athematical
nequalities
& Papplications
Volume 19, Number 4 (2016), 1399-1412 doi:10.7153/mia-19-103

ASYMPTOTIC BEHAVIOR OF POWER MEANS

NEVEN ELEZOVIC AND LENKA MIHOKOVIC

(Communicated by S. Varosanec)

Abstract. We consider asymptotic behavior of classical n-variable means. General expansions
of these means are known in the term of Bell polynomials. Here, simple recursive algorithms
are derived. The obtained coefficients are used in analysis of some inequalities between means
which include the first asymptotic term.

1. Introduction

In this paper we discuss relations between some classical means, using technique
of asymptotic expansions. Let us fix the notation first. A letter M will denote any of

means mentioned below. For n-tuples of positive real numbers, a = (ay,ay,...,a,) and
w=(wi,w2,...,ws), 2 w; = 1, let us denote weighted means:
O(a) = \/Wla% +wadd+ ...+ wpal, (quadratic mean)
A(a) =wiar +wras + ...+ wyap, (arithmetic mean)
G(a) =ay'ay’--a)", (geometric mean)
1 .
H(a)= Wi W2 W (harmonic mean)
— =t
ay as dn
1/r
M.(a) = |wid| +woas+...+wpa,| , r#0. (power mean)

It is well known that it holds Q > A > G > H, and that all these means are con-
tained in the family of power means, geometric mean corresponds to the limit case
r—0.

The inequality between arithmetic and geometric mean holds for all positive values
of its arguments. Note that the values of A and G can be quite different and the quotient
(A—G)/G can be arbitrary large.

What can be said if all arguments are taken from a subinterval /, far away from the
origin? Then all variables are of the same order of magnitude and relative difference
between means is in principle much smaller.
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For a fixed n-tuple (ay,a,...,a,) ashift by positive variable x will move this n-
tuple into a bounded subinterval I”. Let us denote by xe + a the n-tuple with elements
(x+aj), where e = (1,1,...,1). The behaviour of M(xe+a) for large value of x will
be essential in our analysis.

In the recent papers [2, 7, 8, 10], a similar problem was analyzed for two-variable
means. Many of results obtained there can be translated in a setting of this paper, but
here we discuss questions which are marginal in the case of two-parameter means.

Since for all x

A(xe+a)=x+A(a),

the asymptotic expansion for this mean has only these two terms.

Since
H(xe+a)=x-— le =x-— ai,
(1Y 2
j§11+aj/x j§1W1<1 X +oll/ )>
1 A(a) 2
=x- =x(1+———=+0(1/x")
1—@+0(1/x2) ( * )
=x+A(a)+0(1/x)

we can conclude that it holds
H(xe+a)—x— A(a) as x — oo,

Since H < G < A, the same conclusion holds also for geometric mean. It will be shown
that a power mean has the same property. Therefore, the asymptotic expansion of the
function x — M(xe+a) should be of the form

M(xe+a) =x+A(a)+ i cr(a)x !
k=2

for any of means from the above-mentioned list. Here ¢,, n € Ny, are homogenous
polynomials of order n which can be expressed as a function of

my = widk +wads + ..+ wd = MK (a).

Let us denote mg = 1.
The complete asymptotic expansion of power mean in terms of Bell polynomials
was proved in [1]:

THEOREM. For each p € R, the power means M,(xe+a) possess the complete
asymptotic expansion

M (xe+a)=x+ Y cr(a)x ¥, x— oo
k=0
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In the case p # 0 the coefficients are given by

c(r) = (kil)! §]~<1J/r>3k+11 [”(:)Mf(a)] :

In case p =0 coefficients are given by

(_1)k+1 )
= Y [~ (i—1)IMi(a)].
cx(0) (et D)1 Yot [—(i—1)!M}(a)]
B, j[yi] =B (1, ,Ym—j+1) denotes partial Bell polynomials defined by

1 < tk / > m
i Zow) = S By =12

m=j
and Y [yi] = Ym(y1,.-.,yn) are complete Bell polynomials defined by

exp( D vj= | =1+ 2 Yulil—
=1 I m=1 m

In this paper we derive an efficient recursive formula for such expansion and sim-
plified verisons in the particular cases of the above-mentioned means. Our results are
based on the using of the following lemmas about functional transformations of asymp-
totic series, see [3, 4, 8, 9].

LEMMA 1.1. Let ap = 1 and g(x) be a function with the asymptotic expansion

X) ~ Z ax .
n=0

Then for all real p it holds
X)P ~ Y Pa(p)x”
n=0

where Py =1 and
n

Z (1+p) — nlaP_i(p).

Especially, for p = —1 we obtain formula for the reciprocal value of an asymptotic
series:
1 < .
— ~ Y Rux",
)C) n=0

where Ry =1 and

n
Rn = — z akRn,k.
k=1
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LEMMA 1.2. Let functions f(x) and g(x) have the following asymptotic expan-
sions (ag # 0, by #0) as x — oo:

Slx) ~ Z apx ", g(x) ~ Z b,x~".
n=0 n=0
Then the asymptotic expansion of their quotient f(x)/g(x) reads as
f(x) ~ Z Cnx—n’
g(x) n—0

where coefficients ¢, are defined by

LEMMA 1.3. Let
gx) =Y an™"
n=1

be a given asymptotical expansion. Then the composition exp(g(x)) has asymptotic
expansion of the following form

exp(s(x)) = zob

where by =1 and

n
by, = ! N kagby -, n>1.
k=1

This paper is organized as follows. In the next section an asymptotic expansion of
power mean was found. Coefficients depending on a real parameter r are defined by
recursive relation and some interesting properties are detected. As a consequence we
obtained asymptotic expansions of some well known classical means. Section 3 begins
with reminder of the results from our previous paper in which we studied inequalities
related to bivariate means and continues with the discussion of the known inequalities
related to n-variable classical means. In Section 4, we established some asymptotic
inequalities covering arithmetic, geometric and harmonic means.

2. Power mean

The power mean can be written in a way

wamen=[S o] 85 (|

Jj=1

A 5 (]

From Lemma 1.1 we get the following result.
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THEOREM 2.1. General power mean has the following asymptotic expansion

oo

M, (xe+a)=1x-Y cx(rx K,
f—

1 E B(+8)-4 (i 2

The first few coefficients are

(=)

where cy =1 and

Co(r) = 1,

c1(r) =my,

e (r) = —5(r—1)(m} —my),

c3(r) = %(r— 1)((2r— Dm3 —3(r—1)mymy + (V—2)WZ3)7 2D
cy(r) = —21—4(r— 1)((3r— )(2r— l)mdf —6(r—1)(2r— l)m%mz

+3(r—1)2m3 +4(r—2)(r— Dymymz — (r—3)(r — 2)ma).

THEOREM 2.2. Coefficients ci, k € Ny, are homogeneous polynomials in vari-
ables (ay,...,a,) and have the following form:
Ck(raa) = 2 qoy,...,0 (r)ml (a)al e 'mk(a)aka (2.2)

ay,0,...,04. =0
o +200++koy=k

where
oo (r) =0, k=2. (2.3)

01,00,...,040.20
oy +200+-+koy =k

Proof. Using homogeneity of mean M,, we have

=3

Ax Y el a)x ¥ =AM, (xe+a) = M,(Axe + Aa)

k=0

—Achk (r,Aa)(Ax)” ?LxZ?L w(r,Aa)x k
k=

hence,
cx(r,Aa) = AXcy(r,a).
The form (2.2) can be deduced easily using induction. The property (2.3) follows
from the special case:

=

x+a=M,(xe+ae) =Y cln ae)x*

k=0 a,00,...,04. 20
oy +200++koy=k



1404 N. ELEZOVIC AND L. MIHOKOVIC
COROLLARY 2.3. Harmonic mean has the following expansion
H(xe+a)=x+m+ Y, cx ©,

k=2

where coefficients are given by co = 1 and

k
C — 2 (—l)Jflmjck_j.
J=

The first few coefficients are
[ 17
c1 =my,
Cy) = m% —my,
c3 = m? —2mimy + m3,
c4 = mdf — Sm%mz —i—m% + 2myms — my,

c5 = m? — 4m?m2 + 3m%m3 —2mpyms3 + 3m1m% —2mymg + ms.

COROLLARY 2.4. Quadratic mean has the following asymptotic expansion
O(ve+a)=x-Y cx ¥,
k=0

where co =1, ¢y =m; and

3 3
Cr = (z—z)mlckﬁ— <%—1>m2ck2, k>2.

The first few coefficients are

[ 1,
¢l =my,
_ 1 2
e = 5(—mj+my),
3= %ml(m%—m2)7
c4 = %(—5m‘f+6m?m2—m§)7

1 2 2
cs = gmi(Tmy — 3my)(my —my).
THEOREM 2.5. Geometric mean has the following asymptotic expansion

G(xe+a)=x-Y ek,
k=0

where cy = 1 and

C — (—l)j_lmjck_j, k>2

=
-M”

1

~
I
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Proof.
n n o ak
log(G(xe+a)) = ijlog(x+aj):1ogx+zwjz(_l)k—1x_£
J=1 =1 k=
=1 S _k-1
ng+;§1( ) =

Now the desired result follows from

M s

G(xe+a) = xexp ( (1)t %xk>

k=1

using Lemma 1.3. [J

The first few coefficients are

co = 17

¢ =my,

c2= 5 (mi —my),

c3 = %(m? —3mymy +2m3),

Notice that in the limit » — O coefficients (2.1) become equal to coefficients in the
asymptotic expansion of geometric mean.
2.1. Ratio of power means.

Abel and Ivan [1] proved that ratio

My(xe+a)—M,(xe+a)
M,(xe+a) — M,(xe+a)

possesses an asymptotic expansion and the first few coefficients were written. Here, we
give recursive formula for all coefficients. The proof of this theorem follows immedi-
ately using Lemma 1.2.

THEOREM 2.6. For all real p,q,r,s with r # s, the asymptotic expansion of the
ratio of power means is given by

Mp(xe+a) —My(xe+a)

~ chx k7
M, (xe+a)—M(xe+a) =

where

k
k= m [(crs2(p) — crsalq)) — ZI(CJ'+2(’) —cjsa(s))er—j]-

~.
Il
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2.2. Gini mean

One natural generalization of a power mean is the Gini mean, defined as:

1
al+-+al | p-a
a‘lierJraZ

., P#q,

Cral®) =y exp (Eopih ”i):;“k) . P=q#0,
k=1"k

ar - ay, p=q=0.

Using the same technique, one can prove the following theorem.

THEOREM 2.7. The Gini mean has the following asymptotic expansion

oo

where cy =1,

and

The first few coefficients are

co=1,

c]p =my,

e =—3(p+q—1)(mi—my),

cs=¢(((p+a—1)(29—1)+2p(p—1))m;]
=3((p+q—1(g—1)+p(p—1))mm;
+((p+q—1)(g—2)+p(p—1))m3),

ca=51(—((p+q-1)(64"—5g+6p"—9p+1)+4p(p—1))m}
+6(p+q—1)(24° = 3q+2p*—3p+ 1)mim;
=3(p+q—1)(p(p—2)+(g—1)*)m3
—4(p+q-2)(p(p—2)+(g— 1)*)mims

2

+(p+q—3)(g*—3q+p*—3p+2)ms).
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3. Inequalities between means

3.1. Bivariate means

It is proved in [7] that

a_t—i—s =5

2 2
B> op® B4’ -pB°) 3
Q(x—l—s,x—l—t):x—i—a—l—a—zxz o +o(x7),

Alx+s,x+1) =x+«,

I(x+s,x+1)=x+0— 163—; + Zf; _ ﬁ2(60§‘620‘;13[32) +o(x7?),
Lix+s,x+t)=x+o0o— g—j + 036522 - Bz(lsf;j ) +o(x73),
Gx+s,x+t)=x+a— g—i + 026522 - ﬁ2(4(;€;+ﬂ2) +o(x %),
Hx+s,x+1)=x+oa— %2 + ax_[zz - B;;ﬁ +o(x73).

O(x+s,x+1)<x+o+

B
I X41)>x+oa——,
(x+s,x+1)>x+ r

As a consequence, the folowing inequalities are proved.

THEOREM 3.1. ([7]) Let 0 < s <t. Then for all x > 0 we have

ﬁ2
57
2

ﬁ2

Lx+s,x+1t)>x+0—=—,

B
Glx+s,x+1)> 2
(x+s,x+1)>x+a o

H(x+s,x+1) >x+a—ﬁ—.

3x
2

2

X

1407

Let us discuss briefly inequalities between bivariate means which follow from their
asymptotic expansions. Let us denote

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

In the case s <t, s+t <0 the inequalities (3.2)—(3.5) hold with opposite sign, for each

Here, I is identric and L logarithmic mean. We shall interpret these inequalities
in different settings, which is closer to the problem of comparison of power means.
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3.2. n-variable means

Let a; < ay < ... < a, be fixed positive n-tuple. In the sequel we shall consider
the equal-weight case, w; = ... =w, = }% Then, all means are symmetric and as a
consequence, all polynomials ¢, are symmetric polynomials.

We are dealing with asymptotic behaviour of means, so it is natural to suppose that
ay is sufficient large. Let us denote b; = a; — x, for each 1 <i < n. Then

M(a) = M(xe +b)

and we can use asymptotic expansion for the function on the right. All means consid-
ered in this paper have asymptotic expansion of the form

2_
M(a):x+A(b)+9/2@+...

where 79 is a constant and both of the following terms behave well under translation:
x+A(b) =A(a),

1 1
my—mi=— % (bi—b;)’=—

2
<= 2 1<z' (ai—aj) .
Si<jsn Si<jsn

It is natural to pose the following problem: find the best constants ¥ and 6 such
that for given two means F; and F», F; < F>, we have

2 2

nyy—m ny—m
L < FB(a)—Fi(a) < 5 L

Some partial answers to this problem are already known.
For 0 < a; < ... < a, the following inequalities for n-variable means A, G and
H, with equal weights are given in [11, p. 39]:

11 11

—— (ai—a;)? <A(a)—G(a) < — — (ai—a;)? (3.6)
2n? a, 1<Zi<n J 2n? a; 1<§j<n /
and 3 ;
1 ay 2 L a 2
—— (ai—aj)"<G(a)—H(a)< =——= (a;i —aj)”.
2n? a? Kg‘jgn / 2n? af Kg‘jgn /

Later on, Zhan, Xi and Chu [13] found improvements of these inequalities. If n > 2
and 0<b<a; <...<a, <B, then

Yi<icj<nlai—aj)? Yi<icj<nl@i—a;j)?
<i<j< < Ala) < 2I<i<i< .
202B=D/nAln(a) SA(a) —Mo(a) < 202b=D/nA1n(a)

and

b("*l)/” 5 B(nff'a)/n 5
2n2B2n—1)/n nggn(ai —a;j)” < My(a) —M_;(a) < 22 Kz (ai—aj)”.
(3.7)
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We shall show that these inequalities are not optimal. Let us begin with the A-G
case for n = 2. We have

a)+ap

-8~ Vi -

(a2 —a))?

8¢ 7

where

()

Therefore, one has

(a2 —ar)?

86

(a2 —ar)?

Sy <A(a)—G(a) <

whenever 6 < & < y. This is consistent with (3.6) since & given above is a mean and
ag < é g ay .

Similar inequality is true also in the A-H inequality, where the critical value is
§=(a1+a)/2.

In the case of G-H inequality, the critical value is

() (452)

Therefore, at least for n = 2 better simple bounds can be found, for example:

6:a1—|—a2<€<a1—|—a2 a_Z:y
2 2 ag

which is better than bounds

a
0 = /aiaz, J’:az\/a—?

which follow from (3.7).

4. Asymptotic inequalities
DEFINITION 4.1. Let F(s,t) be any homogenous bivariate function such that
F(x4s,x4+1) = c(t,s)x 1+ o).

If ¢ (s,2) > 0 for all s and ¢, we say that F is asymptotically greater than zero, and
write

F 0.
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Asymptotic inequalities between means impose necessary conditions for the proper
inequalities, see [4—7]. The sign of the first neglected coefficient is essential in such
analysis. Let us describe the idea in the case of means G and H . It holds

2
my —m 1
2T — —(4m3 — 9mymy +5m3) + o(x72).

G(xe+b)—H(xe+b)— % o2

In the general case, the sign of
A(b) = 4m3 — 9mymy + 5m3
depends on the number of variables 7.

THEOREM 4.2. Let n € {1,2,3,4,5}. Inthe case 0 < by < by < ... < by we have

myp —m%

G(xe+b)— H(xe+b)— 7

< 0. 4.1)
In the case by < by < ... < b, <0 the opposite inequality holds in (4.1).

Proof. Let 0< by <...<b;,. Accordingto Corollary 2.1. (1) from [12], inequality
A(b) >0

of degree d = 3 holds for all b € R} if and only if it holds for every b € R’, such that
the number of non-zero distinct components of b is less or equal to max([3],1) = 1.
Let us take

b=(1,...,1,0,...,0) (4.2)

which consists of k units and n — k zeros. Since 0 < % < ‘5—‘ or % =1, it follows

Bk k _k(k 4\ [k
=5—-95+4-=5-(-—2](=-1]>0.
A(b) Sn3 9— - 5 ( 5) (n 1) 0. O

The positivity od A is not true for n > 6. Take k < n such that ‘5—‘ < % This
is possible for each n > 6. Then, for b as in (4.2) we have A(b) < 0. Hence, the
inequality

)
G(xe+b)—H(xe+b)—w <0

X
cannot be true under conditions 0 < by < ... < b,,forn > 6.

Similar conclusions also hold for other means.

THEOREM 4.3. Inthe case 0 < by < by < ... < b, we have

my — m%
2x

mz—m%

A(xe+b)—G(xe+b)— =0,

A(xe+b)—H(xe+b)— =0,
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)
Q(xe+b)—H(xe+b)—%<0,

)
O(xe+b) — Glre+b)— 2",

)
Q(xe+b)—A(xe+b)—%<o.

In the case by < by < ... < b, <0 the opposite inequalities hold.

Proof. The proof follows as in the previous theorem since it holds:

A(xe—i—b)—G(xe—i—b)—mzz_xm% _m _3’"61;12”’"3 Lo,
O(xe +b)— H(xetb) 3(m22; m?) _ m —3mzl;;zz+2m3 oK,

O(xe+b) — G(xe +b) — 2 - mi_ m§3;2m3 F oG,

O(xe +b) —A(xe +b) — 2 . mi_ —ml(”;i; mi) | o3, O
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