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SMALL HANKEL OPERATORS ON
DIRICHLET-TYPE SPACES AND APPLICATIONS

ZENGJIAN LOU AND RUISHEN QIAN

(Communicated by S. Stevic)

Abstract. In this paper, we characterize the boundedness and compactness of small Hankel op-
erators on Dirichlet-type spaces Dy .

1. Introduction

Let D be the unit disk in the complex plane C. As usual, H(D) denotes the class
of functions analytic on D and H*(ID) the set of bounded analytic functions on .

Let p : [0,00) — [0,0) be a right-continuous and nondecreasing function. The Lf,
space is the set of functions such that

17117 = /D f@)Pp(1—[2)dA(z) <.

When p(t) =1, le, is denoted by L?. The weighted Bergman space Alz, is a subset of
Lf, consisting of f € H(D). When p(¢) =t*, ot > —1, Af, gives the classical Bergman
space.

The Dirichlet-type spaces D, consist of those functions f’ € Af, with

1113, = 1 OF + 111173

When p(t) =1t*, 0 < a < 1, it gives the weighted Dirichlet spaces D, . For more
information on D), we refer to [1], [2], [3], [10] and [14].

Under some conditions of p (see Lemma 4), for functions f & Alz, and oo > 0,
we can define a small Hankel-type operator hq ¢ on the set of all polynomials on D
(denoted by &), by

ho.r(8) = Pu(f8), 8€ 2,

where

Puf(@) = [ T (1~ W) dA)

D (1 — WZ)2+0¢
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For more information on small Hankel operators, see for example, [4], [8], [16] and
[20].

In this paper, we always assume that p is a right-continuous and nondecreasing
function. We say that p is so called upper (resp. lower) type y € (0,) (see [9]), if

p(xy) <Cx'p(y), x=>1 (resp.x< 1) and 0 <y <eo.

REMARK 1. If p is a right-continuous and nondecreasing function with upper
type v for some y > 0, it is easy to see that p(2y) < Cp(y), where C is a positive
constant independent of y.

Recently there has been a huge interest in studying the boundedness and com-
pactness of various operators (composition, integral, product-type etc.) on spaces of
analytic functions on various domains (see, for example, [4, 5, 8, 11, 17, 18] and re-
lated references therein). In [16], Rochberg and Wu studied the boundedness of hq ¢
on weighted Dirichlet spaces Dy,. Motivated by their work, we are going to study the
boundedness of /4 s on more general Dirichlet-type spaces Dp .

Here and afterwards, for two functions f and g, by f < g we meanthat g < f <g,
where f < g means that there exists a positive constant C depending only on p and
parameters «.,7,..., such that f < Cg.

2. Auxiliary results

To prove the main theorems, we need the following lemmas.

LEMMA 1. Suppose that p is of upper type vy with 0 <y < oo. If s <1 and
T4+s>2+47. Then

/( p(1—|wP) dA(w) < p(1—1zP)

o (= Py = > (=

forall zeD.

Proof. Since p is of upper type ¥, applying Lemma 3.10 of [20] gives

p (1 |wp) |1—wz\> )
L T T e A0 T A

p (LI )
<7
~ (1 _ ‘Z|2)s+172 -0

Using Lemma 1, following the proof of Theorem 3.3 in [12], it is easy to get the
lemma below.

LEMMA 2. Suppose that p is of upper type y with 0 <y <1 and T > —1,
0 > —1. Then f € D, if and only if

— fw)P
r=: [ [0 a1 )1~ IwP)aAA(e) < =

DJD ‘1 _WZ|4+T+O'

Moreover, we have |f(0)|> +1 = Hf||%)p.
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LEMMA 3. Suppose that p is of upper type ¥ with 0 <y <1 and n € N*. Let

(l o |a|2)l+nzn+l

p(I—faP)(1 —az)"

Fu(z) =

and

(1—la)/p(1 —lal)(1 — 2]*)*
p(l—lz)(X—az>te 7

Then F, € Dy and G, € Lj.

Gu(z) =

a>0, acD.

Proof. By Lemma 1, we can deduce easily that

(1—\a|2)2+2"/ pUL—z) ,

p—JaP) JoT—agpri @=L

LIE@Pp(1-12P)arG) S

Thatis, F, € D, .
Since p is of upper type 7, applying Lemma 3.10 of [20] yields

[ 16.)Pp(1 - 2P)aA()

_1-12\2
S -laPfp(i—laf) [ St i)
l1—a 2\20
S(1=laf) / p((1 z|Z| a|§|22¢+4dA(Z)

2\2 (L= )m v
S(1—1al?) /D‘l_mwdfl(z)<°°~

Thus, G, € Dp. U

LEMMA 4. Suppose that p is of upper type v with 0 <y <1 and o > 0. Then
Py, is bounded on le,.

Proof. Let
p(1—|z)'2
M(z,w) =
) = = ) P
and 12
p(1—1z])
h(z) = , y<t<l
&=y
Define
Tug(z) /M zw)g(w)dA(w), g€ L>.

Using Lemma 1 and [20, Lemma 4.2.2] implies

/D M(z,w)h(w)dA(w) < h(2)
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and
/DM(z, w)h(z)dA(z) < h(w).
Hence, by Schur’ theorem ([20, Theorem 3.6]), we obtain
/ Thg (w)|2dA (w / lg(w)[2dA(w
forall g € L?. For f € L2, F(w) = |f(w)|p(1 — |w|)"/? € L?. We have
nmfmz=/uaﬂ@PMI—m%¢Ma

2
)(1—|w
1 —wz) ‘2+‘a p(1—[2*)dA(z)

a@mw&ﬁm&>
S

dA(w)

That is, P, is bounded on L2 .o

LEMMA 5. Suppose that o« > 0 and p is of upper type y with 0 <y < 1. If
fe A2 and he g :Dp — L is bounded, then

sup(1 —[al?)[ f(a)] < .
acD
Proof. For f € A%, it is well known that
sup(1 —[al?)[f(a) 0)[+ Z s |+SUP( — a2 £ ).

aeD

Thus, it is sufficient to prove

sup(1 — [al*)"*2[ ") (a)| < oo,
ach

Applying the reproducing formula yields
(1 _ |a|2)n+2f(n+l)(a)
=n+1 1— 2\o
X(1_|a|2)n+2/ < f(Z)( |Z| ) dA(Z)
D

(1 Za)3+a+n

1 _w2a 2\o
x(l—|a|2)”+2/( +f() /((l | |) ( |Z|) dA(W)dA(Z)

)1+n 1— ZW)2+°‘(1 _ )2+a

~ | oy BRG0P (1~ [wldA(w).
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By Lemma 3, we know that F; € Dp and G, € Lf, . Using Holder’s inequality, we get

(1= JaP)" 21D (@)| Sl (o) 13 Gl

The desired result is obtained. [

3. Boundedness and compactness of /4 ,

Let u be a finite positive Borel measure on ID. We say that u is a D, -Carleson
measure if the inclusion map i : D, — L*(u) is bounded, that is

[ 1@ Pan@ <clsl,

for all f € D,. The best constant C, denoted by ||u||p, is said to be the norm of
u. Suppose u is Dp-Carleson measure, we say that u is a vanishing D -Carleson
measure if the inclusion map i : Dp — L?(du) is compact in the following sense:

Y}E}(}o D ‘fn(?)‘zd‘u(z) —

whenever {f,} is a bounded sequence in D), that converges to 0 uniformly on compact
subsets of ID.
For f € H(ID), define positive measure (s by

dps(z) = |f ()PP (1~ [z]*)dA(2).

THEOREM 1. Let 0 <y <1 and o > 1+y. Suppose that p is of upper type y
and f € H(D). Then ho f: Dp — L2 is bounded if and only if |y is a D, -Carleson
measure.

Proof. Sufficiency. Suppose g € Dy, then gf € le). Combining this with Lemma
4 and the definition of D, -Carleson measure yield

e (@2 < 1175113 < Crlelln,.

This leads that hq,f: Dy — LI% is bounded.
Necessity. Since 1 € Dy, f=hg (1) € Lf,, furthermore f € Af,. Note that
f=Pof.For g €Dy, wehave

080 - @) = [ LS00 ppyan .

Since p is upper type v, for any € € (7, 1), from Lemma 1, we get

p(1—|w?) p(1—|z%)
b [T = YA S e
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Notice the fact that
Cp=:sup(1—[w|*)*|f(w)[?
weD

(see Lemma 5). Using Holder’s inequality gives
)
)f(z)g(z) T ()0
fO)[P (1~ w]?)? 2
< [ PR o1~ pyaa
[ Bt (PP,
D

=2 p(1—w]?)

P(1—|z|2)/D 8(@) —g(0I® (1= W2 )

<C
T 2P)E Jo [T —weP7 e p(1— [wP)

Cy ‘8(2)—g(w)|2 P(|1—WZ\)(1—\W\2)20‘—2

S (1—|z?)¢ /]D) |1 —wz|2 20— o(1— wl?) dA(w)
C —o(w 2 1—w Y o

S (1— \fz|2)£ D f(_Z>WZ§+(202|_£ ('1_ |W|Z2|> (1= [w|*)**2dA(w)
Cr lg(z) —g(w)|?

= _ hol2\20-2—7
“— [P Jo [T—wapraa-emy L~ W HdAGY).

From Lemma 2, we get

178~ ase >HL2
2
s [ [ - P2 = ) (1~ W) dAG)

<Cylsllp, -

Therefore,
||f§HLz S Ik (8) )HLz +Crlellp, < Crlielp,-

Thatis, y is a Dp-Carleson measure. The proof is completed. [J

THEOREM 2. Let 0 <y <1 and o > # Suppose that p is of upper type y
and f € H(D). Then hgy:Dp — le) is compact if and only if Wy is a vanishing
Dy -Carleson measure.

Proof. Let uy be a vanishing D, -Carleson measure. Suppose that g, € D, and
gn — 0 weakly as n — oo. Since D), is a Hilbert space, g, — 0 weakly if and only if
{gn} is a bounded sequence in D, and converges to 0 uniformly on compact subsets
of D). From the proof of Theorem 1, we have

Ve (gl < lgnfllz — 0, asn— oo

That is, hg ¢ is compact.
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Conversely, if hy f:Dp — Lf, is compact, let {g,} as above. Following the proof
of Theorem 1 gives

1780 = o (8n)ll 2 < Crllgnll, -
So, _
178allz < Crllgnllpy + [1har(gn)ll g — 0, asn— eo.

Hence py is a vanishing D, -Carleson measure. [

4. An application

In this section, as an application of the boundedness of small Hankel operators,
we establish a relationship between decompositions of f and iy being a D, -Carleson
measure for functions f in weighted Bergman spaces Af, . To prove the result, we need
some preliminaries.

Leta €D and

S(a) = {Z: re® €D |a| < |2, ’ari(;‘z)| < 1_2"'}

be the Carleson box with vertex at a. When a =0, S(0) =D.
The hyperbolic distance of z and w in DD is denoted by

+
d(z,w) = log |1WZ

1— wz‘

A sequence {a;} C D is called a d-lattice (d > 0), if every point of I is within hyper-
bolic distance 5d of some a; and no two points of this sequence are within hyperbolic
distance d/5 of each other.

We also need a few lemmas, the following one is a special case of Theorem 4.1 in

[13].

LEMMA 6. Suppose that p satisfies

[, P04 [ U A - apy2e, @)
sta) P(1—=2]%)
where o > —1/2. Then there exists a sequence {a;}y._, which is d-lattice for some

d >0, such that any f € A2 has the form
S (- la?)e ( / ) )‘“2
)= ) Chr———F5— 1-— dA
1= Yo ([P0 A
for some {c;}7_, € 1>, where 0 < r <1 and

ay —w
E(a,r) = ehD:|——| <
(ag,r) =4{w ‘l—a_kw‘ r}
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is the pseudo-hyperbolic disk. Moreover,

1/2
£l < (Z |Ck2> : (42)

The a;. are not uniquely determined by f but the series sets up an isomorphism with a
quotient space of I>. Convergence in series is pointwise and in norm.

LEMMA 7. Suppose that 0 < 6 <y <1, p is of upper type v and lower type &,
then p satisfies the condition in (4.1) for a > 0.

Proof. An easy computation gives

_1-12\2
[ p0 Z'¢“>A@%a¥%%”“@

—la 1—r)rdr 171 — )% rdr
=(1-Ja))? : pU—Pyrdr [ s (1=

—(1— p(l— Vz)rr Lp(l—laP) 220,
=(1 =~ Jal) MPU—W\) o (i) (o)

Since
pxy) SH'p(y), x=1, 0<y<e

and
pxy) S0 (), x<1, 0<y< e
It follows that p satisfies the condition in (4.1). [J

LEMMA 8. Suppose that p is of upper type v with 0 <y < 1. For g € HD), if
Ug is a Dp -Carleson measure, then iy is also a Dy -Carleson measure. Here

n@@waéﬁgﬁgﬁgu—wyw¢um7a>a

! 77 € Dp. Since g isa

Proof. Let 0 <y<t <1 and n €D, then FH(Z):(I,T)

Dp -Carleson measure,
51 <[ P pli—lnP)
L 12Pyaac) < [ PU=ED) jac
JA= =R P A S ey

where we used Lemma 1 in the last inequality. Hence, for f € D,

(F@IT(9)(@) = T(fe) (@)

(/ lg(w |lf—wz2 (w )|dA(w))2

w —Jw 2
‘g( )‘ p(l—\w\z)dA(w)/ |f(Z) f( )‘ dA(W)

~Jp 1 —wzff D [1=wz[*~'p (1= |w[?)

PP [ 1FQ)— w2
el v = s AL
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Following the proof of Theorem 1, we obtain

/DI(If(Z)IT(g)(Z) ~T(f8))@)Ip(1~ I*)dA() < |1 £1IB,-

By a similar argument in the proof of Lemma 4, we have

L ITo@Pp1-1:P)aAR) S [ 1ePp( - [2P)dAR) S 1B,

Therefore,

/le(Z)T(g)(Z)IZP(l ~ [2*)dA(z)
5/@ (2T (8)(@) ~T(f8)(2)Pp(1~[z]*)dA(z)
+/D\T(fg)(Z)I2P(1 —[2)dA () S 111113,

Thatis Ur(g) is a Dp-Carleson measure.  [J
The next lemma can be found in [15, Lemma 2.2].

LEMMA 9. Let {ai}y, be a d-latticein D (d > 0). For f € H(D), there exists
a disjoint decomposition {Di}7_ of D, i.e., D = UyDy, such that |Di| = (1 —|ax|?)?
and

(I =A)(N) @) S 4T (f)(2),

where 1 is identity operator, T as in Lemma 8 and

(1—Ja*)*

AP = 3 @) IDul et @0

Now we prove the main result of this section.

THEOREM 3. Let 0 <6 <y< 1 and o0 > 27/ Suppose that p is of upper type
y and lower type §. For any sequence {ax}y_, which is d-lattice (d > 0) in D, we
have:

(1). For sequences {ci}_o, if S0 |ck|* e, is a Dy -Carleson measure and

2\1+o
Z (1 —Jay]”)
\ P 1—‘61]{ l—akz 2+0£
then f € Alz) and Wy is a Dy -Carleson measure, where 8, is a point value measure.

(2). If f € HD) and uy is a Dy-Carleson measure, then f can be written as
(4.3) and

(4.3)

Ay

S
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Proof. (1). From the assumption on the sequence {cx}7_, we know that {c¢}7_,
€ I2. Using Lemmas 6 and 7, we have f € Af,. To prove that py is a Dy -Carleson

measure, by Theorem 1, it is sufficient to prove that he r: Dp — Lf, is bounded. For
g€Dy, z€D, let

g(w)
(1 — )2+a ’

It is easy to caculate that G € Alz, . Thus, G = Py(G) and

G(w) = w e D.

her @@ = [ Mu WA (w)

1 _WZ)2+oc

o (L |a)™e

Y

2 (G)(a
k=0 P(l—\ak|2)P (G e

N . (1—|ag|?) g (az)
k=0 p (1 —|a|?)(1 —az)>+e

Using Lemma 6, (4.2) and assumption of the theorem, it follows that

[ her(g ||Lz 2 lerg(ar)* <

E lex|* 8,

2
lsll3, -
p

(2). Let {ax}7, be a d-lattice in D and f € H(ID). From Lemma 9, there exists
a disjoint decomposition {D;} of D, such that

Dy = (1= |ag*)?.

For g € Dy, the assumption on f implies fg € Alz,. From [13, page 328] and the fact
that

p(1—|a*) < p(1—1z]*), z€Dy,

{Fla)g(ar) (1~ |ax*)\/p (1 |ax?) Yig € 1.

Since |fg|* is subharmonic, using the submean value property, we have

we know

1

P
[flar)g(an)” < p(1—|a?)|Di| I,

f(2)8(2)Pp (1~ [2)dA(2).

Therefore,

. p(1 ey Dell s £ 3 / £@8@Pp(1 - 2)dA()

k=0
S / e ~ 12P)dA()

5\\uf||p||gllu,,-
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Thus, X7 o | f(ax)~ i l‘a“(" |Dk\ 04, is a D, -Carleson measure and
< — |a]?) ’
ak
VEU B p < . 4.4
p

Then, from (1) and (4.4), we get that L1,y is a Dy -Carleson measure. Using Lemma
9 again, we have
(I =A) (N S dT(f)(2).
If d sufficiently small, using Lemma 8, we obtain
l— Al <172
So A~! exists and

A7 < Y -4y <2
n=0

Combining this with the definition of the operator A, we can rewrite the function f,
that is

f(2) = (AA7f)(2)
< (1 —Ja*)*
= 3 N@Il
S iy VRO (1 la)
A]ZZ)(A f)( k)‘Dk‘ (1 ‘a |2) P(l—‘ak‘ )(l_akz)era
Let

Using (4.4) and the boundedness of A~! give

Ay

< Joaeorl] < 04 el

The proof is completed. [

REMARK 2. Our proofs of theorems above depend on the condition o > 1” , we
failed to prove those results without the condition.
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