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ON THE UPPER AND LOWER ESTIMATES OF
NORMS IN VARIABLE EXPONENT SPACES

TENGIZ KOPALIANI, NINO SAMASHVILI AND SHALVA ZVIADADZE

(Communicated by J. Soria)

Abstract. In the present paper we investigate some geometrical properties of the norms in Ba-
nach function spaces. Particularly there is shown that if exponent 1/p(-) belongs to BLO/ o2
then for the norm of corresponding variable exponent Lebesgue space we have the following
lower estimate

1> 2011 %01y /o e H,,(_) <Clfllpey

where {Q} defines disjoint partition of [0;1]. Also we have constructed variable exponent
Lebesgue space with above property which does not possess following upper estimation

[1f 1y < CHZ%QH.fXQHp(-)/HlQHp(-)HI,(.)'

1. Introduction

Let Q C R" and let . be the space of all equivalence classes of Lebesgue mea-
surable real-valued functions endowed with the topology of convergence in measure
relative to each set of finite measure.

DEFINITION 1. A Banach subspace X of .# is called a Banach function space
(BES) on Q if

1) the norm ||f||x is defined for every measurable function f and f € X if and
only if || f]|x <ee. ||f]lx =0 ifand only if f =0 a.e.;

2) [lllllx = 1flix forall f € X
3)if 0< f<gae., then |[fllx <lgllx;
4)if 0< fu 1 f ae. then | fullx T f]lx:

5) if E is measurable subset of Q such that |E| < e, (below we denote the
Lebesgue measure of E by |E|) then ||xe||x < ;

6) for every measurable set E, |E| < e, there is a constant Cg < e such that
Ji F(0)dt < Cg | fx-
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Given a BFS X, its associate space X' is defined by

{ /|f |dx<°of0rallf€X}

and endowed with the associate norm

[1/1]x —sup{/ f(x)g(x)|dx : |glx < 1}.

An immediate consequence of this definition is the generalized Holder’s inequality: for

all feX and g€ X/,
[ et

Furthermore, X' is also a BFS on Q and (X') = X. The associate space of X is closed
norming subspace of the dual space X*, and equality

e =sup{ [ Irelax : el <1

holds for all f € X (see [1]).
Given a Banach function space X, define the scale of spaces X", 0 < r < oo,

< I/ 1xllgllx-

X ={fed: |fIlex},

with the “norm”

£l = 1A

If r > 1, then ||-||x- is again an actual norm and X" is a Banach function space.
However, if r < 1, need not be a Banach function space. The simple example is the
scale of Lebesgue spaces: if X = LP(Q), (1 < p < oo), then (L?)" = LP", and so X" is
a Banach space only for r > 1/p.

Let 3 be some fixed family of sequences 2 = {Q;} of disjoint measurable subsets
of Q,|Q;| > 0 such that Q = Ug,c 20Q;. We ignore the difference in notation caused by
a null set.

Everywhere in the sequel /4 is a Banach sequential space (BSS), meaning that
axioms 1)-6) from definition | are satisfied with respect to the count measure. Let
e = eg, denote the standard unit vectors in /o.

Kopaliani in [1 1] introduced notions of uniformly upper (lower) [ -estimates.

DEFINITION 2. 1) Let [ = {l} 4.q be a family of BSSs. A BFS X is said to
satisfy a uniformly upper /-estimate if there exists a constant C < e such that for every
f€X and 2 €3 we have

Ifllx <C| 3 eillfxollx

0;€2

lo
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2) BFS X is said to satisfy uniformly lower /-estimate if there exists a constant C < oo
such that for every f € X and 2 € 3 we have

Ifllx >C|| X eill fxollx

Qie2

lo

Note that if in Definition 2 for all 2 € 3, we take one discrete Lebesgue space
Ip, (1 < p < o), we obtain classical definition of upper and lower p-estimates of Ba-
nach spaces (see [17], [8]). The existence of upper or lower p-estimates in the Banach
spaces is of great interest in study of the structure of the space (see [16]). Berezhnoi
[2, 3] investigate uniformly upper (lower) /-estimates of BFS, when discrete /9 spaces
for all partition of Q coincides to some discrete BSS.

DEFINITION 3. A pair of BFSs (X,Y) is said to have property G(3) if there
exists a constant C > 0 such that

2 Ifxollx-llgxolly < C-1£llx - llglly
0ic2

forany 2 €3 andevery fe X, g€Y’.

Definition 3 was introduced by Berezhnoi [3]. Let us remark that a pair (L”(Q),L7(Q))
possesses the property G(3) if p < g.

The connections between the property G(3) and uniformly upper (lower) [ -estimates
of BFS-s was investigated in paper [11].

THEOREM 1. ([11]) Let (X,Y) be a pair of BFSs. Then the following assertions
are equivalent:

1) The pair (X,Y) of BESs possesses property G(3).

2) There is a family | = {lo} 5.5 of BSSs such that X satisfies uniformly lower
l-estimate and Y satisfies uniformly upper [ -estimate.

THEOREM 2. ([11]) The pair (X,X) of BFSs possesses property G(3) if and only
if there exist constants C1,Cy > 0 such that for every f € X and 2 € 3 we have

2 1/ xollx

Cilfllx <
[ xollx

<Glfllx- (1.1)
X

xo

02

Note that the (1.1) type inequalities is very important for studying the boundedness
properties of operators of harmonic analysis in variable Lebesgue spaces (see [4], [7]).

DEFINITION 4. We say that BFS X has property G'(3) (property G”(3)) if there
exists constant C; (C; > 0) such that for every f € X and 2 € 3 we have

). (1.2)
X

Ilfxollx
lxollx

2 ||f7CQ||X

Ao ollx *

<C|fllx. <f||x

Q2 Qe2

X
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The idea of (1.2) type inequalities are to generalize the following property of the
Lebesgue norm

2 |zl

Il =12 P ®

, )

Lr

where €Q; is disjoint measurable partition of Q.

Below everywhere by 3 we denote the family of all sequences (may be finite)
{0;} disjoint intervals from [0;1]. Assume that sets like [0;a) and (b;1] are also
intervals. In this paper we will use G, G’, G’ notations.

The aim of our paper is to investigate the property G’ (property G”) for variable
Lebesgue spaces LP(')[O; 1]. We have described the class of exponents, for which the
correspondent variable exponent Lebesgue spaces has property G’ (property G”). Also
we have constructed variable exponent Lebesgue space with property G’ (G"), which
does not possess G” (G') property. Recently some properties of projection operators
in variable Lebesgue spaces were investigated in [9].

Given a function f € L'[0;1]. Let define its BMO modulus by

¥(f.r) = sup /|f ~foldv, 0<r<1
|Q\<r‘Q|

where the supremum is taken over all intervals of [0;1]. We say that f € BMO'/'¢ if
¥(f,r) <C/log(e+1/r) and f € VMOY1°2 if y(f,r)log(e+1/r) — 0 as r — 0.
Given a function f € L'[0;1]. Let define its BLO modulus by

n(f,r) = sup (fQ—essmff( X)), 0<r<1,
lol<r

where the supremum is taken over all intervals of [0;1]. We say that f € BLO'/™°¢ if
n(f,r) <C/log(e+ 1/r). More about these classes see in [14].
Particularly we will proof following theorems:

THEOREM 3. Let for exponent p(-) we have 1/p(-) € BLOV'*¢ 1 <p_ < py <
oo. Then the space LP)[0;1] has property G'.

THEOREM 4. Let for exponent p(-),1 < p_ < p, < oo we have 1/p(-) € BLO'/ ¢,
Then there exists ¢ such that the space LPOT)'[0;1] has property G”.

THEOREM 5. 1) There exists exponent p(-),1 < p_ < p+ <oo suchthat 1/p(-) €
BLO'Y'°2 and LPV)(0;1] has property G' but does not have property G".
2) There exists exponent p(-),1 < p_ < py < oo such that 1/p(-) € BLO'/'¢ and
70 [0;1] has property G" but does not have property G'.
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2. Some remarks on properties G’ and G”

In this section we will discuss relations between G’ and G” properties for BFS X
and its associate space. 3 denotes the family of all sequences of disjoint intervals.

DEFINITION 5. ([3]) Let X be a BFS. We say that for BFS X is fulfilled condition
A if there exists constant C > 0 such that, for all interval Q C [0;1]

lxollx - lxellxy < C-1Q|

THEOREM 6. Let BFS X has property G' and for X fulfilled condition A. Then
associate space of X has property G" .

Proof. Let 2 = {Q1,02,...} denotes some partition of [0;1]. Let g € X" and
f € X suchthat ||f]x < 1. Using Holders inequality and A condition we conclude that
10| =< |lxollx - [l xollx- Using this fact and property G’ we obtain

Jy 178l =3, [ 17eldr < Sl ol ool

HfXQk”X ”gXQkHX’

<C Xo0,dx
=~ 2ol ol ¥
[0:1]
2 Hf%QkHX 2 HgXQA”X’
Hkallx ||XQka/ v
EHgXQka
||XQkHX’ ¥

Consequently X' possess G” property. [
Note that if BFS X has property G (in the meaning of (X,X) has the property
G(3)) then for X’ we have property G without condition A (see [11]).

DEFINITION 6. Let 2 € 3. We define the averaging operator with respect to .2
by
Tof(x) 2 \flo:i20: (x

where |f|op denotes the average of |f| on Q.

THEOREM 7. Let BFS X has property G" and the averaging operators T : X —
X, 2 €8 are uniformly bounded. Then associate space of X has property G'.

Proof. Let g € X is nonnegative function such that ||g|[x < 1. For any € >0
and i we choose nonnegative function /; € X such that ||h]|x < 1 and ||fxg,|lx <
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(1+¢€) Jp, fhi. Note that uniformly boundedness of the averaging operator implies
condition A for space X (see [3]). So by property G” and Holder inequality we get

1 %oille g oy L o fOmwdr
[ T r0Wax < [ )T 0

[0:1] [0:1]
hilt) Jo, 8(x)dx

=(+e) [ F0X

i HXQiHX/
)y

hi() [, 8(x)dx
=" Txollx

2 1hillx Jo, 8(x)dx

[120:Ix1120:|1x

< (L)l fllx Xo;

X

< (1)l fllx Xo;

X

Xo;
xdx
210, Jo, 5t

<G +e)ll71lxlellx
<G +8)|Iflx-

By the fact that € is arbitrary small we conclude that X has property G'. [

Ci(1+8)ll/llx

X

Note that if 0 < r < oo then for any f € X we have ||f|lx = || f'/"|l4- and the
inequalities in definition 4 can be written in following form

,
fl/rx xr
W Pxeller <oy,
& Tralv 22|,
1/r ,
Hfl/rH;(rgcz 2 ”f XQ”X
& Tralx 2|,

Consequently if BFS has property G’ (G"), then the “norms” || - [|x~ (0 < r < o) have
also property G' (G").

3. Variable Lebesgue spaces

The variable exponent Lebesgue spaces LP(") (R™) and the corresponding variable
exponent Sobolev spaces W*P() are of interest for their applications to the problems
in fluid dynamics, partial differential equations with non-standard growth conditions,
calculus of variations, image processing and etc (see [7]).

Given a measurable function p : [0;1] — [1;+e0), LP)[0;1] denotes the set of
measurable functions f on [0; 1] such that for some A >0

F)
/[0;1]< A ) dr<
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This set becomes a Banach function spaces when equipped with the norm

. . F@) Y
£y = 1nf{7L >0: o <—)L dx<15.

For the given p(-), the conjugate exponent p'(-) is defined pointwise p'(x) =
p(x)/(p(x) —1), x €[0;1]. Givena set Q C [0;1] we define some standard notations:

p-(Q) :=essinfp(x), p(Q):= essesgpp(XL p—:=p-([0:1]), py:=p+([0:1]).

In the notation introduced above, an exponent p(-), 1 < p_ < p4 < oo, the associate
space of LP(") [0;1] contains all measurable functions f such that

”fH/(Lp(-))/ = Sup{/[O‘l] ‘f(x)g(x)‘dx 1 8€ Lp(')[O; 1}7 ”g”p() < l} < oo,

Note that in this case the associate space of LP()[0;1] is equal to L7 ()[0;1], and

Il - ||’(L,,(_)), and || - || ,y(.) are equivalent norms (see [4], [7]). We have also

L 1Pl < Ul £ € L0001, g € 7O f0s),
Conversely for all £ € LP0)[0;1]

Il < Csup [ 1780l

where the supremum is taken over all g € L” ()[0;1] such that gl <1
Given exponent p(-), 1 < p— < p4+ < e and a Lebesgue measurable function f
define the modular associated with p(-) on the set E C [0;1] by

Pl = [ 1F@Idx

In case of constant exponents, the L” norm and the modular differ only by an exponent.
In the variable Lebesgue spaces their relationship is more subtle as the next result shows

(see [4], [7D).

PROPOSITION 8. Given exponent p(-), suppose 1 < p_ < py < oo. Let E mea-
surable subset of |0;1]. Then:

(D) fxellpy =1 ifand only if ppy g f = 1;

(2) if Py().ef < C, then || fx|| ) < max(CV/P-(E), CV/r+(E));

(3) if Hf”p() < C, then pp(~),Ef < max(cp+(E)vCp7(E))'

The next result is a necessary and sufficient condition for the embedding L9()[0; 1]
c LPV[0;1] (see [4], [7]).
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PROPOSITION 9. Given the exponents p(4),q(+), suppose 1 < p_ < py < oo 1 <
g < gy <oo. Then L1V)[0;1] € LPV)[0;1] if and only if p(-) < q(-) almost everywhere.
Furthermore, in this case we have

”pr() < 2Hf||q()

For our results we need to impose some regularity on the exponent function p(-).
The most important condition, one widely used in the study of variable Lebesgue
spaces, is log-Holder continuity. Let C!/1g denotes the set of exponents p : [0;1] —
[1,4o0) with log-Holder condition

[(p(x) = p())Infx—y[| C, x,y € [0;1], x #y. 3.1)

For Lebesgue integrable function f define Hardy-Littlewood maximal function

Mf(x) =sup|flo,
x€Q

where supremum is taken over all Q C [0;1] intervals containing point x and fy de-
notes the average of function f on Q. Let by & denote set of all exponents p(-) for
which Hardy-Littlewood maximal operator is bounded on the space LP(')[O; 1]. Dien-
ing [5] proved a key consequence of log-Hélder continuity of p(-). If 1 < p_ and
p(-) € CY/1¢ then p(-) € Z. For an overview about subject we refer to the mono-
graphs [4], [7].

Kopaliani [11] proved that if exponent p(-) satisfies log-Holder conditions then
the pair of BFSs (L()[0;1],L()[0;1]) has property G. Note that there are another
classes of exponents p(-) such that pair of BESs (L”()[0;1],L7()[0;1]) has property
G. For instance, if exponent p(-) is absolutely continuous on [0;1], then the pair of
BFSs (L”()[0;1],LP1)[0;1]) has property G (see [13]). Note also that there exists con-
tinuous exponent on [0;1] such that the pair of BESs (L”()[0;1],LP()[0;1]) does not
have property G (see [11]).

The class BMO'/1°¢ is very important for investigation of exponents from 2.

THEOREM 10. ([15], [10]) Let p:[0;1] — [1;+o0), then
D) if p(-) € B, then 1/p(-) € BMO!/ 1oz .

2) if p(-) € VMO8 then p(-) € B;
3) if p(-) € BMO'Y'°2, then there exists ¢ such that p(-)+c € A.

4. Proof of results
Proof of theorem 3. We begin with some auxiliary estimations.

LEMMA 1. Let p(-) be a exponent on [0;1] with 1 < p_ < py < oo. Then for all
t >0 and Q C [0;1] interval

(P—(Q)-p+(@)4Po (4.1)
@ /

where Py is defined as =— = ﬁf %dx
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This lemma is proved in [6] (see Lemma 4.1) in case of 1 < p_ < py < oo, but

analogously may be proved in presented case. If in (4.1) we take ¢t = m, we obtain
o
Ixoll,p() = C1lQ|/Pe, (4.2)
for some constant C; > 0.
Now assume that 1/p(-) € BLO'/1°2, then there exists C; such that
o1 [ oy L 1
‘Q| (1/p)o — |Q‘ Q p(x) dx mo o 43)
> |Q‘ln e+l/\Q\) >C2 |Q‘P+
From (4.2) and (4.3) we obtain
C3-101'"7+ @ < Il |y < Ca- QP49 (4.4)

Let 2 ={0,03,...} denotes some partition of [0;1]. Define on [0;1] function
p(+) in following way: p(x) = p+(Q;) when x € Q;.

Without restriction of generality let consider the case when || f]|,,(.) = 1. By Propo-
sition 8 fol |f(x)[P@dx =1 . Then we only need to prove that

|fx%|p Ny 4‘ e
o p()
By Proposition 8 we have
1/p+(0i)
Lm@bo<<!fWV@M . @5

Then by (4.4) and (4.5)
+(Qi)
1 %0l rxallo )
(x)d
Jo (25 Tl ) =3\ Taly)  Fotds
p+(0i)
f i
ZIQ|<| x0illn() )

xo:llp)
Qf\f(X)l” Jdx
< i"i
;|Q| G110l

1 1
- — PO gy = —.
Cl/&ﬂ|fuw =
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Consequently we obtain

HfXQsz

Txalloty

Xo:(x)||  <C.

Q)

Using the fact that p(x) < p(x),x € [0;1] and proposition 9 we obtain desired re-
sult. O

Proof of theorem 4. The proof of theorem can be obtained from analogous ar-
guments as in proof of theorem 3. But we will obtain this proof from more general
proposition.

Consider exponent p(-) such that 1/p(-) € BLO'/'°¢, then by theorem 10 there
exists a constant ¢ such p(-)+c € Z. Using theorem 6 and theorem 3 we obtain desired
result. [l

Proof of theorem 5. Let us show that the function

Inln(1/x) if x € (0,e71];
R e

belongs to BLO'/1°g.
Let (a;b) C [0;1]. Without loss of generality assume that 0 < a < b < e~!. On
(a; D] define the function

2(x—a)

X) = /lnln(l/t)dt— (x=a)lnin(1/x) — e =0

We have
xX—a 5 In(1/(x—a))+1

") = i/ Y TGP

Since the function xIn(1/x) on (0;1) is increasing

(In(1/(x—a)))*(x —a) —2xIn(1/x)(In(1/(x —a)) + 1)
! ((x— a)ln

xX—a
This means that function % is decreasing. From monotonicity of # and h(a+) =0
follows thats

a<x<b.

<In

X—a

—2xlnl><—x-ln1-ln ! < 0.
X X Xx—a

2b-a) 0.

[ nin(1/x)dx— (b~ a)tntn(1/p) - 1/ (b—a)

By the last inequality we get

4

In(e+1/(b—a))’ (46)

b
%/lnln(l/x)dx—lnln(l/b) <
—da
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and consequently f € BLO'/'°¢,

Note that the function f is a classical example discontinuous functions from
BMO"'/1°¢ (see [18]). From the well-known observation that a Lipschitz function pre-
serves mean oscillations it follows that the function sin(f(x)) provides an example of
a discontinuous bounded function from BMO'/1°2. Lerner [15] proved that if p(x) =
po+ usin(f(x)), x € [0;1] where po > 0 and u sufficiently close to 0, then Hardy-
Littlewood maximal operator is bounded on LP(") [0;1]. It is unknown whether p(-) €
BLO'/'2. Bellow we will construct a bounded function (some sense analogous of
sin(f(x))) which belongs to BLO'/ 102,

Letd,=e“ ne {0}UN and ¢y =2/e, copi1 = con— (dy —dni1), Conpa =
Cont1— (dy —dpy1), n € {0} UN. Let us show that the non-negative bounded function

1

Inln Conteont2—x—dyn

—nif x € (cani2; cont1],n € {0} UN;
glx) = lnlnx%—nifxe (cant1; can),n € {0} UN;

dn
0if x € (2/e,1].

belongs to BLO'/™°¢ i.e. forall (a;b) C [0;1] we have

1 C
— <— .
b_a/(a;b)g(x)dx xel(rgb)g(x) S e 1/(b=a) 4.7

Note that g(c2,) =0, g(cant1) =1, n € {0} UN and on each set [cau1;C20)
function g is strictly monotonic and continuous.

Let (a;b) C [0;1], without lose of generality suppose that b < 2/e. Consider three
cases:

Case 1. At least one point ¢y, belongs to interval (a;b), where n € {0} UN;

Case 2. Interval (a;b) contains only one point like ¢z,+1, where n € {0} UN;

Case 3. Interval (a;b) does not contain point ¢, forany n € {0} UN.

Define m, = sup{k : a < ¢}, mp = min{k : ¢; < b}. Note that if @ > 0 then
mg =max{k : a < ¢} and my = if a=0.

Consider case 1. Suppose that m, < o, define m), = max{k : a < c; A g(cx) =0}
and mj, = min{k : ¢y <b A g(cx) = 0}. Itis clear that ¢, < ¢,y < C < Cmy - We
have

1 1
dx — inf = d 4.8
o /(a;b)goo X it g() = /@;b)g(x) x 4.8)
- /C'"“+/C'"7’+/h (x)d
- b—a a Col Col gxjax
a b
=A+Ay+As.

Let ¢,y < Cof - Using the fact that g(2¢pr1 —x) = g(x) when x € [cori25Copt1]
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we get
mh 2)/2 Cok+1 Cok
(b— aAg—/g /g /—|—/ g(x)dx
u, k= mb/ 2 toin k= mb/ 2 \eyer o2t
(ml,—2)/2 €2k 2%k
= x)d —2 1 X.
> 2 [ g 2 / (nlnx_ i k)d
k=mp/2 ey k=my/2 ey

Note that by ¢y —dy = dj and ¢y —dy = di1 we have

/ dy,
(ma— (ma—2)/2 1w
(b—a)Ay =2 Z / <1nln——k) dt < Z <1n1n___b> dt
7 t 2
k= mh/2 dis k=my /2 dis
( mh/2
! d
=2 Inln ——Inl dt =2 Inln ——1Inl t.
Z (nn nnd//2> /(nnt nnd//2>
k=mj, /2 i 4 )

Now by the following estimation b —a > (b—a)/2 > Ay 12 = dyy, /> and by (4.6) we
have

mh/Z
1 1 1
Ay ——mM— / Inln — — Inln dt 4.9)
dm;)/2 _dmg/2d t dm;)/Z
mhy /2
4 4

(e + 1/ (g 2 —dog2)) et 1/(b—a))’

If m, = o then

mb/Z
1 1 1 4
AL —— / Inln—- —Inln—— |dft < ——. 4.10
N ( : dm,ﬂ) neri/b-ay 0
b 0 b
Consider A;. Let ¢y, = ¢y, . Since ¢,y —dyyy 12 = dyy /2 and using (4.6) we get
Cm/
I 1 )
Al = —— Inln—— -2 |d 4.11
! b—a/(nnx—dmg/z 2) * ( )
| Cm& dmZ/Z 1 ,
= Inln—-— -2 )d
b—a (n " )
uidma/Z
4 - 4
In(e+1/(cpy —a)) ~ In(e+1/(b—a))
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S _ : _
Let ¢, # ¢y, then mg =my, + 1 and g(cm,) = 1. Since ¢,y —d,y o =d,y /> We get

(o)
mg

2 1 m'
Al < / Inln —— — =% | dx 4.12
! b—a < X — dma/z 2 ) ( )
sz _dmZ/Z
2 1 1
= Inln — —Inln dx
b—a t m' /2

Cia =y, /2 ’

<
In(e+1/(b—a))

Consider A3. Let ¢, = Co - Since ¢pm,—2 — dp,—2)/2 = d(m,—2)/2 We get
b

Ay = / Inln ! S 2N e @)
b—a Cmyy + Cmy—2 =X —d(1my—2))2 2

th

Cmy—2=A(my—2) 2

_ ! / <1n1n1—mb_2)dz
;2

S

Q

Cmy+Cmy—2—b=d(y _2) />
P 4
S In(e+1/(b—a))

If ¢, # ¢,y then my, = mj — 1 and g(m;) =1 we have

Cmb ,
Az < bia/ <lnlnc 0 —lx—d , —m”z_z)dx (4.14)
c m, my=2 (m},=2)/2
"y
Cn1;;2*d(m;;2)/2 ,
= 2 / (lnlnl—mb_z)dt

b—a t 2

Cy s 2 Cmy, 7d(m/bfZ)/2
8

Shler1/b=a)y)

In case of m], = mj, desired result can be obtained from estimations of A; and A3.

Case 2. 1t is clear that in this case ¢p, = ¢, = ¢, Where n is odd. Note that
restriction of function g on the interval (c,1;¢,—1) has symmetry about x = ¢, line,
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therefore without loss of generality we can assume that g(a) > g(b) then

b b
1 1
— [ swdx—g(b) = 5 [ (s(x) ~ g(b))dx @15)
2 ; 1 1
n—
< Inl - —g(b) |d
b—a/((nnx—d(n_l)/z 2 ) g( )> *
/ 1
< /lnln —Inln
—Cn s ( x—du_1)2 b_d(n—l)/2>
4

Shler1/b=a)y)’

Case 3. In this case by (4.6) we get desired estimation.
Finally by the estimates (4.8)—(4.15) and (4.6) we get (4.7).

Now let construct exponent p(-) such that 1/p(-) € BLO'/°¢ but G” property
fails.

We choose real numbers ¢ and b suchthat 0 <a<b < 1, a+b < 1. Consider
sets A and B

A={x:g) <a}, B={x:g(x)>b}.

It is clear that these sets are union of intervals and let denote they by A% and A’ i.e.

A=JaAs  B=|JAL

n>1 n>1
Let now construct exponent p in following way

l/aif x € A;
p(x) = 1/bif x € B;
1/g(x) if x € [0;1]\(AUB).

It is clear that p(-) is continuous except point 0, where it has discontinuity and
1/p(-) € BLO'/ "¢,

Let consider the set of right side endpoints of intervals from A. Let make partition
of [0;1] by these points. So we will get sequence of disjoint intervals A, such that
ACUAL C A,.

Let & = min{|A¢|,|A?|}. Since & < min{|AZ|,|AL|} forall n < k then for each
n, n <k we can choose intervals AY C A% and AY C A? such that & = |AY| = |AY].

Now for each k we construct functions f; and g in following way fi(x) =
xungkAg’ (x) and gi(x) = %UngkAgf (x).
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Let now check property G of LP)[0;1]

k k
N fixanllpya - lekxal s = Y, [ 2ag s |2 ap 170

n=1 n=1

_ Z ‘Aa 2| Ab’|b '5,?+b.

On the other hand
x a b

k
! / b
W fellpa el = { 2185 1) - { X 1A7T) = (k-8)".

n=1 n=1
Property G states that, there exits absolute constant C such that
k- 80t < C-(k-8) P,

we have
klfafh < C.

The last estimation is impossible since a+ b < 1 and kK'=¢70 5 oo, k — Hoo.

Using Theorem 1 we conclude that L? () [0;1] does not have property G”.

Note that 1/(p(-) +c¢) € BLO'/™2 for all ¢ > 0. Consequently exponents p(-) +c
give us the spaces with same property.

Proof of the second part of Theorem 5. Note that by Theorem 10 and Theorem 6
we conclude that space L0+ [0;1] possesses property G” for some constant ¢ > 0.
It is clear that space L(?()79)'[0;1] does not have property G’ (because L(()T)[0;1]
does not have property G”). O

Acknowledgement. The authors are very grateful to the referee for the careful
reading of the paper and helpful comments and remarks.

REFERENCES

[1] C. BENNET AND R. SHARPLEY, Interpolation of operators, Pure Appl. Math. 129, Academic Press,
1988.

[2] E. BEREZHNOL, Sharp estimates for operators on cones in ideal spaces, Trudy Mat. Inst. Steklov. 204
(1993), 3-36 (in Russian).

[3] E. BEREZHNOL, Tvo-weighted estimations for the Hardy-Littlewood maximal function in ideal Ban-
nach spaces, Proc. Amer. Math. Soc. 127 (1999), 79-87.

[4] D. CRUZ-URIBE, A. FIORENZA, Variable Lebesgue Spaces: Foundations and Harmonic Analysis,
Birkhiuser, Basel (2013).

[5] L. DIENING, Maximal function on generalized Lebesgue spaces LP (), Math. Inequal. Appl. 7 (2004),
245-253.

[6] L. DIENING, Maximal function on Orlicz-Musielak spaces and generalized Lebesgue spaces, Bull.
Sci. Math., (129), (2005), 657-700.

[71 L. DIENING, P. HASTO, P. HARJULEHTO AND M. RUZICKA, Lebesgue and Sobolev spaces with
variable exponents, Springer Lecture Notes, vol. 2017, Springer-Verlag, Berlin 2011.



100

[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

[18]

T. KOPALIANI, N. SAMASHVILI AND S. ZVIADADZE

T. FIGIEL, W. JOHNSON, A uniformly convex Banach space which contains no 1, , Compositio Math-
ematica 29. 2 (1974), 179-190.

F. L. HERNANDEZ, C. RUIZ, Averaging and orthogonal operators on variable exponent spaces
LPO)(Q), 1. Math. Anal. Appl. 413 (2014), 139-153.

E. KAPANADZE, T. KOPALIANI, A note on maximal operator on L”(')(Q) spaces, Georgian Math. J.
16, no. 2, (2008), 307-316.

T. KOPALIANI, On some structural properties of Banach function spaces and boundedness of certain
integral operators, Czechoslovak Math. J., 54, (2004), 791-805.

T. KOPALIANL, Infimal convolution and Muckenhoupt Ay condition in variable LP spaces, Arch.
Math. (Basel), 89, (2007), 185-192.

T. KOPALIANI, A characterization of some weighted norm inequalities for maximal operators, Z.
Anal. Anwend. 29 (2010), no. 4, 401-412.

A. KORENOVSKII, Mean Oscillations and Equimeasurable Rearrangements of Functions, Springer,
2007.

A. LERNER, Some remarks on the Hardy-Littlewood maximal function on variable Lp spaces, Math.
Z.,(251), (2005), 509-521.

J. LINDENSTRAUSS AND L. TZAFRIRI, Classical Banach spaces, I, 11, Springer-Verlag, 1977, 1979.
T. SHIMOGAKI, Exponents of norms in semi-ordered line ar spaces, Bull. Acad. Polon. Sci. 13, (1965),
135-140.

S. SPANNE, Some function spaces defined using the mean oscillation over cubes, Ann. Sc. Norm.
Super. Pisa, Sci. Fis. Mat. I11. 19, (1965), 593-608.

(Received November 13, 2014) Tengiz Kopaliani

Faculty of Exact and Natural Sciences
Javakhishvili Thilisi State University
13, University St., Thilisi, 0143, Georgia

e-mail: tengizkopaliani@gmail.com

Nino Samashvili

Faculty of Exact and Natural Sciences
Javakhishvili Thilisi State University

13, University St., Thilisi, 0143, Georgia

e-mail: n.samashvili@gmail .com

Shalva Zviadadze

Faculty of Exact and Natural Sciences
Javakhishvili Thilisi State University

13, University St., Thilisi, 0143, Georgia

e-mail: sh.zviadadze@gmail .com

Mathematical Inequalities & Applications

v.ele-math.com

mia@ele-math.com



