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FRACTIONAL MAXIMAL OPERATOR AND FRACTIONAL
INTEGRAL OPERATOR ON ORLICZ-LORENTZ SPACES
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(Communicated by B. Opic)

Abstract. In this paper, we prove the characterization of the weighted modular inequalities for
the fractional maximal operator My (0 < o0 < n) on the Orlicz-Lorentz spaces by atomic de-
composition which induces a sufficient condition of the boundedness for this operator on the
Orlicz-Lorentz spaces. And we also find the characterization of the weighted modular inequal-
ities for the fractional integral operator I (0 < o¢ < n) on the Orlicz-Lorentz spaces in certain
case which leads to a sufficient condition of the boundedness for I, (0 < o <n).

1. Introduction

Let .Z(X,) be the class of all measurable and almost everywhere finite func-
tions on X . For f € .# (X, 1), a nonincreasing rearrangement of f is a nonincreasing
function f* on Ry = (0,+-c0) that is equimeasurable with |f|. The rearrangement f*
is defined by the equality (see [1])

Ju(t) =inf{s: l#(s) <t} 0<t <eo,

where
?Lf“(s) =p{xeX:|f(x)|>s}, s=0.

When (X,u) = (R”,udx) (u is a weight in R"), we denote A4 = 7 fu = fu, espe-
cially, fi = f*. We say ¢ : [0,00) — [0,0) is a Young function if ¢ is nondecreasing
and convex with ¢(0) =0, and lim, .. ¢(x) = . An N-function ¢ is a continu-
ous Young function such that ¢(x) =0 if and only if x =0 and lim,_o¢(x)/x =0,
lim, ... ¢ (x)/x = +o0. The Young conjugate ¢ of Young function ¢ is defined by

¢ (x) =sup{xy—9(y)}, x> 0.

y=0

The Orlicz-Lorentz spaces Ag (w) (see [18], [19]; if there is no ambiguity, the notation
Az (w) may be adopted) associated to the Young function ¢ and a weight w on Ry
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(nonnegative locally integrable function in R ), is the set of f € .#/ (X, 1) such that
for some A > 0, we have I(Af) < e, where

1) = | o) w(e)dr,

11 A8 0y =inf{£: I(g) < 1}.

If w(r) =1, then Aﬁ(w) = L?(X,u) is an Orlicz space (see [23], [15]); if ¢(1) =
t? (1 < p <o), then Aﬁ(w) = A% (w) is a Lorentz space (see [16], [17] and [4]). If
(X,u) = (R",dx), we denote Ag(w) = A?(w), and if (X,u) = (RT,wdx), we write
LO(X,u) =L (w).

Given an arbitrary function G : [0,00) — [0,00), we say that G satisfies condition
Az, in symbol G € Ay whenever sup,- % < co. A Young function F is said to
satisfy A’ (resp. V) condition (e.g., see [10] or [25]), in symbol F € A’ (resp. F € V')
if there exists C > 0 such that

and we let

F(xy) SCF(x)F(y) (resp. F(xy) = CF(x)F(y)), Vx, y > 0.

Clearly if G € A’ then G € A;.
If w is a weightin R™ and ¢ is a Young function, then we denote w € By if there
exists a positive constant C such that

| otsrwmtar < [ oCre s (1)
0 0

for all monotone decreasing non-negative functions, where S is Hardy operator defined
as

Sf(x) = %/Oxf(t)dn x € [0,00).

The characterization of (1.1) was obtained in [13] and [14]. When ¢(r) =7 (p > 0),
By = B, (e.g., see [4]).

Let us introduce the fractional maximal operator and the fractional integral opera-
tor. In this paper all cubes QO considered have their sides parallel to the coordinate axis.
The fractional maximal operator My, (0 < o < n) is defined as

Mt () =sup {10151 [ 7las] isa cuve .
xeQ o
The fractional integral operator I, (0 < o < n) is defined as

f n
Iaf(x):/ﬂxn#dy, xeR" 0<a<n.

In [3], Bloom and Kerman presented the Hardy-type modular inequality in the Or-
licz spaces and got the boundedness of Hardy-Littlewood maximal operator in Orlicz



FRACTIONAL MAXIMAL AND INTEGRAL OPERATOR ON ORLICZ-LORENTZ SPACES 17

spaces. Heinig and Lai [13] studied the weighted modular inequalities for Hardy-type
operators on monotone functions. Li [14] obtained a kind of characterization of strong
Hardy-type modular inequality which is different from that of [13]. Sawyer [27] had
a dual method to study inequalities on monotone decreasing functions from which the
boundedness of Hardy-Littlewood maximal operator on the weighted Lorentz spaces
are obtained. In [7] Kamiriska and Mastyto found the conditions for boundedness of
Hardy-Littlewood maximal operator in some class of Orlicz-Lorentz spaces. Koki-
lashvili [9] studied weighted inequalities for fractional maximal functions and frac-
tional integrals in the classical Lorentz spaces. Cianchi and Edmunds in [6] got the
the boundedness of fractional integration and special singular operators in the classical
Lorentz spaces. Rakotondratsimba [24] gave the characterization of the boundedness
of fractional maximal operator in the weighted Lorentz spaces. Concerning the convo-
lution operator on Lorentz spaces and Orlicz spaces there are a lot of results and readers
may refer to, e.g., [20], [21], [22], [12] and so on.

The paper is divided into three sections. Section 2 mainly contains characteri-
zation of the modular inequalities for the fractional maximal operator on the Orlicz-
Lorentz spaces, Theorem 2 and Theorem 3, which generalize the corresponding results
of Rakotondratsimba [24]. Proposition 2 gives another characterization under the re-
verse doubling condition for certain weights. In Section 3 Theorem 4 displays the
characterization of the modular inequalities for the fractional integral operator on the
Orlicz-Lorentz spaces and Theorem 5 yields a sufficient condition for the fractional in-
tegral operator to be bounded on the Orlicz-Lorentz spaces, which fills the gap in this
aspect. The methods are also applicable to the singular integral operator.

In the sequel, we will always denote W (¢) = [; w(t)dt if w is a weight on R and
C, Cy,--- denote positive constants but need not be the same at different occurrences.

2. Fractional maximal operator on Orlicz-Lorentz spaces

We shall need an atomic decomposition of dyadic tent spaces associated to the
Orlicz-Lorentz spaces whose idea is similar to Soria [29]. Let X be the set (0,e0)"
minus the dyadic points z = (z;); € 2¥Z", o be a locally finite positive measure on
X, X =X x 2% and a closed dyadic cube be a product of n intervals [x;,x; + 2] with
x = (x;); € 27" for some k € Z. For each x € X, we write

ro= U {029},

x€Q(y,2)
where Q[y,2%] is the unique dyadic cube which contains y and with length 2. Also
a=x\(Uf ke Q)
for each set  C X. Thus
12 eQ e o2t ca
The functional &%, is given by
(e f) () = sup{| F(».2")] [(n2") € T(x)}
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where f is a measurable function of X . Now, for each measurable function f(y,2¥) in
X and a cube Q[0,R] = (0,R)", R > 0, define that

Fe T w)[Qlo,R)]

if f(y,2%) is supported by (O,/R\)", and the set {(Z.f)(-) > A}, A >0, is a union of
dyadic cubes and [§” ¢ (o f) 5 (1)) w(t)dt < oo.

The following lemma is an easy consequence of well-known dyadic cubes proper-
ties. It is the key of atomic decomposition of ZI@ e (,)[0[0,R]] (R > 0).

LEMMA 1. For each bounded open set Q2 =Jgec QO C X (with Q being dyadic
cubes) one can find a sequence of (maximal) dyadic cubes (0))i (Q; € .F) with pairwise
disjoint interiors and such that Q = J; Q; and Q = J; 0;.

In this section we always suppose that the Young functions are N -functions and
the measures are locally finite. Furthermore, some restrictions on ¢p, ¢, w; are done:

(i) €A, prog, ' €A
(ii) there exists a constant C > 0 such that

o109y (Xn) <CY 01005 (x):
i=1 i=1
(iii) w € By, , and
> 02067 (Wi(a)) < Coro 07 (Wi (T ar)),
i=1 j

forall a; >0, neZ".
To prove Proposition 1 which contains all philosophy of weighted inequality for
dyadic fractional maximal operator in Theorem 1, the atomic decomposition of

T [0[0, R]] (R > 0) is needed.

LEMMA 2. Let the growth conditions (i)—(iii) be assumed. Then for every con-
stant By > 0 there is a constant By > 0 such that for all f € %qg’dyu(wl)[Q[Q R]] (R>
0) one can get A;, dyadic cubes Q;, and functions a;(y,2*) with disjoint supports such
that

N 1 ;
@ (y,24)| < W%@_, (27), (2.1)
F0.2) =2 4a;(»2") ae., (2.2)
j

and

o T et <o | [ somoa]. @3
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Proof. Take € 7" (w)[Q[0,R]] (R >0). For j €N, let Q; = {x|(uf)(x) >
2/}. Then

°°>/Om¢1((427f) Jwi(t)dr = /W1 ) (1))dt

01(27) ;
2/0 Wi(AS oy 5 )t = 02N Wi(1Q]6),

which implies that

Wi(1Q)]6) <. (2.4)

Furthermore,
Qi1 CcQ (25)
F3.25) <2/t on Q5. (2.6)

Since Q; = Uge.» Q C (0,R)", then by Lemma 1

Qj = UQ,']' and szij = XQJ., (27)
QJ' = UQij and EXQII = XQ/ (28)
Now define
Aij =210 T (Wi (1Qilo)), (2.9)
and
~ (i 1 <
aij(3,25) = 27U = F (2,2 x sy, g, (42°), (2.10)

o' Wi(1Qijlo))

which are well defined by (2.4) and Wl(\Q, jla) > 0 rooted in the condition wy € By, .
Due to the supports of a;;, E;: = Ql —Qj 1, almost disjoint,

1
i (,2)] < ————x5 (.25). 2.1
|aj(y )| ¢fl(Wl(|Qij|g))%Q”(y ) ( )

By the definition of A;; and d;;(y,2*) we obtain

fy72k le‘]al} y.2 )7 a.e..

On the other hand, in view of ¢, € A’ and

X 02007 Wi(a) <Cor007 (Wi Xai)).
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it follows that

7 (512 000) < 077 (B 20 Wi (1051)
L]
<! _CZ¢2 2762097 (Wi(1Qijlo)|

<9 CZ¢22J+1¢2 o7 (Wi(2l0))]

<o [CS 0 oty "W (| ef > 27]o))]
-
Moreover, by the conditions
o109y (Xui) <CY gro0s (x)
i=1 i=1
and ¢ 0 ¢, ' € A, there holds that
07" [CZ o o7 (Wi > 2l
=0 00106 [T 00 (M > 21o))
67 (CT 01005 [42027 o200 Wilef > 2))])
J

—1<c2¢1 YWy (| f > 2f|c)).

<orfex [i WG 04

1271
= ¢, c/ WIS ()] = 67" /q)l wi (1)dt
<or'[ [ ouim mm(r))wl(r)dt},

which completes the proof. [

To get main results of the paper, we bring in the following two operators. The
dyadic version of the maximal operator M, is defined as

Mo f(x) = sup { 10! / |f(y)\d6(y)‘Q is a closed dyadic cube}
xeQ (0]

and the operator ///0? ORI s defined by

(40 o)) = sup{j01F / 10)ldo()

[O,R]}.
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PROPOSITION 1. Suppose there exists a constant C > 0 such that

o G) o' (x)=C (2.12)

for all 0 < x < o besides the assumptions of (i)—(iii). Then there exists a constant
C > 0 and for every constant By > 0 there exists a constant By > 0 such that for all
fe Adc(wl) and all R > 0 there exist A; > 0, dyadic cubes Q; satisfying

o( 57 d0) 110 < C X o) 07 ' 1(|1Qm>)¢z<Maijdc>ij
. (2.13)
and
o' (i Ze) <o ([T ompomen). 01

Proof. Let f € Agg(wl) and R > 0. For x € Q[0,R],

H2OR L6 () = { Pl
(4" o)) = sup I 25 [

5

@ldo(a) < 0b2] € 0.kl

= sup {01297 (0.2)|r € 01y 2") € Q[O.R]}

where

602 = e 2| [ dofd

and

f(y,2k>:{Q[ la Jopan [ (@Id0(2), if [v,2°] € 00, R,

0, else.
Thus f € 72 (w)[Q[0,R]]. Indeed,
Aof <Nof, (2.15)

where No f(x) = supgyy 2415, |01, 28] |5 Jop.24 1/ (2)|d G (2). On the other hand, the con-
ditions ¢ € A’ and ¢, o ¢2’1 € A’ implies ¢; € Ay. So from (5.13 ) of [24]

(Nof)5(1) < 2 / fa0)

¢1 € Ay, wi € By, and (2.15), we know that

| 0Py e < [ 01((Nof)s (01 (1)
0 0

< /Om 01 (CQ%/OIf;(Z)dt) wi (r)dt

< /ON 01 (CaC3f5(1))w1 (t)dt < oo. (2.16)
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Furthermore, it is obvious that the support of .. f is contained in QT)»\R} and the set
{e.f(-) > A} is a union of dyadic cubes. So the above assertion is true. Consequently
by the condition ¢, € A, (2.2) and (2.1) of Lemma 2, the definition of O and (2.12), it
follows that

0o (AN fd0) yp0 R < 203,29 F(1.24)) < CH2(O(7,2))02(F(1.24))
< Chr (O, 2k))2¢2(/1j)¢2(~j(y» 25)
J
. s ® kY47 . j
< c;w,)«m( Tono) 2002 )1g,0:2)

1
(0/lo
< X0 (o

7 o' (Wi(1Q)10))
1

< CX 0402007 (G ) Mo, d0) g, (02).
J

)02(Mazo,do) g, (12)

Wi (1Qjls)
On the other hand, by (2.3) and (2.16), we obtain

07 (B2 0) < 07| [ orCltfysmnar
J
<o'[ [ 0Btz mar]. O

One of the main results in this section, Theorem 2, is based on the characteriza-
tion of the weighted modular inequalities for the dyadic version .#,, of the maximal
operator M, which is the following:

THEOREM 1. (a) Suppose there is a constant C > 0 such that
¢, (/:qbz ((///afdc)i)(t))wz(t)dt> <ot (/ON o (Cf;(t))wl(t)dt> (2.17)

forall f € Agg (w1), then there exists a constant A > 0 such that for all dyadic cubes

0

¢! (/Om 02 (Maxodo)xo)s(t)) W2(t)dt) <ot (/0“’ o1 (A(x0)5 (1)) wl(t)d,> ,

(2.18)
(b) For the converse, assume wy € B besides the conditions (i)—(iii) and (2.12).
So the test conditions (2.18) implies (2.17).

Proof. The part (a) is evident. To prove Part (b) of Theorem 1, by translation and
reflection, it is sufficient to verify that there exists a constant C > 0 such that

U ( /0 00 (A€ fdoxgp ) W2(t)dt) <o ( /Ow o <Cfé‘<f>>W1<f>df) :
(2.19)
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Let f;*(1) = 1 Jofu(s)ds, 1 > 0. By (2.13), wa € By, ¢10¢;"' € A which implies
¢ o q)l_l €V, (2.18) and (2.14), (2.19) appears since

¢, ! (/wq)z (( Q0R Fdo xRt )) wz(t)dt)

—o' ([ (m(/ﬂg[O’R]fdch[o,Rp) (s (t)dr)

*

(t)wn (t)dt)

w
Hk

(t)wz(t)dt>

[

cS0:0000 (i) | °°<¢2<Maxgdc>xg,>z<r>wQ<z>dt>

(
= ( .
<07 ( [ <c2¢2 )62007 (ﬁ)@%mdo)m)
(
(

CY et o (g )eoo ! (o (4 0);) (l)wl(t)dt)>
=6 (C@(A)Z@%)) <ot ([ocnmmon). ©

For the fractional maximal operator on Orlicz-Lorentz spaces, we have the follow-
ing results.

THEOREM 2. (a) If there is a constant Cy > 0 such that
o ([ orlagaoipmatiar) <o ( [“orCussommar)  220)
forall e Ado(wl) then there exists a constant C; > 0 such that for all cubes Q

0, (/Ow 02 (Mo 0d0)x0)2(1)) W2(t)dt) <! (/0‘” 01 (G2 (0)5 (1)) w1 (,)dt) .

(2.21)
(b) On the contrary, assume wy € By N By, besides the conditions (i)—(iii) and
(2.12). Then the test condition (2.21) implies (2.20).

Proof. We only need to prove the part (b). Due to the monotone convergence
theorem, it suffices that we can find a constant C > 0 such that

o ([ or (022" raoyifo) wawrar) < o1 [T en(craomnar). 222)
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where truncated maximal function M¥ is defined by
o 1
i) =sun{10/% 1 [ \r)ias|i0) < .
xXe

To get (2.22), the first point is Lemma 2 of [26]

M g << [ (Ma) () gy (223)

[_2N+272N+2]n
where C; > 0 does not depend on x,z and N € N, and *M,, is defined as
(*My.f)(x) = sup { 0| vl / \f(y)|dy‘Q —z aclosed dyadic cube} .
xeQ (@]
The second point is
o ([ eErtusao o) <ot ([Ton(Cratomar) 224

forall f >0, and all z € R".
For the time being we assume (2.24). Then by (2.23)

¢! (/Om 03y ((MéNfdG)Z(tD Wz(t)dt)

<o ([To((C0f s (MaDO5 ) @ ) matirar)
<ot ([T () o, MOz ) ) watar)

-1 “ 4 *ok dz
<ot ([[0(C1f o, Ml 55 a0t ).

By Jensen’s inequality, the assumption wyp € By, and (2.24), it follows that the right
hand side of the last inequality is

i d
s (Pz_l </0 Cl /[*2N+272N+2]n ¢2 ((ZMaf);;* (t)) Z"TZ‘H)wz (t)dt>
d 00
<0 ([ gy [, 2 COMan 2001 )

<ot ([Cancropma).

This completes the proof of (2.22).
Now we begin to prove (2.24). Due to the following equality:

/ u(y)dy = / u(y +z)dy
(Mo fdo>A} { Mo f(+2)do(-+2)>1}
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we know that
o ([ o (CMasaoi ) watoar
= ¢, (/qu)z ((///af(. +z)dGZ)Z(,+Z)(I)> wz(t)dt> . (2.25)

On the other hand, by (2.21) we get that
o ([ er (a0t o)) el
<ot ([ o ((Otatozolo)ieo®) watar
=o' ([ 2 (Otudoro- - i)ty
<ot ([ 005 0) o)

< ¢! (/Ow o (A(;(Q);;(FZ (t)) wl(t)dt> with dg, () = o (- +2). (2.26)

So by (2.25), (2.26) and Theorem 2.4 we obtain that
o5 ( [ ((ZMafdG)Z(l))Wz(l)df>
<ot ([Coavtrazomon) o ([Toarmmor). ©

REMARK 1. Let 0 < py < py <oo, ¢1(t) =tP! and ¢(¢) =tP2. Then BiNBy, =
By and (i), (ii), (2.12) are naturally true. Furthermore, Section 4 of [5] proves that (iii)

can be established for some kinds of weights w;. So Theorem 2 is generalization of
Theorem 2.1 of [24].

Let o € RD, (p > 0) indicate that there is ¢ > 0 such that

lew(y)dy . @ P
Tpwo)dy <Q|>

for all cubes Q; and Q with Q; C Q. Observing that
(Mazodo)zo <101 [ o)dy
for all cubes (see (3.1) of [24]), we get

PROPOSITION 2. Suppose 6 € RDp with 1 — % < p. Then condition (2.21) in
Theorem 2.5 can be substituted by

o5 (¢2 (|Q51 / a(y)dy) Wz(Qlu)> <oy (M (1Qls))
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for all cubes Q.

The next theorem generalizes Corollary 2.7 of [24] by using Orlicz-Lorentz spaces
replacing classical Lorentz spaces.

THEOREM 3. (a) Suppose there is a constant C > 0 such that
o ([ ranimar) <o ([oncromar)
forall fe Agg(w 1). Then there exists a constant A > 0 such that for all cubes

6" (020121 )W2(121)) < A0 (Wi(|Q1)), (2.28)
(b) For the converse, suppose v € A, (t = 1), and Y,y are N -functions with

Y1 = 010G, Y = oG where G(s) = s'/" besides the assumptions (i)—(iii), (2.12)
and wy € By N By,. Then (2.28) implies (2.27).

Proof. The part (a) is obvious. We only prove the part (b). In view of v € A;, we
get by using the characterization of A;

Mof <C(Nerof')',

where

Mot ) =sop{ 10 ([ v(e)dz) " [ 1rOIv)r]Qis acubel.

x€Q

Now in the light of G(s) = s/t V1 = 610G, ¥, = ¢, 0G, the proof of
¢y (/:%((Maf)i(t))m(t)dz) < ¢! (/Omdh (Cf:(t))wl(t)dt>
is reduced to
v </O°° V/Z((Nat,vg);;(t))WZ(f)dt> <yt (/om w1 (Cgﬁ(t))wl(t)dt> for allg > 0.

As in Theorem 2, to obtain the last inequality, the idea is also to prove the corresponding
dyadic version

v ! (/Om ) ((«/%z,vg)f,(t))m(t)dt> <yt </0w W (ng(t))wl(t)dt) for allg > 0.

The above modular inequality is based on

1 ar
Wz(%%[v()’R]g)(')%Q[o,R](') < CZ v () waoyy ! (W> v2(1Q)1™ ) xo;
bi (o2

(2.29)



FRACTIONAL MAXIMAL AND INTEGRAL OPERATOR ON ORLICZ-LORENTZ SPACES 27
and

v (Sw) <vit ([Twicgomon). e

Here A; > 0 and the Q;’s are dyadic cubes and ,/va[o’R] is the maximal operator de-
fined as .43 , by means of dyadic cubes Q C Q[0,R] = (0,R)". (2.29) and (2.30) can be
obtained by atomic decomposition of a suitable tent space as in the proof of Proposition
2.3. Now, we have by (2.29) and the condition w, € B

vy </0 2 (((Newv8)x0;)u(1)) Wz(t)dt)

([ (M) 0,) (e 2(f)dl)

(Zw ( (\Q,\ )> 2(Qj|?ll)XQj>

( (m (Wl<;,-c>> A m,) <t>m<t>dr)

X wmve( 1(|1Q,,6>)w<|Q,-“é’> /:(ij)Z@)wz(r)dt)

*

(t)ws (t)dt)

1
Furthermore, (2.28) implies

0101 Wa(1Ql) < Ao 97 (Wi(|Q]))
for all cubes. Thus by the condition ¢, o ¢, e V' we get
1 ot
veour ! (i) v waieil
1
— b od]
=020 (e
/ - 1 _ " _
A0 (g ) 200 o) <Aoo (). (232)

)oa10:F Wa(lQ)1.)

(2.32), together with (2.30), leads to
% CZ%(M)%W{I( : )Wz(\QJI W2 (1Qju)
- Wi(10jlo)

<ui ([ wcgmmaa).
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which combined with (2.31) completes the proof. [

Some papers, e.g. [3], [8] and [11], gave the comparison between norm and mod-
ular inequalities: norm inequalities are weaker than modular inequalities. So we get a
sufficient condition for My, to be bounded on Orlicz-Lorentz spaces.

COROLLARY 1. Suppose ve A, (t > 1), and Y,y are N -functions with Y, =
010G,y = ¢ 0 G where G(s) = sVt besides the assumptions (i)—(iii), (2.12) and
wa € Bi N By,. Then (2.28) implies that M, is bounded from AV (wy) into Afz(wz).

3. Fractional integral operator on Orlicz-Lorentz spaces

Let ¢ be an N-function, wy, wy two weights on (0,e0). Consider the characteri-
zation of the following modular inequality

| ¢ Uay @< [ ocr @m (1)

In the light of the evaluation (see [N1] or [Sa2])
tafy @) < (50 [ @ar [ @) <@y @) 62)
0 t

forall 0 <t < o, where f(x) = f(A|x|") with A the volume of the 1-dimensional unit
ball.

Due to the evaluation (3.2), (3.1) is equivalent to

J (f““/" [r@a [ “f*(r)r—“a/"dr) w0 < [0 (Cr )i

(3.3)
If ¢ € A, which implies that ¢ (x+y) < C(¢(x) + ¢(y)), 0 < x, y < oo, then it is easy
to find that (3.3) is equivalent to

[0 (rl*“/" / ’f*(r)dz) i< [Co@rOmon (4
[0 ( / wf*(f)f”””"@’f) wa< [Co@rmmaa.  63)

To obtain the characterization of (3.4) and (3.5), we introduce the following con-
cept. A strictly increasing positive sequence {x;} ez is called a covering sequence if

and

the sequence is of the form {x j}f_ or of the form {x;} i AN/I, where M and/ or N is
finite. In the latter case we define x);; = oo and/ or xy_; = 0. Thanks to Corollaries
3.5-3.6 of [13], we obtain
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LEMMA 3. Let ¢ be an N -function, ¢, § € Ay. Then (3.4) holds if and only if
there exists a constant B > 0 such that for all decreasing sequences {&;} jcz and the
covering sequence {x;} satisfying Wy(x;) =2/,

g Xj+1
[ oG mtas < Sote) [ moay (36)
J i
holds, and
Z/xjﬂ(P xore/m g ) ‘ ) wz(x)dxézi (3.7)
7 B giWr 1ILd(gjw)) TE

is satisfied for all positive sequences {€;} and all covering sequences {x;} where
i(x) =x.

LEMMA 4. Let ¢ be an N -function, ¢, § € Ay. Then (3.5) holds if and only if
there exists a constant B > 0 such that

X(xjxj51) 1
Z/ [BH,S—WIHMW)] wz(x)dx<;£—j (3.8)
and

xj7 X(xj,xj»ﬂ) < i
ARSI T

holds for all positive sequences {€;}jcz, and all covering sequences {x;};cz. Here
k(y,x) = yo/m —x®/m,

Combining (3.3) with Lemmas 3-4 induces the next result.

THEOREM 4. Let ¢ be an N-function, ¢, ¢ € Ay. Then (3.1) holds if and only if
(3.6)—(3.9) hold.

As we pointed out that norm inequalities are weaker than modular inequalities, the
following result holds.

THEOREM 5. Let ¢ be an N-function, ¢, ¢ € Ay. If (3.6)—(3.9) hold, then I is
bounded from A?(wy) into A?®(w»).

Proof. By Lemmas 3—-4, we obtain that the modular inequalities (3.4) and (3.5)
hold which imply that

v [ @], <P sy (3.10)

and

« * —l+a/n < %
| [ @i, <l s (3.11)
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Thus by (3.10), (3.11)
! co
e logun) < Clle= 4 [ g @ar+ [ p e oima|
0 t L9 (wy)

< CHfHa/n/Otf*(f)dtHL(p(Wz)+CH/, 7o) 1+a/ndTH
S Clf Mooy = Cllf laogwy)- O

L9 (wy)

The methods in this section also apply to the singular integral operator

sre=tim [ KO p iy v,
e—0t Jpy|ze |y|"

where K is an odd function on R” which is homogeneous of degree 0 and satisfies
Dini-type condition on the unit sphere 8"~ ! of R” :

/0l @da <eo, withw(8)=  sup  [K(x)—K(y)l,

xyeS"l x—y|<é

()" (/f Aar+ [ ar)

forall 0 <t < o (see Theorem 16.12 of [2]).

since
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