: [0,4eo[— [0, +eo] fulfilling lim,—o4 (0t(¢)/¢) = 0. In this generality, in-
equality (3) may have solutions that do not satisfy any inequality of the form (2) (even if
we allow different C and o) (cf. also [18]). As a generalization of his aforementioned
theorem, S. Rolewicz proved that under the additional assumption

ot
tim %0 _g, )
t—0+ 1
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every continuous solution f of inequality (3) or (2) is convex.

In this paper we deal with the analogue of (2) for convex functions of higher order,
on open intervals, without regularity assumptions. In particular, our method can be
applied to prove Rolewicz’s theorem without any regularity condition.

Let I C R be an interval, n € N and x¢, X1, ..., X,, X,4+1 be distinct points in 1.
Denote by [xo, X1, ..., Xn, Xp+1; f] the divided difference of f at xo, X1, ..., Xy, Xpt1
defined by the recurrence

[xo3 f] = f(x0),
X1 3 X2 5 eee s Xny Xt s f1— [X0, X1 5 o vy X
[XOax1a~~~,xn+l;f]: [ 1542, s Any Ant1 .ﬂ [07 1 y Xn .ﬂ) neN.
Xn+1 — X0

Following Hopf [9] and Popoviciu [14], a function f : I — R is called convex of order
n if
[X0,X15 ooy Xnr1s f] =0
for all xo < x; < ... <x, <xpy1 in I. It is well known (and easy to verify) that
convexity of order 1 coincides with the ordinary convexity. Several results on convex
functions of order n are collected, among others, in [8, 10, 12, 14, 15, 19, 20].
As one may easily verify, introducing xo =x, x; =y and x; =tx+ (1 — 1)y, we

obtain t = 2—1 ] —r = 710 while the inequality (2) can be rewritten as
2—X0 X2 —=X0

o(|x2 —xol)

0< [xo,x1,x2; f]+C .
[XO X1, X2 f]+ (XQ—X())Z

The purpose of this paper is to establish the following theorem.

THEOREM 1. Let I CR be an openinterval, v(I) denote the length of the interval
I, neN, and J;=|0,v(I)[. Let the function @ :J; — [0, +oo[ satisfy lim,_o+ @(t) =0.
If a function f: 1 — R satisfies the inequality

[XO,XI,...,xn,xn+1;f]+(P(xn+1_XO)>0 (5)

forall x;jel (j=0,1,...,n,n+1) such that xo <x1 < ... <Xy <Xpy1, then f is
convex of order n .

The proof of this theorem is elaborated in Section 3. Some related concepts and

results are presented in Section 2. These tools are incorporated in the main argument.

2. Tools and related statements

In order to prove our main result we need the following notions.
We use the concept of difference operators AZH defined by the following recur-
sion:

Abf(x) = f(x+h)— f(x) forxel, h€ Rsuchthatx+hel,
AT F(x) = A} ALf(x) forx €1, h € Rsuchthatx+ (n+1)hel.
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The notion of higher-order Jensen-convexity is due to T. Popoviciu ([13, 14]): A
function f: I — R is called Jensen-convex of order n (where n € N), if

A f(x) >0 forallx €I, h > 0such thatx+ (n+1)h € 1.

For properties of functions satisfying the above inequality, see e.g. [1, 2, 14], [10,
Chapter XV], [15, VIIL.83], and the references therein. Generalizations of Jensen-
convexity of order n to higher-dimensional domains were investigated by R. Ger [4, 5].

It is clear that differences can be expressed in terms of divided differences, thus
convex functions of order n are also Jensen-convex of order n. It was observed by
T. Popoviciu [13] that the converse of this implication also holds for continuous func-
tions. Z. Ciesielski [3, Theorem 1] proved that the continuity of a Jensen-convex func-
tion of order n (on an open interval) follows from its boundedness on any set of positive
measure. Combining these results we can establish the following corollary.

PROPOSITION 1. Let I be an open interval, n € N, and suppose that f : 1 — R
is Jensen-convex of order n. If f is bounded on a set E C I of positive measure, then
f is convex of order n .

A local characterization of Jensen-convexity of higher order was elaborated by
A. Gildnyi and Zs. Piles in a somewhat more general context. Let T = (¢1, ..., t,+1),
where 71, ..., t,4+ are fixed positive numbers. For f:I — R, x €l and & > 0 such
that x+ (11 +... +t,01)h €1, let

AFFG) = Ayp Ay nf ().

We say that f: 1 — R is T-convex if A;ff(x) >0 for all x € I, h > 0 such that
X+ (t1+...+1ty,11)h € I. Clearly, T-convexity and cT -convexity are equivalent for
c¢>0.Inthecase t; =... =t,11 = | the notion of T -convexity is obviously the same
as Jensen-convexity of order n.

The lower T -Dinghas interval derivative of f:1 — R at £ € I is defined by

AT
DTFE) =  liminf  —S)
(.0)=(5,0)  (t1h)..(tas1h)
XLELXAH 1+t 1 )1
Accordingly, if n denotes a positive integer, the n-th order lower Dinghas interval
derivative of f:1 — R at £ €I is defined by

A}’I
DFE) = Timint 28/
(r,h)—(§,0) A"
x<E<Lx+nh
Gil4nyi and Pdles [7, Corollary 1] proved a strong connection between the above

two concepts. Namely, they established that a function f:7 — R is T -convex if, and
only if, DT f(&) > 0 for every & € I. Considering the particular case when ¢} = ... =
t,+1 = 1, one obtains the following statement:

PROPOSITION 2. A function f:1 — R is Jensen-convex of order n if, and only if,
D'UF(E) >0 forevery E€.
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3. Proof of the main theorem

We prove Theorem 1 in this section.

Proof. Let us consider x € I and a positive real number % such that x+ (n+1)h €
I . Applying our assumption (5) for

Xi=x+i-h (i=0,1,...,n,n+1),

we have
X, x+h, ..., x+n+ 1)k fl+e((n+1)h) =0. (6)
According to a well-known identity [10, Lemma 15.2.5], the first term above satisfies
A ()

h,... Dh; f]= —2 2
[x,x+h,...,x+ (n+1)h; f] ot DT

Taking this representation into consideration, inequality (6) can be written as

A ()

2 (e Dle((nk ). 7

Now let & € I be arbitrary and let us take the liminf on both sides of (7) as h tends to
0 and x tends to & such that x < & < x+ (n+1)h. We obtain

D'f(E) = 0.

Applying Proposition 2, we get that the function f is Jensen-convex of order n .

On the other hand, we can show that f is locally bounded. Let & > 0 such that
o(t) <1 for0<t<&.Letyy€l be arbitrarily fixed and r > 0 such that 2r < § and
Iy :=]yo—r,yo+r[C I. Then, for arbitrary x; € Iy (j =0,1,...,n,n+1) fulfilling
X0 <xp < ...<xp <Xppp,from (5) we get

[x()v'”vanrl;.ﬂ >—qo(x,,+1—x0)>—l.

Defining the function g : Iy — R as g(x) = f(x) +x""! and using the linearity of the
divided differences (cf. [6, Lemma 2]), we get that

[0, e s X135 8) = [X0s -y Xnrts fl4 [X0, oov s Xamrs X1
Moreover it is easy to show (cf. [6, Lemma 3]) that [xg, ..., x,;x"] =1 forall n € N
and distinct points xg, ..., x, € R, ie.

[x07"‘7xn+l;g]>_l+lzo'

Thus g : Iy — R is convex of order n .

Using [10, Theorem 15.8.1] we can state that g is continuous (it is even contin-
uously differentiable if n > 1), thus g and therefore also f is bounded on any closed
subinterval of Iy . Applying Proposition 1, we obtain that f is convex of order n. [
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4. Convex functions of higher order on vector spaces

In this section R’} denotes the set of those x € R™ whose first non-zero coordinate
is positive:

m
RT:U{x:(xl,...,xm)ERli:...:xi_lzo,xi>0}.
i=1
Then R™ =R” U (—R%)U{0}. For x,y € R™ we write x >y if x—y € R” and x <y
if y > x. Then for any x,y € R™ we have either x=y,or x<y,orx>y. Ifx>y
and o € R is positive, then ox > oy, and if @ <0, then ox < oy . We write

1 if x>0,
sgn(x) =40 ifx=0,
-1 ifx<O.
Let D C R™ be aconvex setand f: D — R be a function. Let x, X1, ..., Xy, Xp11

€ D be distinct collinear points. Put

_ sgn (Xng1 —X0) (

h= _
Pt —zo]] ot 0)

thus 2 > 0. Since xg,xy,...,X,,X,+1 are collinear, they may be represented in the
form
Xi =x0+ Ak, i=0,1,....,n,n+1

(obviously, with A9 = 0). The divided difference [xo,x;, ..., Xn, Xy+15 f] of f at the

points xg, Xy, ..., Xy, X,+1 1S defined by the recurrence (see [11], [13], or [4]):
[xo; f] = f(x0),
(X0, X1 5 ove s Xy Xpt1 5 f] = i, s f] = o, X1 X ] , neN.
A’VH’I - A()
This shows that the divided difference [xg, X1, ..., X,+1; f] depends on the differences

of the A’s rather than on the A’s themselves.
Let n,m e N and D C R™ be an open convex set. We say that a function f: D — R
is convex of order n if f satisfies the inequality

[x()axla"'axnaxn-i-l;f] 20

forallxjeD (j=0,1,...,n,n+1) suchthat xo <x; <... <X, <Xny are collinear
points.
Using this generalization we can state the following theorem:

THEOREM 2. Let D C R™ be an open and convex set, V(D) denote the diameter
of the set D, n,m € N, Jp =|0,v(D)[. Let the function @ :Jp — [0,+oo| satisfy
limy_o+ @(t) =0. If a function [ :D — R satisfies the inequality

[XO,)CI,...,Xn,xn+1;f]+(P(||xn+1_.XOH)20 (8)
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forallxjeD (j=0,1,...,n,n+1) suchthat xo <x1 < ... <X, <Xy are collinear
points, then f is convex of order n .

Proof. Let yo,¥1,...,Yn,Yn+1 € D be arbitrary collinear points which fulfil the
relations yg <y; < ... <y <Yn+1 . Now let us consider the unit vector

_ Yn+1— Y0 m
[ ¥ntr1—oll

and /{077[1,...,/@77["“ € R such that
Vi=yo+Ai-h

foralli=0,1,...,n,n+1. Since the mapping ¥: R — R" defined by the expression
Y(A) =yo+A-h (for all A € R) is continuous and preserves convex combinations,
there exists an open interval / such that 7[,- €l forevery i=0,1,...,n,n+1 and
W¥(A) € D for every A € I. From what we established above it follows that 0 = A <
A 1<...< /{,, < inH . Furthermore define the function g : I — R as

g(A) = f(yo+Ah).

Using induction on the number of the points, we can show that for every A9 < 4; <
s <Ay with A; €1 and x; = yo+Aih (i=0,1,...,n) the equality

[2'071'17 7A'n717afn;g] = [x()axlv ,anl,xn;f} (9)
holds. Namely, in case n = 0 (that is, when we have only one point) we have
[o: 8] = g(A) = f(yo + Aoh) = f(x0) = [x0: f]-
Suppose that (9) holds for every n+ 1 successive points. Then

T T A

Ant1— 2o
ol x, e X Xt f] = o X e X1, X f]
B A1 — Ao
= [X0, X1, e s Xy X1 f]-

Now let Ag < A4} < ... <A, < Ay such that A; €1 for (i =0,1,...,n,n+ 1)
and let x; =yo+ Ak for (i=0,1,...,n,n+1). Thenx; €D (j=0,1,...,n,n+1)
such that xp < x; < ... <X, < x,41 are collinear points. Thus inequality (8) holds.
Observing

%11 = 0l| = [[(An+1 = A0)hl| = (A1 — Ao) - [|A]] = Ans1 — 2o
and applying the identity (9), we obtain

0 < [x(),X1,...,Xn,anr];f}+(P(Hxn+1—x0H)
= [)’0724’"'az’n7ln+l;g}+(p(ln+l_a{))'
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Hence using Theorem | we can see that g is convex of order n. In particular, we have

Og XOaX17"'ainain+l;g :[}’07}’17---7}’n7}’n+1§f]-

AS Y0, V1, -+, Yns Yn+1 € D were arbitrary collinear points fulfilling the relations yy <
V1 < ... <yYn <Yn+1,we have proved that f is convex of order n. [
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