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POSITIVITY OF SUMS AND INTEGRALS FOR CONVEX

FUNCTIONS OF HIGHER ORDER OF n VARIABLES

ASIF R. KHAN, JOSIP PEČARIĆ AND SANJA VAROŠANEC

(Communicated by R. P. Agarwal)

Abstract. We provide one general discrete identity for ∑ · · ·∑Pk1···kn f (x1k1 , . . . ,xnkn ) and one
general integral identity for Λ( f ) =

∫ · · · ∫ P(x1, . . . ,xn) f (x1, . . . ,xn)dx1 · · ·dxn of Popoviciu type.
We obtain necessary and sufficient conditions under which these sum and integral are non-
negative for higher order convex functions of n variables. These identities and inequalities
generalize various established results. We also state new generalized Lagrange type and Cauchy
type mean value theorems. We obtain an Ostrowski type result as a special case of our main
integral identity and we also establish a bound on remainder term of our main integral identity
in terms of Lp -norm by using Hölder’s inequality. Finally we apply the functional Λ( f ) on the
family of some exponentially convex functions and discuss some of its major properties.

1. Introduction and preliminaries

In start we give some notations and definitions necessary for the understanding of
the paper as follows (see [4], [5] and [8]): I = [a,b]⊂R , J = [c,d]⊂R , I j = [a j,b j]⊂
R for j ∈ {1, . . . ,n} .

DEFINITION 1. The nth order divided difference of a function f : I → R at dis-
tinct points xi,xi+1, . . . ,xi+n ∈ I ⊂ R for some i ∈ N is defined recursively by:

[x j; f ] = f (x j) , j ∈ {i, . . . , i+n}

[xi, . . . ,xi+n; f ] =
[xi+1, . . . ,xi+n; f ]− [xi, . . . ,xi+n−1; f ]

xi+n− xi
.

It may easily be verified that

[xi, . . . ,xi+n; f ] =
n

∑
k=0

f (xi+k)
∏i+n

j=i, j �=i+k(xi+k − x j)
.

REMARK 1. Let us denote [xi, . . . ,xi+n; f ] by Δ(n) f (xi). The value [xi, . . . ,xi+n; f ]
is independent of the order of points xi,xi+1, . . . ,xi+n . We can extend this definition by
including the cases in which two or more points coincide by taking respective limits.
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DEFINITION 2. A function f : I → R is called convex of order n or n-convex if
for all choices of (n+1) distinct points xi, . . . ,xi+n we have Δ(n) f (xi) � 0. Further, we
say that if n th order derivative f(n) exists, then f is n-convex if and only if f(n) � 0.

Now we extend the definition of divided difference up to order (n1, . . . ,nk) .

DEFINITION 3. Let f : I1×·· ·×Ik →R be a function. Then the divided difference
of order (n1, . . . ,nk) of a function f at distinct points x ji j , . . . ,x j(i j+n j) ∈ I j , for j ∈
{1, . . . ,k} is given as

Δ(n1,...,nk) f (x1i1 , . . . ,xkik ) =

⎡
⎢⎣

x1i1 , . . . ,x1(i1+n1)
...

...
...

xkik , . . . ,xk(ik+nk)

⎤
⎥⎦ f

=
[
x1i1 , . . . ,x1(i1+n1);

[
x2i2 , . . . ,x2(i2+n2);

[
. . . ; [xkik , . . . ,xk(ik+nk); f ]

]]]
.

DEFINITION 4. We say that a function f : I1 × ·· · × Ik → R is convex of or-
der (n1, . . . , nk) or (n1, . . . ,nk)-convex if Δ(n1,...,nk) f (x1i1 , . . . ,xkik ) � 0, where x ji j ,
. . . ,x j(i j+n j) ∈ I j , for j ∈ {1, . . . ,k} and Δ(n1,...,nk) represents divided difference of or-

der (n1, . . . ,nk) . Further, if all partial derivatives ∂ n1+···+nk f
∂x

n1
1 ···∂x

nk
k

(denoted by f(n1,...,nk) )

exist, then f is (n1, . . . ,nk)-convex if and only if f(n1,...,nk) � 0.

For other results about convex functions of higher order we refer to the book [8].

DEFINITION 5. The (n,m) order finite difference of a function f for x ∈ I , y ∈ J
and h,k ∈ R is defined as

Δ(n,m)
h,k f (x,y) = Δ(n)

h (Δ(m)
k f (x,y)) = Δ(m)

k (Δ(n)
h f (x,y))

=
n

∑
i=0

m

∑
j=0

(−1)n+m−i− j
(

n
i

)(
m
j

)
f (x+ ih,y+ jk)

provided that x+ ih∈ I for i∈ {0, . . . ,n} and y+ jk ∈ J for j ∈ {0, . . . ,m} . Moreover,
we say that a function f : I × J → R is convex of order (n,m) or (n,m)-convex if

Δ(n,m)
h,k f (x,y) � 0 holds for each x ∈ I , y ∈ J and h,k ∈ R .

DEFINITION 6. Divided and finite differences of order (n,m) of a sequence (ai j)
i ∈ {1, . . . ,n}, j ∈ {1, . . . ,m} are defined as Δ(n,m)ai j = Δ(n,m) f (xi,y j) and Δ(n,m)ai j =

Δ(n,m)
1,1 f (xi,y j) respectively, where xi = i , y j = j and f : {1, . . . ,n}×{1, . . . ,m} → R

is the function f (i, j) = ai j . Moreover, we say that a sequence (ai j) is convex of order
(n,m) or (n,m)-convex if Δ(n,m)ai j � 0 holds for n,m � 0 and i, j ∈ N .

Let us introduce some further notations as follows. For some fixed integer a and
m ∈ N : a(m) = a(a−1) · · ·(a−m+1), a(0) = 1.
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For some real sequence (an) , n ∈ N and m ∈ {2,3, . . .} :

Δ(1)an = Δan = an+1−an, Δ(m)an = Δ(Δ(m−1)an).

Also for n distinct real numbers xi , i ∈ {1, . . . ,n} and m � 0:

(xk − xi)(m+1) = (xk − xi)(xk − xi+1) · · · (xk − xi+m), (xk − xi)(0) = 1.

This paper discusses the Popoviciu type characterization of positivity of sums
and integrals for higher order convex functions of n variables. We divide this pa-
per into five main parts. After “Introduction and Preliminaries” section, in the sec-
ond and in the third sections respectively, we obtain one discrete identity for the sum
∑ . . .∑Pk1...kn f (x1k1 , . . . ,xnkn) and one integral identity for Λ( f )=

∫
. . .
∫

P(x1, . . . ,xn)×
f (x1, . . . ,xn)dx1 . . .dxn of Popoviciu-type. These results are in fact generalizations of
the results given in [5], [7], [10] and [11]. In both the sections, we also obtain necessary
and sufficient conditions under which these sum and integral are nonnegative for higher
order convex functions of n variables. The forth section presents the mean value the-
orems, while in the last section we apply the functional Λ( f ) on the family of certain
exponentially convex functions and we discuss some of its major properties.

2. Discrete identity and inequality for functions of n variables

Let us state a result from [6] as follows.

PROPOSITION 1. Let pk ∈R for k∈{1, . . . ,N} . Then for any real sequence (ak) ,
k ∈ {1, . . . ,N} the following identity holds

N

∑
k=1

pkak =
m−1

∑
i=0

N

∑
k=i+1

pk(k−1)(i)
Δ(i)a1

i!

+
N

∑
i=m+1

( N

∑
k=i

pk(k− i+m−1)(m−1)
)Δ(m)ai−m

(m−1)!
. (1)

A result analogous to (1) for real functions was proved by Popoviciu [11] which
is stated as:

PROPOSITION 2. Let pk ∈ R for k ∈ {1, . . . ,N} . If f : I → R is a function and
xk , k ∈ {1, . . . ,N} be mutually distinct points from I , then the following identity holds

N

∑
k=1

pk f (xk) =
m−1

∑
i=0

( N

∑
k=i+1

pk(xk − x1)(i)
)

Δ(i) f (x1)

+
N

∑
i=m+1

( N

∑
k=i

pk(xk − xi−m+1)(m−1)
)

Δ(m) f (xi−m)(xi − xi−m). (2)

The next theorem is from [5].
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PROPOSITION 3. Let the assumptions of Proposition 2 be valid and let x1 < x2 <
· · · < xN . Then the inequality

N

∑
k=1

pk f (xk) � 0

holds for every convex function f of order r,r+1, . . . ,m for r ∈ {0, . . . ,m} if and only
if

N

∑
k=i+1

pk(xk − x1)(i) = 0, i ∈ {0, . . . ,r−1}, (3)

N

∑
k=i+1

pk(xk − x1)(i) � 0, i ∈ {r, . . . ,m−1}, (4)

N

∑
k=i

pk(xk − xi−m+1)(m−1) � 0, i ∈ {m+1, . . . ,N}.

For r = 0 (or r = m) , condition (3) (or (4)) can be omitted.

REMARK 2. The result for the special case f (xk) = ak can be found in [9], see
also [8, p. 257].

For two variable case some identities and inequalities can be found in [5]. Now
we further extend this Popoviciu type identities and inequalities for n variables.

For our main theorems of this section we define further notations as follows.
Let for r ∈ {0, . . . ,n} , j ∈ {1, . . . ,n} , nCr(i j,mj) be the set of all n -tuples in

which on the k th place we put mk or ik and r places are filled with constants from
the set {m1, . . . ,mn} while on the other n− r places we put variables from the set
{i1, . . . , in} . For example:

nC1(i j,mj) = {(m1, i2, . . . , in),(i1,m2, . . . , in), . . . ,(i1, i2, . . . , in−1,mn)},
nC2(i j,mj) = {(m1,m2, i3, . . . , in),(m1, i2,m3, i4, . . . , in), . . . ,(m1, i2, . . . , in−1,mn),

(i1,m2,m3, i4, . . . , in), . . . ,(i1,m2, i3, . . . , in−1,mn), . . . ,
(i1, i2, . . . , in−2,mn−1,mn)}.

Note that the number of elements of the class nCr(i j,mj) are equal to the binomial
coefficient

(n
r

)
. We introduce Δ involving variables i1, . . . , in and constants m1, . . . ,mn

as follows. For (i1, . . . , in) ∈ nC0(i j,mj) , we have

Δ(i1, . . . , in) =
mn−1

∑
in=0

· · ·
m1−1

∑
i1=0

N1

∑
k1=i1+1

· · ·
Nn

∑
kn=in+1

pk1···kn

n

∏
j=1

(x jk j − x j1)(i j)

×Δ(i1,...,in) f (x11, . . . ,xn1),

For (i1, . . . , it−1,mt , it+1, . . . , in) ∈ nC1(i j,mj) , we have

Δ(i1, . . . , it−1,mt , it+1, . . . , in)

=
mn−1

∑
in=0

· · ·
mt+1−1

∑
it+1=0

Nt

∑
it=mt+1

mt−1−1

∑
it−1=0

· · ·
m1−1

∑
i1=0

N1

∑
k1=i1+1

· · ·
Nt−1

∑
kt−1=it−1+1

Nt

∑
kt=it

Nt+1

∑
kt+1=it+1+1

· · ·
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×
Nn

∑
kn=in+1

pk1···kn

( n

∏
j=1, j �=t

(x jk j − x j1)(i j)
)
(xtkt − xt(it−mt+1))

(mt−1)

× (xtit − xt(it−mt))Δ(i1,...,it−1,mt ,it+1,...,in) f (x11, . . . ,x(t−1)1,xt(it−mt),x(t+1)1, . . . ,xn1).

In general, for (i1, . . . , is−1,ms, is+1, . . . , it−1,mt , it+1, . . . , in) ∈ nCr(i j,mj) , we have

Δ(i1, . . . , is−1,ms, is+1, . . . , it−1,mt , it+1, . . . , in)

=
mn−1

∑
in=0

· · ·
mt+1−1

∑
it+1=0

Nt

∑
it=mt+1

mt−1−1

∑
it−1=0

. . .
ms+1−1

∑
is+1=0

Ns

∑
it=ms+1

ms−1−1

∑
is−1=0

· · ·
m1−1

∑
i1=0

×
N1

∑
k1=i1+1

· · ·
Ns−1

∑
ks−1=is−1+1

Ns

∑
ks=is

Ns+1

∑
ks+1=is+1+1

. . .
Nt−1

∑
kt−1=it−1+1

Nt

∑
kt=it

Nt+1

∑
kt+1=it+1+1

· · ·
Nn

∑
kn=in+1

× pk1···kn

n

∏
j=1, j/∈Ir

(x jk j − x j1)(i j) ∏
j∈Ir

(x jk j − x j(i j−mj+1))
(mj−1)(x ji j − x j(i j−mj))

×Δ(i1,...,is−1,ms,is+1,...,it−1,mt ,it+1,...,in)

× f (x11, . . . ,x(s−1)1,xs(is−ms),x(s+1)1, . . . ,x(t−1)1,xt(it−mt ),x(t+1)1, . . . ,xn1)

where Ir is a set of all r indices s, . . . ,t of used constants ms, . . . ,mt .
Finally, for (m1, . . . ,mn) ∈ nCn(i j,mj) , we have

Δ(m1, . . . ,mn)

=
Nn

∑
in=mn+1

· · ·
N1

∑
i1=m1+1

N1

∑
k1=i1

· · ·
Nn

∑
kn=in

pk1···knΔ(m1,...,mn) f (x1(k1−m1), . . . ,xn(kn−mn))

×
n

∏
j=1

(
(x jk j − x j(i j−mj+1))

(mj−1)(x ji j − x j(i j−mj))
)
.

The following theorem gives an identity for sum ∑ · · ·∑ pk1···kn f (x1k1 , . . . ,xnkn) involv-
ing n variables.

THEOREM 1. Let f : I1×·· ·×In →R be a function. Let pk1...kn ∈R and let x jk j ∈
I j be distinct real numbers for k j ∈ {1, . . . ,Nj} , j ∈ {1, . . . ,n} , where Ij = [a j,b j]⊂R .
Then we have

N1

∑
k1=1

· · ·
Nn

∑
kn=1

pk1···kn f (x1k1 , . . . ,xnkn) =
n

∑
r=0

∑
(p1,...,pn)∈nCr(i j ,mj)

Δ(p1, . . . , pn). (5)

Proof. We start with considering

N1

∑
k1=1

· · ·
Nn

∑
kn=1

pk1···kn f (x1k1 , . . . ,xnkn) =
N1

∑
k1=1

· · ·
Nn−1

∑
kn−1=1

[ Nn

∑
kn=1

Q(1,1)
kn

F (1,1)
xnkn

(xnkn)
]
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where Q(1,1)
kn

= pk1···kn and F (1,1)
xnkn

(xnkn) = f (x1k1 , . . . ,xnkn) where Q(1,1)
kn

represents that
this function only depends on kn and independent of other n−1 variables. Similarly

F(1,1)
xnkn

represents that this is only a function of variable xnkn and independent of other
n−1 variables. So using Proposition 2 we get,

N1

∑
k1=1

· · ·
Nn

∑
kn=1

pk1···kn f (x1k1 , . . . ,xnkn)

=
N1

∑
k1=1

· · ·
Nn−1

∑
kn−1=1

[mn−1

∑
in=0

( Nn

∑
kn=in+1

Q(1,1)
kn

(xnkn − xn1)(in)Δ(in)F
(1,1)
xnkn

(xn1)

+
Nn

∑
in=mn+1

Nn

∑
kn=in

Q(1,1)
kn

(xnkn−xn(in−mn+1))
(mn−1)

)
Δ(mn)F

(1,1)
xnkn

(xn(in−mn))(xnin−xn(in−mn))
]

=
N1

∑
k1=1

· · ·
Nn−2

∑
kn−2=1

mn−1

∑
in=0

[ Nn−1

∑
kn−1=1

( Nn

∑
kn=in+1

pk1···kn(xnkn−xn1)(in)
)

Δ(in) f (x1k1 , . . .,x(n−1)kn−1
,xn1)

]

+
N1

∑
k1=1

· · ·
Nn−2

∑
kn−2=1

Nn

∑
in=mn+1

[ Nn−1

∑
kn−1=1

( Nn

∑
kn=in

pk1···kn(xnkn − xn(in−mn+1))
(mn−1)

× (xnin − xn(in−mn))
)

Δ(mn) f (x1k1 , . . . ,x(n−1)kn−1
,xn(in−mn))

]

=
N1

∑
k1=1

· · ·
Nn−2

∑
kn−2=1

mn−1

∑
in=0

[ Nn−1

∑
kn−1=1

Q(2,1)
kn−1

F(2,1)
x(n−1)kn−1

]
+

N1

∑
k1=1

· · ·
Nn−2

∑
kn−2=1

Nn

∑
in=mn+1

[ Nn−1

∑
kn−1=1

Q(2,2)
kn−1

F (2,2)
xn−1kn−1

]
where

Q(2,1)
kn−1

=
Nn

∑
kn=in+1

pk1···kn(xnkn − xn1)(in),

Q(2,2)
kn−1

=
Nn

∑
kn=in

pk1···kn(xnkn − xn(in−mn+1))
(mn−1)(xnin − xn(in−mn)),

F (2,1)
x(n−1)kn−1

(x(n−1)kn−1
) = Δ(in) f (x1k1 , . . . ,x(n−1)kn−1

,xn1),

F (2,2)
x(n−1)kn−1

(x(n−1)kn−1
) = Δ(mn) f (x1k1 , . . . ,x(n−1)kn−1

,xn(in−mn)).

Note that, this time we assume Q(2,1)
kn−1

to be only dependent on kn−1 , whereas F (2,1)
x(n−1)kn−1

is considered to be a function of variable x(n−1)kn−1
as far as Q(2,2)

kn−1
is concerned, it only

depends on kn−1 and F (2,2)
x(n−1)kn−1

is a function of variable x(n−1)kn−1
. So, again applying

Proposition 2, we have

N1

∑
k1=1

· · ·
Nn

∑
kn=1

pk1···kn f (x1k1 , . . . ,xnkn)

=
N1

∑
k1=1

· · ·
Nn−2

∑
kn−2=1

mn−1

∑
in=0

[mn−1−1

∑
in−1=0

Nn−1

∑
kn−1=in−1+1

Q(2,1)
kn−1

(x(n−1)kn−1
− x(n−1)1)

(in−1)
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×Δ(in−1)F
(2,1)
x(n−1)kn−1

(x(n−1)1)

+
Nn−1

∑
in−1=mn−1+1

Nn−1

∑
kn−1=in−1

Q(2,1)
kn−1

(x(n−1)kn−1
− x(n−1)(in−1−mn−1+1))

(mn−1−1)

×Δ(in−1)F
(2,1)
x(n−1)kn−1

(x(n−1)(in−1−mn−1))(x(n−1)(in−1)− x(n−1)(in−1−mn−1))
]

+
N1

∑
k1=1

· · ·
Nn−2

∑
kn−2=1

Nn

∑
in=mn+1

[mn−1−1

∑
in−1=0

Nn−1

∑
kn−1=in−1+1

Q(2,2)
kn−1

(x(n−1)kn−1
− x(n−1)1)

(in−1)

×Δ(in−1)F
(2,2)
x(n−1)kn−1

(x(n−1)1)

+
Nn−1

∑
in−1=mn−1+1

Nn−1

∑
kn−1=in−1

Q(2,2)
kn−1

(x(n−1)kn−1
− x(n−1)(in−1−mn−1+1))

(mn−1−1)

×Δ(mn−1)F
(2,2)
x(n−1)kn−1

(x(n−1)(in−1−mn−1))(x(n−1)(in−1) − x(n−1)(in−1−mn−1))
]

=
N1

∑
k1=1

· · ·
Nn−3

∑
kn−3=1

mn−1

∑
in=0

mn−1−1

∑
in−1=0

[ Nn−2

∑
kn−2=1

Nn−1

∑
kn−1=in−1+1

Q(2,1)
kn−1

(x(n−1)kn−1
− x(n−1)1)

(in−1)

×Δ(in−1)F
(2,1)
x(n−1)kn−1

(x(n−1)1)
]
+

N1

∑
k1=1

· · ·
Nn−3

∑
kn−3=1

mn−1

∑
in=0

Nn−1

∑
in−1=mn−1+1

×
[ Nn−2

∑
kn−2=1

Nn−1

∑
kn−1=in−1

Q(2,1)
kn−1

(x(n−1)kn−1
− x(n−1)(in−1−mn−1+1))

(mn−1−1)

×Δ(mn−1)F
(2,1)
x(n−1)kn−1

(x(n−1)(in−1−mn−1))(x(n−1)(in−1) − x(n−1)(in−1−mn−1))
]

+
N1

∑
k1=1

· · ·
Nn−3

∑
kn−3=1

Nn

∑
in=mn+1

mn−1−1

∑
in−1=0

[ Nn−2

∑
kn−2=1

Nn−1

∑
kn−1=in−1+1

Q(2,2)
kn−1

(x(n−1)kn−1
− x(n−1)1)

(in−1)

×Δ(in−1)F
(2,2)
x(n−1)kn−1

(x(n−1)1)
]
+

N1

∑
k1=1

· · ·
Nn−3

∑
kn−3=1

Nn

∑
in=mn+1

Nn−1

∑
in−1=mn−1+1

×
[ Nn−2

∑
kn−2=1

Nn−1

∑
kn−1=in−1

Q(2,2)
kn−1

(x(n−1)kn−1
− x(n−1)(in−1−mn−1+1))

(mn−1−1)

×Δ(mn−1)F
(2,2)
x(n−1)kn−1

(x(n−1)(in−1−mn−1))(x(n−1)(in−1) − x(n−1)(in−1−mn−1))
]

=
N1

∑
k1=1

· · ·
Nn−3

∑
kn−3=1

mn−1

∑
in=0

mn−1−1

∑
in−1=0

Nn−2

∑
kn−2=1

Nn−1

∑
kn−1=in−1+1

Nn

∑
kn=in+1

pk1···kn(xnkn − xn1)(in)

× (x(n−1)kn−1
− x(n−1)1)

(in−1)Δ(in−1,in) f (x1k1 , . . . ,x(n−2)kn−2
,x(n−1)1,xn1)

+
N1

∑
k1=1

· · ·
Nn−3

∑
kn−3=1

mn−1

∑
in=0

Nn−1

∑
in−1=mn−1+1

Nn−2

∑
kn−2=1

Nn−1

∑
kn−1=in−1

Nn

∑
kn=in+1

pk1···kn(xnkn − xn1)(in)
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× (x(n−1)kn−1
− x(n−1)(in−1−mn−1+1))

(mn−1−1)(x(n−1)(in−1)− x(n−1)(in−1−mn−1))

×Δ(mn−1,in) f (x1k1 , . . . ,x(n−2)kn−2
,x(n−1)(in−1−mn−1),xn1)

+
N1

∑
k1=1

· · ·
Nn−3

∑
kn−3=1

Nn

∑
in=mn+1

mn−1−1

∑
in−1=0

Nn−2

∑
kn−2=1

Nn−1

∑
kn−1=in−1+1

Nn

∑
kn=in

pk1···kn

× (xnkn − xn(in−mn+1))
(mn−1)(xnin − xn(in−mn))(x(n−1)kn−1

− x(n−1)1)
(in−1)

×Δ(in−1,mn) f (x1k1 , . . . ,x(n−2)kn−2
,x(n−1)1,xn(in−mn))

+
N1

∑
k1=1

· · ·
Nn−3

∑
kn−3=1

Nn

∑
in=mn+1

Nn−1

∑
in−1=mn−1+1

Nn−2

∑
kn−2=1

Nn−1

∑
kn−1=in−1

Nn

∑
kn=in

pk1···kn

× (xnkn − xn(in−mn+1))
(mn−1)(x(n−1)kn−1

− x(n−1)(in−1−mn−1+1))
(mn−1−1)

×Δ(mn−1,mn) f (x1k1 , . . . ,x(n−2)kn−2
,x(n−1)(in−1−mn−1),xn(in−mn))

× (xnin − xn(in−mn))(x(n−1)(in−1)− x(n−1)(in−1−mn−1)).

Continuing in the similar fashion we finally get identity (5) . �

REMARK 3. If we set n = 2 in previous theorem, then we get following corollary
which can be found in [5].

COROLLARY 1. Let f : I×J →R be a function and let pi j ∈R for i∈ {1, . . . ,N}
and j ∈ {1, . . . ,M} . Then the following identity holds

N

∑
i=1

M

∑
j=1

pi j f (xi,y j)

=
m−1

∑
k=0

n−1

∑
t=0

N

∑
s=t+1

M

∑
r=k+1

psr(xs− x1)(t)(yr − y1)(k)Δ(t,k) f (x1,y1)

+
m−1

∑
k=0

N

∑
t=n+1

N

∑
s=t

M

∑
r=k+1

psr(xs− xt−n+1)(n−1)(yr − y1)(k)Δ(n,k) f (xt−n,y1)(xt − xt−n)

+
M

∑
k=m+1

n−1

∑
t=0

N

∑
s=t+1

M

∑
r=k

psr(xs − x1)(t)(yr − yk−m+1)(m−1)Δ(t,m) f (x1,yk−m)(yk − yk−m)

+
M

∑
k=m+1

N

∑
t=n+1

N

∑
s=t

M

∑
r=k

psr(xs − xt−n+1)(n−1)(yr − yk−m+1)(m−1)

×Δ(n,m) f (xt−n,yk−m)(xt − xt−n)(yk − yk−m) (6)

where (xi,y j) ∈ I× J are distinct points for i ∈ {1, . . . ,N} and j ∈ {1, . . . ,M} .

REMARK 4. If we put xi = i , y j = j and f (xi,y j) = f (i, j) = ai j in Corollary 1,
then we get the following result.
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COROLLARY 2. Let ai j, pi j ∈ R for i ∈ {1, . . . ,N} and j ∈ {1, . . . ,M} . Then the
following identity holds

N

∑
i=1

M

∑
j=1

pi jai, j

=
m−1

∑
k=0

n−1

∑
t=0

N

∑
s=t+1

M

∑
r=k+1

psr

(
s−1

t

)(
r−1

k

)
Δ(t,k)a11

+
m−1

∑
k=0

N

∑
t=n+1

N

∑
s=t

M

∑
r=k+1

psr

(
s− t +n−1

n−1

)(
r−1

k

)
Δ(n,k)a(t−n)(1)

+
M

∑
k=m+1

n−1

∑
t=0

N

∑
s=t+1

M

∑
r=k

psr

(
s−1

t

)(
r− k+m−1

m−1

)
Δ(t,m)a1(k−m)

+
M

∑
k=m+1

N

∑
t=n+1

N

∑
s=t

M

∑
r=k

psr

(
s− t +n−1

n−1

)(
r− k+m−1

m−1

)
Δ(n,m)a(t−n)(k−m).

REMARK 5. If in Corollary 1 we simply put f (xi,y j) = f (xi)g(y j) , then we ob-
tain the similar statement for two functions f and g as follows.

COROLLARY 3. Let f : I → R and g : J → R be two functions and let pi j ∈ R

for i ∈ {1, . . . ,N} and j ∈ {1, . . . ,M} . Then the following identity holds

N

∑
i=1

M

∑
j=1

pi j f (xi)g(y j)

=
m−1

∑
k=0

n−1

∑
t=0

N

∑
s=t+1

M

∑
r=k+1

psr(xs− x1)(t)Δ(t) f (x1)(yr − y1)(k)Δ(k)g(y1)

+
m−1

∑
k=0

N

∑
t=n+1

N

∑
s=t

M

∑
r=k+1

psr(xs − xt−n+1)(n−1)Δ(n) f (xt−n)(xt − xt−n)(yr − y1)(k)Δ(k)g(y1)

+
M

∑
k=m+1

n−1

∑
t=0

N

∑
s=t+1

M

∑
r=k

psr(xs− x1)(t)

×Δ(t) f (x1)(yr − yk−m+1)(m−1)Δ(m)g(yk−m)(yk − yk−m)

+
M

∑
k=m+1

N

∑
t=n+1

N

∑
s=t

M

∑
r=k

psr(xs− xt−n+1)(n−1)Δ(n) f (xt−n)(xt − xt−n)

× (yr − yk−m+1)(m−1)Δ(m)g(yk−m)(yk − yk−m)

where (xi,y j) ∈ I× J are distinct points for i ∈ {1, . . . ,N} and j ∈ {1, . . . ,M} .

REMARK 6. If we put f (xi) = ai and g(y j) = b j in Corollary 3, then we retrieve
an identity given in [10] for sequences (ai) and (b j) .
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THEOREM 2. Let the assumptions of Theorem 1 be valid. Then the inequality

N1

∑
k1=1

· · ·
Nn

∑
kn=1

pk1···kn f (x1k1 , . . . ,xnkn) � 0 (7)

holds for every (m1, . . . ,mn)-convex function on I1×·· ·× In if and only if

N1

∑
k1=i1+1

· · ·
Nn

∑
kn=in+1

pk1···kn

n

∏
j=1

(x jk j − x j1)(i j) = 0, (8)

∀ i1 ∈ {0, . . . ,m1−1}, . . . , in ∈ {0, . . . ,mn−1},
N1

∑
k1=i1

· · ·
Nn

∑
kn=in+1

pk1···kn(x1k1 − x1(i1−m1+1))
(m1−1)

n

∏
j=2

(x jk j − x j1)(i j) = 0, (9)

∀ i1 ∈ {m1 +1, . . . ,N1}, i2 ∈ {0, . . . ,m2−1}, . . . , in ∈ {0, . . . ,mn−1},
...

N1

∑
k1=i1+1

· · ·
Nn−1

∑
kn−1=in−1+1

Nn

∑
kn=in

pk1···kn

n−1

∏
j=1

(x jk j − x j1)(i j)(xnkn − xn(in−mn+1))
(mn−1) = 0,

(10)

∀ i1 ∈ {0, . . . ,m1−1}, . . . , in−1 ∈ {0, . . . ,mn−1−1}, in ∈ {mn +1, . . . ,Nn},
...

N1

∑
k1=i1+1

N2

∑
k2=i2

· · ·
Nn

∑
kn=in

pk1···kn(x1k1 − x11)
n

∏
j=2

(x jk j − x j(i j−mj+1))
(mj−1) = 0, (11)

∀ i1 ∈ {0, . . . ,m1−1}, i2 ∈ {m2 +1, . . . ,N2}, . . . , in ∈ {mn +1, . . . ,Nn},
N1

∑
k1=i1

· · ·
Nn

∑
kn=in

pk1···kn

n

∏
j=1

(x jk j − x j(i j−mj+1))
(mj−1) � 0, (12)

∀ i1 ∈ {m1 +1, . . . ,N1}, . . . , in ∈ {mn +1, . . . ,Nn}.

Proof. If (8) , (9), . . . ,(10), . . . ,(11) hold, then all these sums are zero in (5) and
the required inequality (7) holds by using (12) .

Conversely, let (7) hold for every convex function f of order (m1, . . . ,mn) . Let
us consider the following functions

f 1(x1k1 , . . . ,xnkn) =
n

∏
j=1

(x jk j − x j1)(i j) and f 2 = − f 1,

for i1 ∈ {0, . . . ,m1 −1}, . . . , in ∈ {0, . . . ,mn −1} . Since these functions are convex of
order (m1, . . . ,mn) , so by (7) the inequalities

N1

∑
k1=1

· · ·
Nn

∑
kn=1

pk1···kn f k(x1k1 , . . . ,xnkn) � 0 for k ∈ {1,2}
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hold and we get required inequality (8) . In the same way if we consider the following
(m1, . . . ,mn)-convex functions

f 3(x1k1 , . . . ,xnkn) =
{

(x1k1 − x1(i1−m1+1))(m1−1) ∏n
j=2(x jk j − x j1)(i j) , x1(i1−1) < x1k1 ,

0 , x1(i1−1) � x1k1 ,

and f 4 =− f 3 , where i1 ∈ {m1 +1, . . . ,N1}, i2 ∈ {0, . . . ,m2−1}, . . . , in ∈ {0, . . . ,mn−
1} , then we get the required equality (9) .

Similarly, if we consider in (7) the following (m1, . . . ,mn)-convex functions

f 5(x1k1 , . . . ,xnkn) =
{

(xnkn − xn(in−mn+1))(mn−1) ∏n−1
j=1(x jk j − x j1)(i j) , xn(in−1) < xnkn ,

0 , xn(in−1) � xnkn ,

and f 6 = − f 5 , where i1 ∈ {0, . . . ,m1 −1}, . . . , in−1 ∈ {0, . . . ,mn−1−1}, in ∈ {mn +
1, . . . ,Nn} , then we get the required equality (10) and so on.

The last inequality (12) is followed by considering the following (m1, . . . ,mn)-
convex function in (7)

f 7(x1k1 , . . . ,xnkn) =
{

∏n
j=1(x jk j−x j(i j−mj+1))(mj−1) , x1(i1−1) < x1k1 , . . . ,xn(in−1) < xnkn ,

0 , otherwise

where i1 ∈ {m1 +1, . . . ,N1}, . . . , in ∈ {mn +1, . . . ,Nn} . �

COROLLARY 4. Let f : I×J →R be a function and let pi j ∈R for i∈ {1, . . . ,N}
and j ∈ {1, . . . ,M} . For real numbers x1 < x2 < .. . < xN , xi ∈ I , y1 < y2 < .. . < yM ,
y j ∈ J , the inequality

N

∑
i=1

M

∑
j=1

pi j f (xi,y j) � 0

holds for every (n,m)-convex function on I× J if and only if

N

∑
s=t+1

M

∑
r=k+1

psr(xs − x1)(t)(yr − y1)(k) = 0,
k ∈ {0, . . . ,m−1}
t ∈ {0, . . . ,n−1}

N

∑
s=t

M

∑
r=k+1

psr(xs− xt−n+1)(n−1)(yr − y1)(k) = 0,
k ∈ {0, . . . ,m−1}
t ∈ {n+1, . . . ,N}

N

∑
s=t+1

M

∑
r=k

psr(xs − x1)(t)(yr − yk−m+1)(m−1) = 0,
k ∈ {m+1, . . . ,M}
t ∈ {0, . . . ,n−1}

N

∑
s=t

M

∑
r=k

psr(xs − xt−n+1)(n−1)(yr − yk−m+1)(m−1) � 0,
k ∈ {m+1, . . . ,M}
t ∈ {n+1, . . . ,N}.

REMARK 7. The case when f (xi,y j) = ai j for i ∈ {1, . . . ,N} , j ∈ {1, . . . ,M}
and m = n = 1 was considered in [7]. The case when f (xi,y j) = aib j , where (ai) for
i ∈ {1, . . . ,N} is an n -convex sequence and (b j) for j ∈ {1, . . . ,M} is an m-convex
sequence was researched in [10]. Also the case f (xi,y j) = aib j for monotonic n -tuples
a and b was considered by Popoviciu in [11] (see also [5]).
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3. Integral identity and inequality for higher order
differentiable functions of n variables

As we done in previous section, for the present section also we introduce some
notations to simplify the statement of our main theorems as follows.

For variables i1, . . . , in and constants m1 + 1, . . . ,mn + 1 we define Δ̃ in the fol-
lowing way:

Δ̃(i1, . . . , in)

=
m1

∑
i1=0

· · ·
mn

∑
in=0

∫ b1

a1

· · ·
∫ bn

an

p(x1, . . . ,xn) f(i1,...,in)(a1, . . . ,an)
n

∏
j=1

(y j −a j)i j

i j!
dyn · · ·dy1,

Δ̃(i1, . . . , ik−1,mk, ik+1, . . . , in)

=
m1

∑
i1=0

· · ·
mk−1

∑
ik−1=0

mk+1

∑
ik+1=0

· · ·
mn

∑
in=0

∫ bk

ak

∫ b1

a1

· · ·
∫ bk−1

ak−1

∫ bk

xk

∫ bk+1

ak+1

· · ·
∫ bn

an

p(x1, . . . ,xn)

× f(i1,...,ik−1,mk+1,ik+1,...,in)
(yk − xk)mk

mk!

n

∏
j=1, j �=k

(y j −a j)i j

i j!
dyn · · ·dy1dxk.

Similarly, we can define Δ̃ for any n -tuple from nCr(i j,mj) for some j ∈ {1, . . . ,n}
and finally we define

Δ̃(m1, . . . ,mn) =
∫ b1

a1

· · ·
∫ bn

an

∫ b1

x1

· · ·
∫ bn

xn

p(x1, . . . ,xn)

× f(m1+1,...,mn+1)(x1, . . . ,xn)
n

∏
j=1

(y j − x j)mj

mj!
dyn · · ·dy1dxn · · ·dx1.

Now we are ready to state our main theorems of this section.

THEOREM 3. Let p, f : I1 × ·· · × In → R be integrable functions and let f ∈
C(m1+1,...,mn+1) (I1×·· ·× In) . Then the following identity holds

∫ b1

a1

· · ·
∫ bn

an

p(x1, . . . ,xn) f (x1, . . . ,xn)dxn · · ·dx1 =
n

∑
r=0

∑
(p1,...,pn)∈nCr(i j ,mj+1)

Δ̃(p1, . . . , pn).

(13)

Proof. We consider the Taylor expansion:

f (x1, . . . ,xn) =
mn

∑
in=0

f(0,...,0,in)(x1, . . . ,xn−1,an)
(xn −an)in

in!

+
∫ xn

an

f(0,...,0,mn+1)(x1, . . . ,xn−1,yn)
(xn− yn)mn

mn!
dyn.
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Multiply the above formula with p(x1, . . . ,xn) and integrate it over [an,bn] by
variable xn . Then we have

∫ bn

an

p(x1, . . . ,xn) f (x1, . . . ,xn)dxn

=
mn

∑
in=0

f(0,...,0,in)(x1, . . . ,xn−1,an)
∫ bn

an

p(x1, . . . ,xn)
(xn −an)in

in!
dxn

+
∫ bn

an

(∫ xn

an

p(x1, . . . ,xn) f(0,...,0,mn+1)(x1, . . . ,xn−1,yn)
(xn− yn)mn

mn!
dyn

)
dxn.

(14)

Let us use the following Taylor expansions:

f(0,...,0,in)(x1, . . . ,xn−1,an)

=
mn−1

∑
in−1=0

f(0,...,0,in−1,in)(x1, . . . ,xn−2,an−1,an)
(xn−1 −an−1)in−1

in−1!

+
∫ xn−1

an−1

f(0,...,0,mn−1+1,in)(x1, . . . ,xn−2,yn−1,an)
(xn−1− yn−1)mn−1

mn−1!
dyn−1,

f(0,...,0,mn+1)(x1, . . . ,xn−1,yn)

=
mn−1

∑
in−1=0

f(0,...,0,in−1,mn+1)(x1, . . . ,xn−2,an−1,yn)
(xn−1−an−1)in−1

in−1!

+
∫ xn−1

an−1

f(0,...,0,mn−1+1,mn+1)(x1, . . . ,xn−2,yn−1,yn)
(xn−1− yn−1)mn−1

mn−1!
dyn−1.

Put these two formulae in (14) and integrate over [an−1,bn−1] by variable xn−1 . Then
we have

∫ bn−1

an−1

∫ bn

an

p(x1, . . . ,xn) f (x1, . . . ,xn)dxndxn−1

=
∫ bn−1

an−1

[ mn

∑
in=0

mn−1

∑
in−1=0

f(0,...,0,in−1,in)(x1, . . . ,xn−2,an−1,an)
(xn−1 −an−1)in−1

in−1!

×
∫ bn

an

p(x1, . . . ,xn)
(xn −an)in

in!
dxn

]
dxn−1

+
∫ bn−1

an−1

[ mn

∑
in=0

∫ xn−1

an−1

f(0,...,0,mn−1+1,in)(x1, . . . ,xn−2,yn−1,an)

× (xn−1− yn−1)mn−1

mn−1!
dyn−1

∫ bn

an

p(x1, . . . ,xn)
(xn−an)in

in!
dxn

]
dxn−1
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+
∫ bn−1

an−1

[ ∫ bn

an

∫ xn

an

p(x1, . . . ,xn)
mn−1

∑
in−1=0

f(0,...,0,in−1,mn+1)(x1, . . . ,xn−2,an−1,yn)

× (xn−1−an−1)in−1

in−1!
(xn− yn)mn

mn!
dyndxn

]
dxn−1

+
∫ bn−1

an−1

[∫ bn

an

∫ xn

an

p(x1, . . . ,xn)
∫ xn−1

an−1

f(0,...,0,mn−1+1,mn+1)(x1, . . . ,xn−2,yn−1,yn)

× (xn−1− yn−1)mn−1

mn−1!
(xn − yn)mn

mn!
dyn−1dyndxn

]
dxn−1.

In the first summand we change the order of summation, use linearity of integral and
get

mn

∑
in=0

mn−1

∑
in−1=0

∫ bn−1

an−1

∫ bn

an

p(x1, . . . ,xn) f(0,...,0,in−1,in)(x1, . . . ,xn−2,an−1,an)

× (xn−1−an−1)in−1

in−1!
(xn−an)in

in!
dxndxn−1.

The second summand is rewritten as∫ bn−1

an−1

[ mn

∑
in=0

∫ xn−1

an−1

f(0,...,0,mn−1+1,in)(x1, . . . ,xn−2,yn−1,an)

× (xn−1− yn−1)mn−1

mn−1!
dyn−1

∫ bn

an

p(x1, . . . ,xn)
(xn −an)in

in!
dxn

]
dxn−1

=
∫ bn−1

an−1

[ mn

∑
in=0

∫ xn−1

an−1

∫ bn

an

p(x1, . . . ,xn)
(xn −an)in

in!

× f(0,...,0,mn−1+1,in)(x1, . . . ,xn−2,yn−1,an)
(xn−1− yn−1)mn−1

mn−1!
dxndyn−1

]
dxn−1

=
mn

∑
in=0

∫ bn−1

an−1

∫ xn−1

an−1

∫ bn

an

p(x1, . . . ,xn) f(0,...,0,mn−1+1,in)(x1, . . . ,xn−2,yn−1,an)

× (xn−an)in

in!
(xn−1− yn−1)mn−1

mn−1!
dxndyn−1dxn−1

=
mn

∑
in=0

∫ bn−1

an−1

∫ bn−1

yn−1

∫ bn

an

p(x1, . . . ,xn) f(0,...,0,mn−1+1,in)(x1, . . . ,xn−2,yn−1,an)

× (xn−an)in

in!
(xn−1− yn−1)mn−1

mn−1!
dxndxn−1dyn−1

where in the last equation we used the Fubini theorem for variables yn−1 and xn−1 .
Let us point out that firstly, the variable xn−1 is changed from an−1 to bn−1 while the
variable yn−1 is changed from an−1 to xn−1 . After changing the order of integration
we have that variable yn−1 is changed from an−1 to bn−1 while the variable xn−1 is
changed from yn−1 to bn−1 .
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Similarly, the third summand is rewritten as:

∫ bn−1

an−1

[∫ bn

an

∫ xn

an

p(x1, . . . ,xn)
mn−1

∑
in−1=0

f(0,...,0,in−1,mn+1)(x1, . . . ,xn−2,an−1,yn)

× (xn−1−an−1)in−1

in−1!
(xn− yn)mn

mn!
dyndxn

]
dxn−1

=
mn−1

∑
in−1=0

∫ bn−1

an−1

∫ bn

an

∫ xn

an

p(x1, . . . ,xn) f(0,...,0,in−1,mn+1)(x1, . . . ,xn−2,an−1,yn)

× (xn−1−an−1)in−1

in−1!
(xn− yn)mn

mn!
dyndxndxn−1

=
mn−1

∑
in−1=0

∫ bn−1

an−1

∫ bn

an

∫ bn

yn

p(x1, . . . ,xn) f(0,...,0,in−1,mn+1)(x1, . . . ,xn−2,an−1,yn)

× (xn−1−an−1)in−1

in−1!
(xn− yn)mn

mn!
dxndyndxn−1

=
mn−1

∑
in−1=0

∫ bn

an

∫ bn−1

an−1

∫ bn

yn

p(x1, . . . ,xn) f(0,...,0,in−1,mn+1)(x1, . . . ,xn−2,an−1,yn)

× (xn−1−an−1)in−1

in−1!
(xn− yn)mn

mn!
dxndxn−1dyn

where we use the Fubini theorem twice, firstly for changing yn and xn and then for yn

and xn−1 .
The fourth summand is rewritten as

∫ bn−1

an−1

∫ bn

an

∫ xn

an

∫ xn−1

an−1

p(x1, . . . ,xn) f(0,...,0,mn−1+1,mn+1)(x1, . . . ,xn−2,yn−1,yn)

× (xn−1− yn−1)mn−1

mn−1!
(xn − yn)mn

mn!
dyn−1dyndxndxn−1

=
∫ bn−1

an−1

∫ bn

an

∫ bn−1

yn−1

∫ b

yn

p(x1, . . . ,xn) f(0,...,0,mn−1+1,mn+1)(x1, . . . ,xn−2,yn−1,yn)

× (xn−1− yn−1)mn−1

mn−1!
(xn − yn)mn

mn!
dxndxn−1dyndyn−1,

where we use the Fubini theorem several times. Firstly, we change yn and xn , then xn

and yn−1 , then yn−1 and yn , then yn−1 and xn−1 , then yn and xn−1 . Using all these
results we get

∫ bn−1

an−1

∫ bn

an

p(x1, . . . ,xn) f (x1, . . . ,xn)dxndxn−1

=
mn

∑
in=0

mn−1

∑
in−1=0

∫ bn−1

an−1

∫ bn

an

p(x1, . . . ,xn) f(0,...,0,in−1,in)(x1, . . . ,xn−2,an−1,an)
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× (xn−1−an−1)in−1

in−1!
(xn −an)in

in!
dxndxn−1

+
mn

∑
in=0

∫ bn−1

an−1

∫ bn−1

yn−1

∫ bn

an

p(x1, . . . ,xn) f(0,...,0,mn−1+1,in)(x1, . . . ,xn−2,yn−1,an)

× (xn−1− yn−1)mn−1

mn−1!
(xn−an)in

in!
dxndxn−1dyn−1

+
mn−1

∑
in−1=0

∫ bn

an

∫ bn−1

an−1

∫ bn

yn

p(x1, . . . ,xn) f(0,...,0,in−1,mn+1)(x1, . . . ,xn−2,an−1,yn)

× (xn−1−an−1)in−1

in−1!
(xn − yn)mn

mn!
dxndxn−1dyn

+
∫ bn−1

an−1

∫ bn

an

∫ bn−1

yn−1

∫ bn−1

yn−1

∫ bn

yn

p(x1, . . . ,xn) f(0,...,0,mn−1+1,mn+1)(x1, . . . ,xn−2,yn−1,yn)

× (xn−1− yn−1)mn−1

mn−1!
(xn− yn)mn

mn!
dxndxn−1dyndyn−1.

Now, use the Taylor expansion again and integrate over [an−2,bn−2] by variable xn−2 .
If we proceed in the similar fashion as we done before, then we finally get:∫ bn−2

an−2

∫ bn−1

an−1

∫ bn

an

p(x1, . . . ,xn) f (x1, . . . ,xn)dxndxn−1dxn−2

=
mn

∑
in=0

mn−1

∑
in−1=0

mn−2

∑
in−2=0

∫ bn−2

an−2

∫ bn−1

an−1

∫ bn

an

p(x1, . . . ,xn)

× f(0,...,0,in−2,in−1,in)(x1, . . . ,xn−3,an−2,an−1,an)

× (xn−2−an−2)in−2

in−2!
(xn−1−an−1)in−1

in−1!
(xn−an)in

in!
dxndxn−1dxn−2

+
mn

∑
in=0

mn−1

∑
in−1=0

∫ bn−2

an−2

∫ bn−2

yn−2

∫ bn−1

an−1

∫ bn

an

p(x1, . . . ,xn)

× f(0,...,0,mn−2+1,in−1+1,in)(x1, . . . ,xn−3,yn−2,an−1,an)

× (xn−2− yn−2)mn−2

mn−2!
(xn−1−an−1)in−1

in−1!
(xn −an)in

in!
dxndxn−1dxn−2dyn−2

+
mn

∑
in=0

mn−2

∑
in−2=0

∫ bn−1

an−1

∫ bn−2

an−2

∫ bn−1

yn−1

∫ bn

an

p(x1, . . . ,xn)

× f(0,...,0,in−2,mn−1+1,in)(x1, . . . ,xn−3,an−2,yn−1,an)

× (xn−2−an−2)in−2

in−2!
(xn−1− yn−1)mn−1

mn−1!
(xn −an)in

in!
dxndxn−1dxn−2dyn−1

+
mn

∑
in=0

∫ bn−2

an−2

∫ bn−1

an−1

∫ bn−2

yn−2

∫ bn−1

yn−1

∫ bn

an

p(x1, . . . ,xn)

× f(0,...,0,mn−2+1,mn−1+1,in)(x1, . . . ,xn−3,yn−2,yn−1,an)
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× (xn−2− yn−2)mn−2

mn−2!
(xn−1− yn−1)mn−1

mn−1!
(xn −an)in

in!
dxndxn−1dxn−2dyn−1dyn−2

+
mn−1

∑
in−1=0

mn−2

∑
in−2=0

∫ bn

an

∫ bn−2

an−2

∫ bn−1

an−1

∫ bn

yn

p(x1, . . . ,xn)

× f(0,...,0,in−2,in−1,mn+1)(x1, . . . ,xn−3,an−2,an−1,yn)

× (xn−2−an−2)in−2

in−2!
(xn−1−an−1)in−1

in−1!
(xn− yn)mn

mn!
dxndxn−1dxn−2dyn

+
mn−1

∑
in−1=0

∫ bn−2

an−2

∫ bn

an

∫ bn−2

yn−2

∫ bn−1

an−1

∫ bn

yn

p(x1, . . . ,xn)

× f(0,...,0,mn−2+1,in−1,mn+1)(x1, . . . ,xn−3,yn−2,an−1,yn)

× (xn−2− yn−2)mn−2

mn−2!
(xn−1−an−1)in−1

in−1!
(xn − yn)mn

mn!
dxndxn−1dxn−2dyndyn−2

+
mn−2

∑
in−2=0

∫ bn−1

an−1

∫ bn

an

∫ bn−2

an−2

∫ bn−1

yn−1

∫ bn

yn

p(x1, . . . ,xn)

× f(0,...,0,in−2,mn−1+1,mn+1)(x1, . . . ,xn−3,an−2,yn−1,yn)

× (xn−2−an−2)in−2

in−2!
(xn−1− yn−1)mn−1

mn−1!
(xn − yn)mn

mn!
dxndxn−1dxn−2dyndyn−1

+
∫ bn−2

an−2

∫ bn−1

an−1

∫ bn

an

∫ bn−2

yn−2

∫ bn−1

yn−1

∫ bn

yn

p(x1, . . . ,xn)

× f(0,...,0,mn−2+1,mn−1+1,mn+1)(x1, . . . ,xn−3,yn−2,yn−1,yn)

× (xn−2− yn−2)mn−2

mn−2!
(xn−1− yn−1)mn−1

mn−1!
(xn − yn)mn

mn!
dxndxn−1dxn−2dyndyn−1dyn−2.

Then we use the Taylor expansion again and we integrate the result over [an−3,bn−3]
by variable xn−3 . If we continue this process, we get required identity. �

REMARK 8. If we set n = 2 in the previous theorem, we get the following corol-
lary which can be found in [5].

COROLLARY 5. Let p, f : I×J→R be integrable functions and let f ∈C(n+1,m+1)

(I× J) . Then the following identity holds

∫ b

a

∫ b

a
P(x,y) f (x,y)dydx

=
n

∑
i=0

m

∑
j=0

∫ b

a

∫ b

a
P(s,t) f(i, j)(a,a)

(s−a)i

i!
(t −a) j

j!
dt ds

+
m

∑
j=0

∫ b

a

∫ b

x

∫ b

a
P(s,t) f(n+1, j)(x,a)

(s− x)n

n!
(t −a) j

j!
dt dsdx
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+
n

∑
i=0

∫ b

a

∫ b

a

∫ b

y
P(s,t) f(i,m+1)(a,y)

(s−a)i

i!
(t− y)m

m!
dt dsdy

+
∫ b

a

∫ b

a

∫ b

x

∫ b

y
P(s,t) f(n+1,m+1)(x,y)

(s− x)n

n!
(t− y)m

m!
dt dsdydx.

REMARK 9. If in Corollary 5 we simply put n = m = 0, then we get the following
corollary. In fact the following identity was considered by Pečarić in Theorem 10 of
[7].

COROLLARY 6. Let P, f : I2 → R be integrable functions and if f has continuous
partial derivatives f(1,0) , f(0,1) and f(1,1) on I2 , then

∫ b

a

∫ b

a
P(x,y) f (x,y)dxdy = f (a,a)P1(a,a)+

∫ b

a
P1(x,a) f(1,0)(x,a)dx

+
∫ b

a
P1(a,y) f(0,1)(a,y)dy+

∫ b

a

∫ b

a
P1(x,y) f(1,1)(x,y)dxdy

where

P1(x,y) =
∫ b

x

∫ b

y
P(s,t)dtds,

f(1,0) =
∂ f
∂x

, f(0,1) =
∂ f
∂y

and f(1,1) =
∂ 2 f

∂x∂y
=

∂ 2 f
∂y∂x

.

REMARK 10. If in Corollary 5 we replace f (x,y) by f (x)g(y) , then we get the
following result.

COROLLARY 7. Let f ∈C(n+1)(I) and g ∈C(m+1)(J) be two functions. Further
let p : I× J → R be an integrable function. Then the following identity holds

∫ b

a

∫ b

a
P(x,y) f (x)g(y)dydx

=
n

∑
i=0

m

∑
j=0

∫ b

a

∫ b

a
P(s,t) f(i)(a)g( j)(a)

(s−a)i

i!
(t−a) j

j!
dt ds

+
m

∑
j=0

∫ b

a

∫ b

x

∫ b

a
P(s,t) f(n+1)(x)g( j)(a)

(s− x)n

n!
(t−a) j

j!
dt dsdx

+
n

∑
i=0

∫ b

a

∫ b

a

∫ b

y
P(s,t) f(i)(a)g(m+1)(y)

(s−a)i

i!
(t − y)m

m!
dt dsdy

+
∫ b

a

∫ b

a

∫ b

x

∫ b

y
P(s,t) f(n+1)(x)g(m+1)(y)

(s− x)n

n!
(t− y)m

m!
dt dsdydx.
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COROLLARY 8. Let the assumptions of Theorem 3 be valid and let p ≡ 1 . Then
the following identity holds

∫ b1

a1

· · ·
∫ bn

an

f (x1, . . . ,xn)dxn · · ·dx1

=
m1

∑
i1=0

· · ·
mn

∑
in=0

n

∏
j=1

(b j −a j)i j+1

(ii +1)!
f(i1,...,in)(a1, . . . ,an)

+
m2

∑
i2=0

· · ·
mn

∑
in=0

∫ b1

a1

(b1− y1)m1+1

(m1 +1)!

n

∏
j=2

(b j −a j)i j+1

(i j +1)!
f(m1+1,i2,...,in)(y1,a2, . . . ,an)dy1

+ · · ·+
m1

∑
i1=0

· · ·
mn−1

∑
in−1=0

∫ bn

an

(bn− yn)mn+1

(mn +1)!

n−1

∏
j=1

(b j −a j)i j+1

(i j +1)!

× f(i1,...,in−1,mn+1)(a1, . . . ,an−1,yn)dyn + · · ·

+
∫ b1

a1

· · ·
∫ bn

an

n

∏
j=1

(b j − y j)mj+1

(mj +1)!
f(m1+1,...,mn+1)(y1, . . . ,yn)dyn · · ·dy1.

REMARK 11. For n = 2 in the previous corollary we get Theorem 6.16 of the
book [2] by simply putting x = a and y = c which is in fact an Ostrowski type result.

Now we state our next main theorem:

THEOREM 4. Let the assumptions of Theorem 3 be valid. Then the inequality

Λ( f ) =
∫ b1

a1

· · ·
∫ bn

an

p(x1, . . . ,xn) f (x1, . . . ,xn)dxn · · ·dx1 � 0 (15)

holds for every (m1 +1, . . . ,mn +1)-convex function f on I1×·· ·× In if and only if

∫ b1

a1

· · ·
∫ bn

an

p(x1, . . . ,xn)
n

∏
j=1

(y j −a j)i j

i j!
dyn · · ·dy1 = 0, (16)

i1 ∈ {0,1, . . . ,m1}, . . . , in ∈ {0,1, . . . ,mn},

∫ b1

x1

∫ b2

a2

· · ·
∫ bn

an

p(x1, . . . ,xn)
(y1 − x1)m1

m1!

n

∏
j=2

(y j −a j)i j

i j!
dyn · · ·dy1 = 0, (17)

i2 ∈ {0,1, . . . ,m2}, . . . , in ∈ {0,1, . . . ,mn},∀x1 ∈ [a1,b1],

...

∫ b1

a1

· · ·
∫ bn−1

an−1

∫ bn

yn

p(x1, . . . ,xn)
n−1

∏
j=1

(y j −a j)i j

i j!
(yn− xn)mn

mn!
dyn · · ·dy1 = 0, (18)
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i1 ∈ {0,1, . . . ,m1}, . . . , in−1 ∈ {0,1, . . . ,mn−1}, ∀xn ∈ [an,bn],

...

∫ b1

a1

∫ b1

x1

· · ·
∫ bn

xn

p(x1, . . . ,xn)
(yi −a1)i1

i1!

n

∏
j=2

(y j − x j)mj

mj!
dyn · · ·dy1 = 0, (19)

i1 ∈ {0,1, . . . ,m},∀x2 ∈ [a1,b1] , . . . , ∀xn ∈ [an,bn],

∫ b1

x1

· · ·
∫ bn

xn

p(x1, . . . ,xn)
n

∏
j=1

(y j − x j)mj

mj!
dyn · · ·dy1 � 0, (20)

∀x1 ∈ [a1,b1] , . . . , ∀xn ∈ [an,bn].

Proof. If (16) , (17), . . . ,(18), . . . ,(19) hold, then all these sums are zero in (13)
and the required inequality (15) holds by using (20) .

Conversely, if we consider in (15) the following (m1 + 1, . . . ,mn + 1)-convex
functions

g1(y1, . . . ,yn) =
n

∏
j=1

(y j −a j)i j

i j!
and g2 = −g1

for i1 ∈ {0,1, . . . ,m1}, . . . , in ∈ {0,1, . . . ,mn} , then we get the required equality (16) .
In the same way, if we consider in (15) the following (m1 + 1, . . . ,mn + 1)-convex
functions for i2 ∈ {0,1, . . . ,m2}, . . . , in ∈ {0,1, . . . ,mn} , ∀x1 ∈ [a1,b1]

g3(y1, . . . ,yn) =

{
(y1−x1)m1

m1! ∏n
j=2

(y j−a j)
i j

i j !
, x1 < y1,

0 , x1 � yn,
and g4 = −g3,

then we get the required equality (17) . Similarly, if we consider in (15) the following
(m1+1, . . . ,mn+1)-convex functions for i1 ∈{0,1, . . . ,m1}, . . . , in−1 ∈{0,1, . . . ,mn−1} ,
∀xn ∈ [an,bn]

g5(y1, . . . ,yn) =

{
∏n−1

j=1
(y j−a j)

i j

i j !
(yn−xn)mn

mn!
, xn < yn,

0 , xn � yn,
and g6 = −g5,

then we get the required equality (18) and so on. The last inequality (20) is followed
by considering the following (m1 +1, . . . ,mn +1)-convex function in (15)

g7(y1, . . . ,yn) =

{
∏n

j=1
(y j−x j)

mj

mj !
, x1 < y1, . . . ,xn < yn,

0 , otherwise,

where x1 ∈ [a1,b1] , . . . ,xn ∈ [an,bn]. �

REMARK 12. If we set n = 2 in previous theorem, then we get result given in [5].
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4. Mean value theorems

It is a well known fact that many results of classical real analysis are consequences
of the mean value theorem. Lagrange’s and Cauchy’s mean value theorems are among
the most important theorems of differential calculus. For detailed discussion on the
topic we refer to [12]. Here we state some generalized mean value theorems of La-
grange and of Cauchy type.

THEOREM 5. Let Λ : C(m1+1,...,mn+1)(I1 × ·· ·× In) → R be the linear functional
defined in (15) and let p : I1 × ·· · × In → R be an integrable function such that the
conditions (16),(17), . . . ,(18), . . . , (19),(20) of Theorem 4 be satisfied. Then there
exists (ξ1, . . . ,ξn) ∈ I1×·· ·× In such that

Λ( f ) = f(m1+1,...,mn+1)(ξ1, . . . ,ξn)Λ( f0) (21)

where f0(x1, . . . ,xn) = ∏n
j=1

x
m j+1
j

(mj+1)! .

Proof. Since f(m1+1,...,mn+1) is continuous on (I1×·· ·× In) , so it attains its max-
imum and minimum values on (I1×·· ·× In) . Let

L = min
(x1,...,xn)∈I1×···×In

f(m1+1,...,mn+1)(x1, . . . ,xn)

and
U = max

(x1,...,xn)∈I1×···×In
f(m1+1,...,mn+1)(x1, . . . ,xn).

Then the function

G(x1, . . . ,xn) =U f0(x1, . . . ,xn)− f (x1, . . . ,xn)

gives us

G(m1+1,...,mn+1)(x1, . . . ,xn) = U − f(m1+1,...,mn+1)(x1, . . . ,xn) � 0,

i.e., G is an (m1 + 1, . . . ,mn + 1)-convex function. Hence Λ(G) � 0 by Theorem 4
and we conclude that

Λ( f ) � UΛ( f0).

Similarly, we have
LΛ( f0) � Λ( f ).

Combining the two inequalities we get

LΛ( f0) � Λ( f ) � UΛ( f0)

which gives us (21) . �
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THEOREM 6. Let all the assumptions of Theorem 5 be valid. Then there exists
(ξ1, . . . ,ξn) ∈ I1×·· ·× In such that

Λ( f )
Λ(g)

=
f(m1+1,...,mn+1)(ξ1, . . . ,ξn)
g(m1+1,...,mn+1)(ξ1, . . . ,ξn)

provided that the denominator of the left-hand side is nonzero.

Proof. Let h ∈C(m1+1,...,mn+1)(I1 ×·· ·× In) be defined as

h = Λ(g) f −Λ( f )g.

Using Theorem 5 there exists (ξ1, . . . ,ξn) such that

0 = Λ(h) = h(m1+1,...,mn+1)(ξ1, . . . ,ξn)Λ( f0)

or [
Λ(g) f(m1+1,...,mn+1)(ξ1, . . . ,ξn)−Λ( f )g(m1+1,...,mn+1)(ξ1, . . . ,ξn)

]
Λ( f0) = 0

which gives us required result. �

COROLLARY 9. Let all the assumptions of Theorem 6 be satisfied with m = m1 =
m2 = . . . = mn . Then there exists (ξ1, . . . ,ξn) ∈ I1×·· ·× In such that

(ξ1 · · ·ξn)
q−q′ =

[(q′ +1)q′ · · · (q′ −m+1)]nΛ((x1 · · ·xn)q+1)
[(q+1)q · · ·(q−m+1)]nΛ((x1 · · ·xn)q′+1)

for −∞ < q �= q′ < +∞ and q,q′ �∈ {−1,0,1, . . . ,m−1}.

Proof. If we put f (x1, . . . ,xn) = (x1 · · ·xn)
q+1 and g(x1, . . . ,xn) = (x1 · · ·xn)

q′+1

in Theorem 6, then we get the required result. �

REMARK 13. Special cases of Theorems 5, 6 and Corollary 9 for n = 2 can be
found in [5].

For our next theorem we recall the Hölder inequality for functional

A(F) =
∫ b1

a1

· · ·
∫ bn

an

f (x1, . . . ,xn)dxn · · ·dx1

as follows:
A(FG) � A(Fq)1/qA(Gq′)1/q′

where 1/q+1/q′ = 1, q,q′ > 1.
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Let us introduce some notations for simplifications of statements as follows:

Λ( f ) = Λ( f )−
n−1

∑
r=0

∑
(p1,...,pn)∈nCr(i j ,mj+1)

Δ̃(p1, . . . , pn)

=
∫ b1

a1

· · ·
∫ bn

an

∫ b1

x1

· · ·
∫ bn

xn

p(x1, . . . ,xn) f(m1+1,...,mn+1)(x1, . . . ,xn)

× (y1 − x1)m1

m1!
· · · (yn − xn)mn

mn!
dyn · · ·dy1dxn · · ·dx1.

THEOREM 7. Let p : I1 × ·· · × In → R be an integrable function and let f ∈
C(m1+1,...,mn+1) (I1×·· ·× In) . If

∣∣ f(m1+1,...,mn+1)
∣∣q is an integrable function such that

‖ f(m1+1,...,mn+1) ‖q=
(∫ b1

a1

· · ·
∫ bn

an

∣∣ f(m1+1,...,mn+1)(x1, . . . ,xn)
∣∣q dxn · · ·dx1

)1/q
< ∞,

then the following inequality holds

∣∣∣Λ( f )
∣∣∣�‖ f(m1+1,...,mn+1) ‖q

(∫ b1

a1

· · ·
∫ bn

an

∣∣∣∫ b1

x1

· · ·
∫ bn

xn

p(x1, . . . ,xn)

× (y1 − x1)m1

m1!
. . .

(yn− xn)mn

mn!
dyn · · ·dy1

∣∣∣qdxn · · ·dx1

)1/q′

where 1/q+1/q′ = 1 , q,q′ > 1 .

REMARK 14. The proof of the theorem is easily followed by applying the Hölder
inequality. Moreover, when we consider the case q → 1, then r → ∞ , we get the
following corollary.

COROLLARY 10. Let all the assumptions of the Theorem 7 be valid. Then the
inequality

∣∣Λ( f )
∣∣ � M

n

∏
i=1

(bi−ai)
∫ b1

a1

· · ·
∫ bn

an

∫ b1

x1

· · ·
∫ bn

xn

f(m1+1,...,mn+1)(x1, . . . ,xn)dxn · · ·dx1

holds, where

M = ess sup
(∫ b1

x1

· · ·
∫ bn

xn

p(x1, . . . ,xn)
(y1− x1)m1

m1!
. . .

(yn− xn)mn

mn!
dyn · · ·dy1

)
.

REMARK 15. For the case p ≡ 1, we get the following corollary.

COROLLARY 11. Let all the assumptions of the Theorem 7 be valid and if p≡ 1 .
Then we have ∣∣Λ( f )

∣∣� n

∏
i=1

(bi−ai)mi+2

(mi +2)!
‖ f(m1+1,...,mn+1) ‖q .
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5. Exponential convexity

Let J ⊂ R be an open interval. We give some definitions in start of this section:

DEFINITION 7. [1] A function ψ : J → R is exponentially convex on J if it is
continuous and

n

∑
i, j=1

ξiξ j ψ (xi + x j) � 0

∀n ∈ N and all choices ξi,ξ j ∈ R ; i, j = 1, . . . ,n such that xi +x j ∈ J ; i, j ∈ {1, ...,n} .

EXAMPLE 1. [3] For constant c � 0 and k ∈ R , x 
→ cekx is an example of
exponentially convex function.

The following proposition and two corollaries are given in [3].

PROPOSITION 4. Let ψ : J → R , the following propositions are equivalent:

(i) ψ is exponentially convex on J .

(ii) ψ is continuous and
n

∑
i, j=1

ξiξ j ψ
(

xi + x j

2

)
� 0, for all ξi,ξ j ∈ R and every

xi,x j ∈ J ; i, j ∈ {1, ...,n} .

COROLLARY 12. If ψ is an exponentially convex function on J , then the matrix[
ψ
(

xi + x j

2

)]n

i, j=1

is a positive semi-definite matrix. Particularly

det

[
ψ
(

xi + x j

2

)]n

i, j=1
� 0,

∀n ∈ N, xi,x j ∈ J ; i, j ∈ {1, ...,n} .

COROLLARY 13. If ψ : J → (0,∞) is an exponentially convex function, then ψ
is a log -convex function i.e. for every x,y ∈ J and every λ ∈ [0,1] , we have

ψ(λx+(1−λ )y) � ψλ (x)ψ1−λ (y).

Let I = [a,b] ; a,b be positive real numbers and let D = {ϕ(p) : In → R : p ∈ R}
be a family of functions defined as:

ϕ(p)(x1, . . . ,xn) =

⎧⎪⎪⎨
⎪⎪⎩

(x1 . . .xn)p

(p(p−1) . . .(p−m))n
, p �∈ {0,1,2, . . . ,m};

(x1 . . .xn)p (log(x1 . . .xn))
n

(−1)m−pn!(p!(m− p)!)n
, p ∈ {0,1,2, . . . ,m}.
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Clearly ϕ(p)
(m+1,...,m+1)(x1, . . . ,xn) = (x1 . . .xn)p−m−1 = e(p−m−1)ln(x1...xn) for (x1, . . . ,xn)

∈ In so ϕ(p) is an (m+1, . . . ,m+1)-convex function and p 
→ϕ(p)
(m+1,...,m+1)(x1, . . . ,xn)

is exponentially convex. From Corollary 13 we know that every exponentially convex
function is log-convex. So, now we are in position to state our next theorem.

THEOREM 8. Let Λ : C(m+1,...,m+1)(In) → R be a linear functional as defined in
(15) and let the conditions (16), (17), . . . ,(18), . . . , (19), (20) of Theorem 4 for function
P are satisfied and ϕ(p) be a function defined above. Then the following statements
hold:

(i) p 
→ Λ(ϕ(p)) is continuous on R .

(ii) p 
→ Λ(ϕ(p)) is an exponentially convex function on R .

(iii) If p 
→ Λ(ϕ(p)) is a positive function on R , then p 
→ Λ(ϕ(p)) is log-convex
function on R .

(iv) For every k ∈ N and p1, . . . , pk ∈ R , the matrix

[
Λ(ϕ(

pi+p j
2 ))

]k

i, j=1
is a positive

semi-definite. Particularly

det

[
Λ(ϕ(

pi+p j
2 ))

]k

i, j=1
� 0.

(v) If p 
→ Λ(ϕ(p)) is differentiable on R . Then for every s,t,u,v ∈ R , such that
s � u and t � v, we have

Ms,t(x1, . . . ,xn) � Mu,v(x1, . . . ,xn) (22)

where

Ms,t(x1, . . . ,xn) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
Λ(ϕ(s))
Λ(ϕ(t))

) 1
s−t

, s �= t,

exp

(
d
dsΛ(ϕ(s))
Λ(ϕ(s))

)
, s = t

for ϕ(s),ϕ(t) ∈ D.

Proof. (i) For fixed n ∈ N∪{0} , using the L’Hôpital rule n -times and applying
limit, we get

lim
p→0

Λ(ϕ(p)) = lim
p→0

∫ b
a . . .

∫ b
a P(x1, . . . ,xn)(x1 . . .xn)pdxn . . .dx1

(p(p−1) . . .(p−m))n

=
∫ b
a . . .

∫ b
a P(x1, . . . ,xn)(log(x1 . . .xn))

n dxn . . .dx1

(−1)mn!(m!)n = Λ(ϕ(0)).
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In the same way we can get lim
p→k

Λ(ϕ(p)) = Λ(ϕ(k)) k ∈ {1, ...,m}
(ii) For pi ∈ R , αi ∈ R , i ∈ {1, ...,k} , let us define the function

ω(x1, . . . ,xn) =
k

∑
i, j=1

αiα jϕ(
pi+p j

2 )(x1, . . . ,xn).

Since the function p 
→ ϕ(p)
(m+1,...,m+1) is exponentially convex, we have

ω(m+1,...,m+1) =
k

∑
i, j=1

αiα jϕ
(

pi+p j
2 )

(m+1,...,m+1) � 0,

which implies that ω is (m + 1, . . . ,m + 1)-convex function on In and therefore we

have Λ(ω) � 0. Hence
k

∑
i, j=1

αiα jΛ(ϕ(
pi+p j

2 )) � 0. We conclude that the function p →

Λ(ϕ(p)) is an exponentially convex function on R .
(iii) It is direct consequence of (ii).
(iv) This is consequence of Corollary 12.
(v) From the definition of convex function φ , we have the following inequality [8,

p. 2]
φ (s) − φ (t)

s − t
� φ (u) − φ (v)

u − v
, (23)

∀s,t,u,v ∈ J ⊂ R such that s � u , t � v , s �= t , u �= v .
Since by (iii), Λ(ϕ(p)) is log-convex, so set φ(x) = logΛ(ϕ(x)) in (23) we have

logΛ(ϕ(s)) − logΛ(ϕ(t))
s− t

� logΛ(ϕ(u))− logΛ(ϕ(v))
u− v

(24)

for s � u , t � v , s �= t , u �= v , which is equivalent to (22). The cases for s = t, and /
or u = v are easily followed from (24) by taking respective limits. �

REMARK 16. Here we notice that Theorem 8 generalizes Theorem 5.6 of [5].
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[4] A. R. KHAN, N. LATIF AND J. E. PEČARIĆ, Exponential convexity for majorization, J. Inequal.

Appl., 2012 (2012): 105, 1–13.
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