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TRIANGLES, PARAMETERS, MODULUS
OF SMOOTHNESS IN NORMED SPACES

MARCO BARONTI AND PIER LUIGI PAPINI

(Communicated by M. Sal Moslehian)

Abstract. Around 15 years ago several authors studied the parameter defined by

ap{ sl )

where Sx denotes the unit sphere of the real Banach space X . In this paper we consider the
new family of parameters that generalize A (X):

A (X) =

X+y||+lx—y 1
) =sup { B el <27 1 < pn

In this way, Az .(X) is nothing else than A>(X) and we show how some interesting properties
of real Banach spaces can be characterized by using our new constants.

1. Introduction and definitions

Let X be a normed space over R; we denote by Sy (Bx), or simply by S (B), its
unit sphere (resp. its unit ball). The following number was considered in [2], then later
in a few other papers (see [1, 9, 12, 14]):

AﬂX):mm{Litﬂgéiilu:LyeSX}. (1.1)

This number is connected with the largest perimeter of a triangle inscribed in a semi-
circle of X. Also, Ay(X) — 1 coincides with the value of the modulus of smoothness at
1 (see Section 2).

A simple use of convexity shows that

Sup{w.

Ax(X) = 5 .LyGBX}. (1.2)

Now we denote by Rf, the plane, endowed with the £, -norm: if a,b € R, then

(lalP+1bP)7 if 1< p<oo
max{lal,|b|} if p=-ce.
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We can also think at A(X) in the following way

x4yl + [l =y
o) =sup { Ry e bt <)
So it can be natural to consider in general, for 1 < p < o (with obvious meaning
for p =-oo):
[+ ¥l + [l — ] 1
A2p(X) = sup{ . e X [ Dl <27t

Thus, we shall write Az ..(X) for A>(X). We have

X+y||+[x—

aa00) =sup { I,y e i pip <), s
x+ v+ {x—

a0 =sup { LD, oy e g epii<2). o

REMARK 1.1. Note that v2 < Ay..(X) < 2 (see [2, (2.9)]) and also Ay .(X) =
Ap o (X¥) (see [2, 2.)]).

Concerning A, 1 (X), its value is 2 for any X (A3 ;(X) < 2 by the triangle inequal-
ity and Ay ;(X) > 2 since we can take x = © -the origin- and y of norm 2); so it is not
interesting.

For the sake of completeness, we recall that different generalizations of A;(X)
have been considered in [7, p. 274], in [15], in [4]. Also, it was shown in [8, p. 73] that
the pairs x,y with |[x+y|| = ||x—y|| are not enough to estimate A ..(X). Some others
facts concerning A, were indicated in [13].

Recently, in [11], the extension of A»(X) to what we denote by A, >(X) (indicated
there by A(X)) was considered and studied (see also [10]).

In this paper, we shall be interested in A ,(X) for 1 < p < eo. It is clear that
Az p(X) > 1 (take x = 0O, y € §); but in fact, in Section 3, we shall show strictly larger
general lower bounds, which coincide with the values of our constants for inner product
spaces.

2. Preliminary results

We prove a simple lemma.

LEMMA 2.1. Forany X, any p € [1,)

X+y||+[x—
Asp(X) :sup{w L xyeXx, |x|P+|y|P:2}. 2.1



TRIANGLES PARAMETERS IN NORMED SPACES 199

Proof. Clearly the left term in (2.1) is not smaller then the right one; we prove the
reverse inequality. Let x,y be such that ||x||?+|[y||’ <2 and also ||x+y||+|[x—y|| >2
(otherwise x,y are useless to calculate A> ,(X)). Now we consider the convex function
) = l[Ax+yl[+[|Ax —yl|; we have: f(0) = 2[lyl|; f(1) = 2||yl], thus f(A) is
non decreasing for A > 1. Take Ay > 1 so that ||Aox||” + ||y||? = 2; then f(Ag) >
[lx+ ||+ ||x — y||, which concludes the proof [

Note that the formula (2.1), for p — oo, reduces to the following one (which is true
according to (1.2)):

eyl + (eIl .

) = sup { BRI,y iy = 1.

REMARK 2.2. In (2.1) x and y play a symmetric role, so they can be exchanged;
moreover ||x||? + ||y||? = 2 implies that one of the addend is at least 1 and the other
one is not larger than 1. Therefore we also have:

X+Y||+|x—y

ap30) =sp { Py e ol =2, 11} 22)
X+Y||+|x—y

a0 =sup { P e ot =2, it <1} 2)

REMARK 2.3. Since the functions involved are continuous in x,y, in (2.2) we can
L .
limit to consider points x with 1 < |[|x|| <27 ;in (2.3) those with 0 < ||x|| < 1.

PROPOSITION 2.4. The values of As ,(X), 1 < p < eo, are non increasing in p.

Proof. Let 1 < g < p<oo. If p<eoo,then according to the definitions (see (1.4)),
1

to compute A; ,(X) we consider all pairs x,y such that [|(||x]|,||y|)|[, <27. Let B,
(resp.: B,) denote the unit ball in Rlz, (resp. Ré), with the £, (resp. the £;)-norm. Then

1 1 1
24B,; D27 B, (for p # q, they touch at the four points (41,41)), and the set 24 B, is
the one used to compute A, ,(X); thus A ,(X) <Az 4(X). Moreover B.. is contained

1
inall balls 27 B, (touching them at (41,4-1)), which concludes the proof. [J

Let p = oo; then (see (1.2)):

T -7
Agﬁoo(X):sup{|x+ yH;HX il tx,yeS, 0< Tt 1}.

The next proposition extends this to all p < oo.

PROPOSITION 2.5. Let 1 < p < oo. Then

[be+ oyl + [l — oyl
1

Agﬁp(X):sup{ . .x,yeS,0<T<1}. 2.4)
2" (14 r)r
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1
Proof. For p = oo we know already this (in this case (1+17)? means max{l,7}
= 1), while for p =1 it is almost immediate; so we assume 1 < p < eo. We use (2.2);

1
take u,v so that ||u||=7>1 and ||v|| = (2—1")? . According to Remark 2.3, we can

assume that t <27 so v;«é@.Letx:m ndy:ﬁ;then

1 1
A v+ [ —=vll _ [lx+ @ = tP) eyl +[lx— (2 —7)y|
2 2

1
(2—tP) (2—tF
I y\|+|\x L]

2

t

1/
Now we set T = W

which is non increasing in #; 7 is 1 for t =1 and O for

=27, Since 1 = (IH,, )I/P, from (2.2) we obtain (2.4). [

REMARK 2.6. Similarly, let 1 < p < oo. Then

T. TX —
A () = sup d WA= g rs L 2.5)
25 (14 1p)p

Now we recall the definition of the modulus of smoothness (see for example [5,
pp- 69-70]):

T )
px(T):sup{|x+ y”;HX oy, x,yeS} (> 0). (2.6)
It is known that e
px(7) =sup{ T~ 8x-(e) s 0< e <2}, 27
Ox denoting the modulus of convexity of X :
5X(e)=inf{1_|x2ﬂ:x,yeB,|x—y|>e} 0<e<2). (28
px(

Also,

is non decreasing for 7 > 0, so

px (1) < 1px (1) fort< 1. (2.9)

If H is an inner product space, then

pu(t)=vV1+12-1, (2.10)

while px(7) > pu(t) for any X and any 7.
A space is called uniformly nonsquare, (UNS) for short, if §x(€) > 0 for some
€ (0,2). This means that for some € > 0 we have, for all x,y € S, either ||x—y|| <
2—¢ or [x+yl|<2—¢.
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According to (2.4)
27 (1
A27P(X)=sup{’(+7px(f)):0<‘r<1} forl < p < Hoo, (2.11)
(1+7P)P
and clearly
Az oo(X) =1+ px(1). (2.12)

Note that (2.11) generalizes Proposition 3.1 in [11].
We have px (1) = px+(1) (see Remark 1.1); moreover A .(X) < 2 if and only if
X is (UNS) (see [2, p. 126]). Theorem 3.3 will generalize the latter fact.

Next result generalizes the first part of Theorem 3.4 in [11].
PROPOSITION 2.7. Let 1 < p<oeoand 1/p+1/q=1. Then

Arp(X) < 27 (14 (px(1))7 =27 (14 (ApeX) — )7, (2.13)
Proof. By (2.11) and (2.9) we have:

1
27 (1 1

A27P(X)<sup{’(+—1pxl()): 0<r<1}. (2.14)

(L+1P)?p

Now recall Holder’s inequality. For any a,b € R

1+ ab| <||(L,a)[l, [|(1,5)]lg-
Apply this inequality with a = t, b = px(1). Then we obtain 1+ tpx(1) < (1+
1 1
TP)r (1+ (px(1))?)4, which gives (2.13). O

REMARK 2.8. For p =0 (2.13) gives (2.12); moreover, the inequality (2.13) is

sharp: for example, it becomes an equality if X is not (UNS) (see Theorem 3.3; see
also Proposition 4.2 below). By using the equality px (1) = px+(1) we obtain

_—=

Aap(X*) <27 (14 (P (1))7)7 = 27 (1+ (px(1)7)7.
3. Main results
THEOREM 3.1. Let p € [1,0]. Then
max{V2, 27 } < Ay p(X) < Ay (X) =2. G.1)

Proof. According to Proposition 2.4, and by taking into account Remark 1.1, we
only have to prove the first inequality; also, V2 < Az o(X) <A ,(X). Now consider a

1
pair with x = © and y such that ||y|| =27 ; then

— 1
e A el o &,

so the conclusion. [
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THEOREM 3.2. Let H be an inner product space. Then

Proof. If p=1 or p = oo the result is known (see [2, p. 126] and Remark 1.1).
Let 2 < p < eo. Then

T4 pu(t) = VI+2 = [[(1,0)]] = [|(1,)]l, = (14+17)7.
V1412

Moreover, max { ———: 0<r <1, is achieved for = 1 (the minimum is ob-
(1+2r)r
tained for # = 0 and is 1). Therefore, according to (2.11)

1
2rV1+12
VIl ogzgl}:\/i.
(I+2r)»

V142

o
(1+2P)r

1
27, which concludes the proof. [

If 1 < p<2,then max{ 0<tr< l} is achieved for t =0 and so A, ,(H) =

THEOREM 3.3. Let 1 < p <eo. Then Az ,(X) =2 if and only if X is not (UNS).

Proof. “If” part. It is known that if X is not (UNS), then A; ..(X) = 2; thus in this
case A p(X) > A (X) =2 forall p.

“Only if” part. Let Ay ,(X) =2 (1 < p<oe). Given n€ N let x, and y, be such

T bl bl 1
X+ Ynl| + |0 — 5
ol byl s L= il = ).
n
Note that |a| + [b]? =2 <= ||(lal, |b]) |, = 2"/7 = ||(|al, [b]) [l <2.
So we have
2_l< Hxn+yn‘|‘;”xn_yn” <ta+(2—tM)VP <2
n

Let n — . We can suppose, by passing to a subsequence that we still denote by #,,
1 1 1
that #, — o and hence (2—1;)? — (2—o)7. Then a+ (22— aP)r =2 &2 —af =
(2— )P < a = 1. Therefore both sequences ||x,|| and [|y,|| (they are subsequences,
based on the choice of the #,’s) converge to 1.
By (2.3) we can assume that ||x,|| =7, < 1 (hence ||y,|| = 1). Then we have

2>

1
s 2] > ol = (1= ) ol
[yl [yl
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So

4>

Xn+ Xp —

|+

[ Il + =l =2 (1= ) Il

”})nH ”}’nH

But the right hand side tends to 4; hence ||x, +y|| — 2 and |Jx, —ya|| — 2 (n — o).
This implies that X is not (UNS). [

The next corollary follows immediately from the above theorem.

COROLLARY 3.4. The following are equivalent:

a) X is not (UNS);

b) Az o(X) =2 (according to (2.12), this is equivalent to px(1) =1);
c) Ay p(X) =2 forall p € (1,0];

d) Ay ,(X) =2 for some p € (1,00].

THEOREM 3.5. If Ay»(X) = V/2, then X is an inner product space. The same is
true if dim(X) >3 and A, ,(X) = /2 for some p > 2.

Proof. Let Ay ,(X) =+/2 forsome p >2. Then (2.11) gives

L+pr(n < 2 (1)} 0<r<)
2r
For p =2 we obtain that px(7) < Vv 1+172—1 for all 7 < 1; it is known that this
implies that X is an inner product space (see for example [3] and the references therein).
If A ,(X) = /2 for some p > 2, then Ar (X)) = V/2; this implies (see (2.12))
px (1) = v/2— 1, which does not imply that X is an inner product space (see Example
4.4). But px(1) =+/2—1 implies 8x+(v/2) >1— \/—E (see (2.7)); by using the fact that

8x < 8y for any space X we have §y+(v/2)=1— i :if dim (X) > 3, this implies that
X*, as well as X, is an inner product space (see [3]) O

REMARK 3.6. As we shall see later (Example 4.6) a similar result is not true for
p<2.

By the Theorems 3.2 and 3.5 it is obtained that “X is an inner product space if and
only if Ay»(X) = v/2”. This result is indicated in [11, Theorem 3.2] (see also [10, p.
320]).

4. Some examples

According to (2.11), the modulus of smoothness is a fundamental tool to evaluate
our constant. In some cases the modulus px () has a simple structure; in particular this

happens when
&(X")

px (1) = > (4.1)
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where £(X) =sup{e > 0: x(e) = 0}. In fact (see for example [5, p. 70])

eoX*) . px(7)
sl 42
So we have the following
LEMMA 4.1. Let px(1) = % hold. Then px(t) =1px (1) for 0 < T< 1.

Proof. According to (2.9) and (4.2), we obtain (for 0 < 7 < 1):

eX*) . px(7) _ &)
2 _1111(1) T T <px(l)= 2 -

The next proposition says that (2.13) becomes an equality under the assumption
_ 8K
px(1) = o )

PROPOSITION 4.2. Assume that px(t) = tpx (1) for 0 < T < 1. Then, for 1 <

p < oo:
N

Az p(X) =27 (14 (px(1))7T) 7 4.3)

Proof. Let px(t) = tpx(1). Then (see (2.11))

1
27 (1+7px(1
App(X) = sup (—pxl()):ogrgl
(I+7zr)r
1 1
Setting (1) = ix(l) it is easy to verify that it attains its maximum for 7 =
(1+7P)P

(px (1)) = , and substituting we have the thesis. [

Now we shall consider a few situations where px(7) = tpx(1) holds (as usual,
we set g = 55 ).

EXAMPLE 4.3. Let X = R? with the /.. — ¢; norm (the unit ball is a regular

hexagon):
la|+|b| ifab<O
[I(a;b)I] = :
max{lal,|b|} ifab>0.

The dual space X* is isometric to X ; moreover 8x (&) = max{0, %51} (& € [0,2]) so
&(X)=1=¢gy(X"). Also

t —1 t
px(t):sup{g—max{O,ST}: 0<£<2}:§ 0<r<1);
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so according to (4.3)

In particular

9 5 3/94+4y2
A, 3 (%) = i/;g 1.65; Ay(X) = \@g 1.58; Ay3(X) = +4‘[ =~ 1.542,

and (see [2, Example 3.2]) Az .(X) = 1.5 =lim, ... A2 p(X).

EXAMPLE 4.4. Consider now X = R? with the norm
[(a,b)|| = max{|a| + (vV2 = 1)[b]; |b|+ (V2= 1)|a]}.

The unit sphere is a regular octagon and the dual space X* is isometric to X . In this
case (see [2, p. 135]) Az(X) = V2 but of course X is not an inner product space; it
is not difficult to prove that

so by Proposition 4.2 we obtain:

App(X) =27 (14 (V2 1)'1)5.

In particular

EXAMPLE 4.5. Let X = R? with the ¢, — (., norm:

@bl ifab<0
|(a’b)|_{|(a7b)||2 ifab> 0.

The dual space X* of X has the £, — 1 norm, and so &(X*) =/2;also px(1) =
(see [1]). According to (4.3)

L
V2

1

Ay p(X) = 27 (l + (%)3 ! (in particular Ay »(X) = V/3).

The next example is of a different type (and the space is infinite-dimensional).
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EXAMPLE 4.6. Let X = L (an infinite-dimensional L;(ut)-space). We recall that

(see [6]):

(14155 — 1 1<s<2

px(t) = 141 + (1 =15\
(M) —1 s>2.

2
Let 1 <5< 2;then, by (2.11)
27 (1419)
Ay p(Ls) =sup{ =—————: 1< 1
(1+2P)»

If p=s,then Ay ,(L,) = 27 This shows that for no p € (1,2) the condition A, ,(X) =

1
2r» = A, ,(H) forces the space X to be an inner product space.
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