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NEW MULTIPLICATIVE HIGHER ORDER
DYNAMIC INEQUALITIES OF OPIAL TYPE

SAFI S. RABIE, S. H. SAKER, D. O’ REGAN AND R. P. AGARWAL

(Communicated by M. Bohner)

Abstract. In this paper, we prove some new multiplicative dynamic inequalities of Opial type on
atime scale T. The main results will be proved by using Holder’s inequality, the chain rule and
some basic dynamic inequalities designed and proved for this purpose. As special cases, we will
derive some continuous and discrete inequalities from the main results.

1. Introduction

In [6] Bohner and Kaymakgalan proved some dynamic inequalities of Opial type
on time scales. In particular, they proved that if y : [0,A] N T — R is delta differen-
tiable with y(0) = 0, then

/Iy +y9( |‘y At<h/ ’y At (1.1)

For extensions and generalizations of (1.1), we refer the reader to the monograph [2]
and the recent papers [7, 8] and the references cited therein. There are a few inequalities
involving higher order derivatives established in the literature [3, 11, 15, 17]. In the
following, we recall some of these results that serve and motivate the contents of this
paper. In [17], the authors proved that if y : [a,b]T — R is delta differentiable n times

with yAl (a) =0, for i=0,1,...,n—1, and f is a positive rd-continuous function on
[a,b]T, then
n q n A" p+a
F(0) Iyt I”yA ’ ( ) b—a 1’/ 70) ’ AL (12)
[ s el 0

In [3], the author proved that if y: [a,b]T — R is delta differentiable n times (n odd)
with y* (@) =0, for i=0,1,...,n— 1, then

[ oiar< (/b (/a’hﬁlo,c(s))m)%m) [
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where p, ¢ > 1 and satisfy 1/p+1/g=1 and h,(¢,s) are the Taylor monomials which
will be defined later in Section 2. Also in [3] it is proved that if y : [a,b]T — R is delta

differentiable n times with y*'(a) =0, for i=0,1,...,n—1,and |y*"(r)| is increasing,

then
[ ol o] a

<o-at ([ ([ eors) o) ([

where p, ¢ > 1 and satisfy 1/p+1/qg=1. As a generalization of (1.3) the authors in

[3], proved that if y : [a,b]T — R is delta differentiable n times with YA (a) =0, for
i=0,1,....n—m—1,and }yA" (t)| is increasing, then

[
<(b- a$</ (/hnml )s>;m></ub

where p, ¢ > 1 and satisfy 1/p+1/g = 1. In [15], the authors proved that if r and
s are positive rd-continuous functions on [a,b]7 such that s is nonincreasing, and y :

[a,b]r — R is delta differentiable n times with y~'(a) =0, for i =0,1,...,n— 1, then

b
[ sobor ]y oar

< ﬁ (b—ay! (/abrl_y(t)At> # (/abr(z)(s(t))w

where p>0and 1/y+1/v=1.
In [11], the authors extended the above results and proved some new dynamic
multiplicative inequalities by employing a chain rule of the form

yAn(t))qut> T 13

0| ¥ o ar

1
y“(t)\zqm)q, (14

14+p
v

yAn(t)‘vAt> a5

l ﬁ fi(t)] },fortGT.

i=j+1

n A n i—1
lHlfj(t)] =Z{[J_Hlff<r> 20

J=1

In particular, they proved that if f; € Cgl) (T) are real-valued functions with fin (a)=0
forall j=1,2,....n+1and i=0,1,...,], then

3 o] ol 1 e

[0y
< (oo [ (20 [ mtowomra) a) S ([ o] s) "
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where [, n€ N, a, b € T and g € C,4(T) is a nonnegative real-valued function.

In this paper, we will prove some new multiplicative dynamic inequalities of
higher order of Opial type on time scales. The main results will be proved by using
Holder’s inequality, a new chain rule, different from the one used in [1], and some new
dynamic inequalities designed and proved for this purpose. As special cases, when
T =R, our results contain some improved inequalities similar to those proved by Che-
ung in [9]. The paper is divided into two sections. In the next section, we present
some concepts related to the notion of time scales and the main results will be proved
in Section 3.

2. Preliminaries on time scales

In this section, for completeness, we recall the following concepts related to the
notion of time scales. For more details of time scale analysis we refer the reader books
by Bohner and Peterson [4], [5] which summarize and organize much of the time scale
calculus. A time scale T is an arbitrary nonempty closed subset of the real numbers R.
The three most popular examples of calculus on time scales are differential calculus,
difference calculus, and quantum calculus, i.e, when T =R, T=N and T = qNO =
{¢ :t € No} where ¢ > 1. Without loss of generality, we assume that supT = oo, and
define the time scale interval [a, b|T by [a,b]T := [a,b]NT. The forward jump operator
isdefined by o(r) :=inf{s € T: s >r}. A function f: T — R is said to be right-dense
continuous (rd-continuous) provided f is continuous at right—dense points and at left—
dense points in T, left hand limits exist and are finite. The set of all such rd-continuous
functions is denoted by C,;(T). For any function f: T — R the notation f°(¢) denotes
f(o(t)). We will refer to the (delta) integral which we can define as follows: If FA(¢) =
f(t), then the Cauchy (delta) integral of f is defined by [! f(s)As := F(t) — F(a). It
can be shown (see [4]) that if ¢ € C,4(T), then the Cauchy integral F(r) := ftg g(s)As
exists, fo € T, and satisfies F2(t) = f(¢), t € T. An infinite integral is defined as
[ f(0)Ar = limy,_.., fub f(¢)At. The integration by parts formula is given by

/ahu(t)vA(t)At — ()]~ /abuA(t)vG(t)At. @.1)

Now, we define the Taylor monomials or generalized polynomials as defined originally
by Agarwal and Bohner [1]. These types of monomials are important because they
are intimately related to Cauchy functions for certain dynamic equations which are
important in variations of constants formulas. The Taylor monomials /; : T x T — R,
k € Ng = NU{0}, are defined recursively as follows: The function &g is defined by
ho(t,s) =1, forall s, t € T, and given hy for k € Ny, the function /. is defined by

t
Iy (2,s) :/ h(t,5)At, foralls, r € T.
N

If we let h{(t,s) denotes for each fixed s € T, the derivative of /(,s) with respect to
t, then
Ry (t,s) = hy_1(t,s), k€N, r€T,
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for each fixed s € T. The above definition obviously implies /;(z,s) =7 —s, forall s,
t € T. In the following, we give some formulas of /(,s) as determined in [4]. In the
case when T =R, then o(r) =1, u(r) =0, y*(t) =y (¢), and

(r—s)"
K

Iy (t,s) = for all 5,7 € R. (2.2)

In the case when T =N, we see that o(t) =t + 1, u(t) =1, y*(t) = Ay(t) = y(t +

1) _y(t)v and

(n—s)®
k!

where 1) =¢(t —1)...(t — k1) is the so-called falling function (see [12]). In general

for t > s, we have that 7 (z,s) > 0, and

he(n,s) := L k=0,1,2,..., t>s, 2.3)

(r—s5)
Kl

h(t,s) < , foralls >s, ke Ny.

We also consider the Taylor monomials g; : TxT — R, k € Ny = NU{0}, which
are defined recursively as follows: The function gq is defined by go(z,s) = 1, for all
s,t € T, and given g; for k € Ny, the function g;, is defined by

1
8k+1(t,s) :/ gr(o(1),s)At, forall s,z € T.
s

If we let g¢(t,s) denote for each fixed s € T, the derivative of g(t,s) with respect to 7,
then
& (t,s) =gi_1(o(t),s), keN, reT,

for each fixed s € T. From Theorem 1.112 in [4], we see that
I (t,s) = (—l)kgk(s,t).

We denote by C (Z)(’]I‘) the space of all functions f € Cyq(T) such that £ € C,y(T) for

P
i=0,1,...,n for n € N. For the function f: T — R, we consider the second derivative

£ provided f2 is delta differentiable on T with derivative f2” = (f2)2. Similarly,

we define the n'" order derivative 2" = (f~""')2. The Taylor formula that we will
need to prove the main results in this paper are adapted from [10] and states that if

fe Cr(Z)(’]I‘) and s € T, then

flt)= :g)fAk ()hi(t,8) + [Fho—1(t,(0(T)) 2" (7)AT. (2.4)

As a special case if m < n, then

n—m—1

P =" S S S h,8) + w1 (1 (0(0) ¥ (DAT.

k=0
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Also, in [1], the authors proved that if f is n-times differentiable on T%"  then

n—1

f6) =3 (D A (9)gr(s.0) + [ (=1 gur((0(),0) /' (1)A, (2.5)

k=0

n—1 . .
where t € T, s € T . As a special case if m < n, then

n 1

P =" S W) + 1) (000 (D)

3. Main results

In this section, we will prove the main results and to do this we will need the
following chain rule

1
@20 =7 [ @)+ (L= RO dre o), 31

0

which is a simple consequence of Keller’s chain rule [4, Theorem 1.90] and Holder’s
inequality [4, Theorem 6.13]

[ wioia < [ / huoﬂmr [ / hv(r>|VAt] g (32)

where y>1andl+l:1, a,beT and u,ve Cy(T, R).
v Ty

Throughout the paper, we assume that n > 1 is a fixed number and f € CS? ([a,b]N
T) is a real-valued rd-continuous function and w is a positive rd-continuous weighted
function defined on [a,b] NT. We also assume that and a, 7, b € T such that [a,T]r =
[a,7]NT and [7,b]1 = [7,b]N'T. The following two lemmas will be used in the proof
of our main results.

LEMMA 3.1. For any nonnegative rd-continuous function g and any A > 0, we
have that

+1

b ‘ A b A+1 b A
1
/ g(1) / g)as | ar< / gn | < / RO )

t
Proof. Let G(t) := [ g(s)As. Using the chain rule (3.1) and the fact that G*(r) >

a
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0, we see that

(G“l) = (A+1) /1 +(1-m)G())" dnG™ (1)

0
1
> (A+1)g(t) / G (1) + (1 — B)G(t)]* dh
0

= (A+1)g(t)G ().
That is,
an)2 A
(6*) 0= (+De)GH (). (34
Integrating both sides of (3.4) from a to b and using the fact that G(a) = 0, we obtain
b b |
G}L / l+1 At _ G7L+l b
/ ) A+1 ®)
a
A+1

| b b
=TT /g(’)A’ < /g(’)Af ;

which is the desired inequality (3.3). The proof is complete. [

LEMMA 3.2. For any nonnegative rd-continuous function g and any A > 0, we

have that
A+1

b b A b
/g(t) /g(s)As A< /g(t)At . (3.5)

b
Proof. Setting G(t) := [ g(s)As, we see that G*(¢) = —g(¢) and then
1
G(t) < G(a), fora<t.

This implies, for A > 0, that

b b b

[e0G* 08 < [ 2)GH @)t = GHa) [ g(a =G ).

a a a

That is
A+1

) b A b
[ew | [eons) ar<| [ewar] .

which is the desired inequality (3.5). The proof is complete. [
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LEMMA 3.3. Let ¢ > 0 and p > 0 be such that p+q >
nonnegative rd-continuous function. Then
piq )P

/TQ("M : ) [/tw

<@ [wo | o

At,

where
)4

H(t):= [/;gpﬂ—l(z)m] .

P
n, (|PT4 pta g
s) ‘fA (s)‘ As] T et (¢

39

1 and let Q(t) be a

)| 0| ar

(3.6)

(3.7)

Proof. Applying Holder’s inequality on the left hand side of the inequality (3.6)
with y=1/op and v = 1/0g where oo = 1/(p+ q), we have that

[t | [l ) o) o)

< [[araeon]” [ [([ ol s) I "‘Az] :

= H(1)

Applying the inequality (3.3) in Lemma 3.1 on the term

/ ( / w(s) |4 (5)] " aAs)p/qw(t) ¥ )
() |7¥ ()]
s fAn(s))l/aAsrp

ol fer )

1/o 1/og] ™
) At)

with A = p/q and g(¢ , we see that

Using oo = 1/(p+q), we see that

P+4*

Q PHq

gH(r)/a W

p+q
‘ Al

0|

/ar (/afw(s) ‘fAn(S))l/aAS)p/qW(I) ‘fAn(t)‘l/aAt]

0] [ w0 ] g

aq

1/a

At,

“a(e)| 7 1) v

)
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which is the desired inequality (3.6). The proof is complete. [

LEMMA 3.4. Let ¢ >0 and p > 0 be such that p+q > 1, and let A(t) a non-
negative rd-continuous function. Then

/ A [ / W) | fA”(s))””As]”iqw%(z))f“(z)‘qm

wi(t) )f“ (t))MAt, (3.8)

< G(1) /

T

where
[ / APFHIL( r“’. (3.9)

Proof. Applying Holder’s inequality on the left hand side of the inequality (3.8)
for y=1/ap and v =1/0.q where = 1/(p+q), we have that

/TbAP(l"")(t) [/thw(s) s (S)IWAS} e o)) o
4[&1&)/&(:)&]”[[(/ afre] " as) w0
/(/ w(s)| 2 l/aAs)p/qw(t)’fA"(t) ”amrq

Applying the inequality (3.5) in Lemma 3.2 on the term

/Tb (/th(S) ‘fAn(s))l/aAs)p/qw(t) ‘fA"(z))l/aAt,

with A = p/q and g(¢ } 0@ } , we see that

/Tb A1) [[bw(s) ’f "(s)‘l/a As] ey ’fA" (t)‘th
q

(/wa(f) ’fA" ol At) L

</wa<:> a| "‘At) W] :

’l/a

1/a o
At

At.
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Using a = 1/(p+q), we see that

/ahA(”Zi;'W(t) ubw(s) ‘fA" (s)’p+qu] & Wit (1) ’fA" (t)‘th

which is the desired inequality (3.8). The proof is complete. [

For the remaining results we assume that p > 1 and ¢ > 0 are any real numbers
and rp >0 for k=0,1,...,n— 1 are real numbers with Zzzérk =1.

ki . .
THEOREM 3.1. Assume that f* +l(a) =0, foralli=0,1,....n—k—1. If wis
a positive, rd-continuous, and nonincreasing on [a,T|t, then

/T w(t) (ﬁ 'fAk(t) rk>p|fAn @'qm < nilrka(a,T) /Tw(t) 'fA" (t)‘erqu’
“ k=0 frar p

(3.10)
where

Hi(a, 1) = [/TQF‘Il(a;I)At} m, (3.11)

and
W) /|hn w1 (5,0(5)) 75T As.

Proof. Applying the inequality (see [9, Lemma 1]),

n—1 1/p
[Taf < 2 ray < (Z rkak> : (3.12)
k=0

for any real numbers a; > 0, for k=0,1,...,n—1,and any p > 1, we see that

n—1 B e p n—1 .
(H‘fA (1) ) < Zrk’fA (t)‘p. (3.13)
k=0 k=0

From Taylor’s formula (2.4) and fAHi (a)=0fori=0,1,...,n—k— 1, we have

_ / i1 (1 5(5)) £ (5)As.
That is

0] =

i (10(5)) 12 ()As

< [ s o)1 | 0] A G149
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From (3.13) and (3.14) and using the fact that w is nonincreasing, we get
n—1 A " P n—1 t A 14
o) <3 ([ s cool]r o)a)
k=0 k=0 a

< :g;rkwap(t) (/a[ [k (£,0(5))[w*(s) ’fA" (s)‘As>p,
(3.15)

Applying Holder’s inequality with y=1/(1— o), and v = 1 /o on the right hand side
where oo =1/(p+g), we obtain

n—1 k
(H a0
k=0

m) ! - Zi;rkw—ap(t)glglaw(a;t) (/atw(s) )fA" (s) ) e As) "

(3.16)
Multiplying (3.16) by w(?) | i (t)’q and integrating from «a to T and then applying the
inequality in Lemma 3.3 where Q(7) is replaced by Q(a;¢) and H(r) is replaced by
Hi(a,1), we have

/arw(t) (;ﬁj‘fAk(f) rk>1’ )fAn (t)‘th

< o [ w2 o) o @ ( / )| (s)\l/aAs> T

k=0
=g [emolrof e ([vo ol ) M
_ lzg;rka(a,r)] / "w(t) ‘ e (z)‘””‘m,

Using oo = 1/(p+¢q), we have

[ w0 (ﬁ 10
a k=0

which is the desired inequality (3.10). The proof is complete. [J

rk>p ’fAn (t)‘th < nzlrka(a,r)/Tw(t) ‘fA" (Z)‘p+th7
k=0 a

THEOREM 3.2. Assume that 2 () =0, forall i=0,1,....n—k—1. If w is
a positive, rd-continuous and nondecreasing on [T,b|t, then

< Zrka(T,b)/wa(t)’fAn(t)’ A, (3.17)
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where
b P+
Gy(7,b) = U A£+q1(t;b)At]’ ‘) (3.18)
T

and

((t:b) = /|g,1,€1 ),0)| 7T As.

Proof. As in the proof of Theorem 3.1, by applying Taylor’s formula (2.5), we see
that

0 < [larsr (o001 | )] as

By applying the inequality (3.12), we have

) <3 a([locronlfos). ao)

Applying Holder’s inequality for y=1/(1 —a) and v = 1/ where o= 1/(p+q)
and since w(r) is nondecreasing, we have

(/tb|gnk1 (o(s),1)] ‘f n(S)‘As)p

< (W‘a(t)/tbwa(S) |gn—i—1(0(s),1)] )fM(S))Asy

P (r) (/tb |8n—tk—1 (G(S)’t)l/(l_a)As> (1-o)p
([ o) “as)”

— WP () A (135) P ( / ") s (s))wAs) " (3.20)

n—1 %
(H 0
k=0

Substituting (3.20) into (3.19), we have

rk> Zrkw @ (1) A1) 197 (/thw(s) )fAn(S))l/aAS)aP'

(3.21)
Multiplying (3.21) by w(z) | f2(#)|* and integrating from 7 to b and then applying the
inequality in Lemma 3.4, where A(z) is replaced by Ax(¢;b) and G(7) is replaced by

n—1 k
(H a0
k=0
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Gi(1,b), we have

k=0
< Z;:)rk/rbw(t) )fA”(;))qwfaﬁ(t)A(t;b)(lfa)p </t w(s)‘ An(s)‘l/aAs> ocPAt
= Z:)”k/rbwaq(l)‘fAn(f)‘qA(t;b)(l—a)P (/bw(s)‘ An(s)’l/am)apm
< Z:;rka(T,b) /wa(t)’ A" (t)’l/am

1y P q
ﬁ\fWWN

—! ptq

< S nGu(en) [ w0

which is the desired inequality (3.17). The proof is complete. [J

THEOREM 3.3. Assume that fAkH(a) =0, forall i=0,1,....n—k—1. If0 <
A< w(t)<Bforallt €la,t|r, then

T n—1 r P q
/ W(l) (H ‘fAk (l‘) k) ’fArz (Z)‘ Ar
a k=0

n_l # T n
< Y rHy(a,7) (ﬁ) [l ol (3.22)
k=0 a

where Hy(a,T) is defined as in (3.11).

Proof. We proceed as in the proof of Theorem 3.1 to get

n—1
(HVﬁw
k=0

From the boundedness of w(¢) and since A < w(z), we have

!
a

(ﬁ) )f“ (1) rk>p < Zi;rkA—“P (/ WO (s) [ps—1 (1, 6(5))| )fA” (s))As)p.
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Applying Hélder’s inequality with y=1/(1 — a) and v = 1/, we have
VN
(H 0 )
k=0
n—1 t (1-a)p t . 1/ op
< ([ hocrteoeas) ([l o] as)

k=0

= nil,,kA—apQ(l—a)P(a;t) (/tw(s) )fA" (s))l/oC As) Otp. (3.23)

k=0

Multiplying (3.23) by w(r) | I (t)}q and integrating from a to T, we obtain

7 "(z)’qm. (3.24)

Since w(t) < B and o(p +¢q) = 1, then we have

w* (1) < B*?, and w(r) < B*w™(1). (3.25)
This and (3.24) imply that

T [ R
/a w(t) (,E)‘fA (t) ) ‘fA
< nil BOP /aTW(’)an(I*a)p(a;t) (/a’w(s) ‘fAn (5)|1/aAs) ap

Tk
ap
k=0 A

q
At

At.

n ‘ q

@)

Applying the inequality in Lemma 3.3 and using & = 1/(p +¢q), we have
T nl AT
[ wio (H ) ) 70| o
a k=0

ol B\ 7 [T n, |PTa
< Hi(a,7) | — IaN( At,
S (7)ol

which is the desired inequality (3.22). This completes our proof. []

THEOREM 3.4. Assume that fAkH(b) =0, forall i=0,1,....n—k—1. If 0 <
A< w(t) <Bforallt €[t,b]r, then

S (g) " Gu(z,b) /T (o) o] a, (3.26)
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where Gi(t,b) is defined as in (3.18).
Proof. We proceed as in the proof of Theorem 3.2 to get
= P b . p
o) < a ([ o oo~ o)
k=0 k=0 !
From the boundedness of w(t), since A < w(t), we have
n—1 Ak % P n—1 b . P
o) < Saaer( [ v elalownl]r o)
k=0 !

k=0
Applying Holder’s inequality with y=1/(1 —a) and v =1/o where a =1/(p+q),
we have

n—1 k
T |7
k=0
Multiplying (3.27) by w(t) | f~" (t)|" and integrating from 7 to b, we obtain
b n_l A [T b A q
Lo (T o] as
k=0

n—1 b b n 1/a op
< 2 [ wont- o ([ wolro] )

Since w(t) < B and o(p+¢q) = 1, then by using (3.25) in (3.28), we have that
b n_l 7 r n
[ wio (H a0 ) 72| ar
T k=0
n—1 o b b o op
| wwopvlawanﬁ<[]w@wf"@ﬂ” AQ 0| ar

Vie———
i—o A%
Applying the inequality in Lemma 3.4 and using o = 1/(p +¢), we have
b n-l Ak Tk P Al q
[wo (T o]") [~ ol a
T k=0
ol B\ pta b AP
<3 (5)" neuen w0
k=0 T

which is the desired inequality (3.26). The proof is complete. [J

op

e Pop n o
) < S nareean) e ([wo | o] “as) T G2
k=0 !

o~ (t))qm. (3.28)

<

As a special case of the above Theorems 3.1, 3.2, 3.3 and 3.4 respectively, when
T =R, by setting
_ s

mmg:“ﬂ

, forall s <, (3.29)

we have the the following modified versions of the results obtained in [9].
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THEOREM 3.5. Assume that f**)(a) =0 forall i=0,1,....n—k—1. If w is

nonincreasing, then
Tk P q
) IGING

[ w0 (ﬁ 9
a k=0

n—1 z
< S mele=a)"r [Tl /00|
k=0 a
where .
(LY~ (n—k)(1—o)] 77 P
e <p+61> [(n—k)!}ﬂ[ n—k—o } : (3.30)

THEOREM 3.6. Assume that f*)(b) =0 forall i=0,1,....n—k—1. If w is
nondecreasing for all t € [t,b]| R, then
A q
) o) an

b n—1

/ w(t) (H ‘f(k) (t)

T k=0

< Zi;mk(b— 7)(n—k)p /wa(t) ‘f(")(z)‘pﬂ

where my, is defined in (3.30).

dt,

THEOREM 3.7. Assume that f*t)(a) =0 forall i=0,1,....n—k—1. If0 <
A< w(t)<Bforallt €[a,T|NR, then
A q
) | ar

[w) (H 90)
a k=0
rtq

n—1 T
< S mi(e=a) 0 [Cie) [0,
k=0 a

where

p+q-1

«._ (B N T Tk (n—k)(1—a) (P
e (Z) (P+c]) [(n—k)!]P[ n—fk—a ] . (3.31)

THEOREM 3.8. Assume that f*+)(b) =0 forall i=0,1,....n—k—1. If 0 <
A< w(t)<B forall t € [1,b|NR, then
n\” q
) )| d

b n—1
[ w) (H 79
T k=0
< nilmz(b_ T)(wk)p/bw(t) ‘f(n) (;)’p+th7
k=0 T

where my, is defined as in (3.31).
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As a special case, when T = N, by setting

(m—n)®

0 , forallm < n, (3.32)

hk(m7n) =
in Theorem 3.1, we have the following result.

THEOREM 3.9. Assume that Av+iu(a) =0 forall i=0,1,....n—k—1. If wis
nonincreasing for t € [a,b| NN, then

p

b—1 n—1
2 w(t) H [Agu ()™ | |Apu(t 2 riHy 2 1) [ Apu(t) P9,
t=a k=0

where
pia \ prq—17P/(P+4)
b—1 [1-1 (t_s_l)(nfkfl) pFq-1
H, = 2 2 —(n—k—l)! . (3.33)

t=a S=a

REMARK 3.1. When T = N, and using (3.32) in Theorems 3.2, 3.3 and 3.4, we
can obtain new results in discrete time scales. The details are left to the interested
reader.
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