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POSITIVITY OF SUMS AND INTEGRALS FOR CONVEX
FUNCTIONS OF HIGHER ORDER OF n VARIABLES

ASIF R. KHAN, JOSIP PECARIC AND SANJA VAROSANEC

(Communicated by R. P. Agarwal)

Abstract. We provide one general discrete identity for -+ 3 Py, ..k, [ (xlkl,...7x,,kn) and one
general integral identity for A(f)= [+ [P(x1,...,Xn)f(x1,... X )dx; - - dx, of Popoviciu type.
We obtain necessary and sufficient conditions under which these sum and integral are non-
negative for higher order convex functions of n variables. These identities and inequalities
generalize various established results. We also state new generalized Lagrange type and Cauchy
type mean value theorems. We obtain an Ostrowski type result as a special case of our main
integral identity and we also establish a bound on remainder term of our main integral identity
in terms of L, -norm by using Holder’s inequality. Finally we apply the functional A(f) on the
family of some exponentially convex functions and discuss some of its major properties.

1. Introduction and preliminaries
In start we give some notations and definitions necessary for the understanding of
the paper as follows (see [4], [5]and [8]): I = [a,b] CR, J=[c,d] CR, I; = [a},b;] C
R for je{1,...,n}.

DEFINITION 1. The nth order divided difference of a function f: I — R at dis-

tinct points Xj, Xj+1,...,Xi+n € I C R for some i € N is defined recursively by:
ki fl=f(x), jefi,....i+n}
Xit1y-oosXitns f|— Xise ooy Xidn—13
[xia"'7~xi+n;f] - [ il o f] [ & Zitnl f]
Xit+n — Xj

It may easily be verified that

[’xi7 s ,xi+n;f] B i f(xi+k)

i+n AN
=0 IG5 jsink (Xitk — X))

REMARK 1. Letusdenote [x;, ..., Xitn;f] by Ag, f(xi). The value [x;, ..., Xin; f]
is independent of the order of points x;,X;11,...,Xi+,. We can extend this definition by
including the cases in which two or more points coincide by taking respective limits.
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DEFINITION 2. A function f :1 — R is called convex of order n or n-convex if
for all choices of (n+ 1) distinct points x;, ..., Xi+, We have A, f(x;) > 0. Further, we
say that if nth order derivative f(,) exists, then f is n-convex if and only if f(,) = 0.

Now we extend the definition of divided difference up to order (ny,...,ny).

DEFINITION 3. Let f: 1} x--- x I;; — R be a function. Then the divided difference
of order (ny,...,n;) of a function f at distinct points Xjijs- - Xj(i;+n;) € I, for j €
{1,...,k} is given as

Xligs 5 X1(i+ny)
A(,,lwnk)f(xl,-l,...,xk,-k) = Do : f
Xheigs -+ 3 Xk(ip+ny)
= [xliw""xl(iﬁ"l); [xziz""’xz(ifr"z); [ : ';[xkik""’xk(ikJr"k);ﬂ]H :

DEFINITION 4. We say that a function f : 1} X --- X [ — R is convex of or-
der (ny,..., ng) or (ny,...,ng)-convex if A, o f(X1iys--- Xk, ) = 0, where xji,

c s Xj(i;np) € 1, for j € {1,...,k} and A, ., represents divided difference of or-

der (ny,...,ny). Further, if all partial derivatives % (denoted by fin,..n))
%
exist, then f is (ny,...,ni)-convexif and only if fi, ) = 0.

For other results about convex functions of higher order we refer to the book [8].

DEFINITION 5. The (n,m) order finite difference of a function f forxel,yeJ
and h,k € R is defined as

A fx,y) = AP A flr,y) = A7 (A f(x,p))

= () (e

l

provided that x+ih €I for i € {0,...,n} and y+ jk € J for j € {0,...,m}. Moreover,
we say that a function f :1xJ — R is convex of order (n,m) or (n,m)-convex if

A,gil,;m)f(x,y) > 0 holds foreach x €1, y€J and h,k € R.

DEFINITION 6. Divided and finite differences of order (n,m) of a sequence (a;;)
ic {17 ce. ,n}, JE {l, ce. ,m} are defined as A(n’m)aij = A(,,’m)f(xhyj) and A(””“)aij =
Ag'?im)f(xi,)’j) respectively, where x; =i, y; = j and f: {l,...,n} x{1,...,m} - R
is the function f(i, j) = a;;. Moreover, we say that a sequence (a;;) is convex of order
(n,m) or (n,m)-convex if A""a;; >0 holds for n,m >0 and i,j € N.

Let us introduce some further notations as follows. For some fixed integer @ and
meN: a™ =a(a—1)---(a—m+1), a9 =1.
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For some real sequence (a,), n € N and m € {2,3,...}:
AWVq, = Aa, = Api1 — dp, AMg, = A(A(”’_l)an).

Also for n distinct real numbers x;, i € {1,...,n} and m > 0:

(m+1) _

(xx — x7) = (k= x1) (e —Xi1) - (0 —Xigm), (e —x) @ = 1.

This paper discusses the Popoviciu type characterization of positivity of sums
and integrals for higher order convex functions of n variables. We divide this pa-
per into five main parts. After “Introduction and Preliminaries™ section, in the sec-
ond and in the third sections respectively, we obtain one discrete identity for the sum
Y. . X Py s f (X1ky»- - - Xk, ) and one integral identity for A(f) = [ ... [ P(x1,...,x,) X
Sf(x1,...,x4)dx ...dx, of Popoviciu-type. These results are in fact generalizations of
the results given in [5], [7], [10] and [1 1]. In both the sections, we also obtain necessary
and sufficient conditions under which these sum and integral are nonnegative for higher
order convex functions of n variables. The forth section presents the mean value the-
orems, while in the last section we apply the functional A(f) on the family of certain
exponentially convex functions and we discuss some of its major properties.

2. Discrete identity and inequality for functions of n variables
Let us state a result from [6] as follows.

PROPOSITION 1. Let pr €R for k€ {1,...,N}. Then for any real sequence (ay),
ke {l,...,N} the following identity holds

N m—1 N A(z)
,;p"a - Z’ ,2 i!al
(m)
_ _ 1\(m—1) A" aj_py
+l%1(2pk itm—1) )( “or (1)

A result analogous to (1) for real functions was proved by Popoviciu [11] which
is stated as:

PROPOSITION 2. Let pp € R for k€ {1,...,N}. If f:1— R is a function and
X, k€ {1,...,N} be mutually distinct points from I, then the following identity holds

N m—1 N .
Y ot =3 (X prls—x)?) A f(x)
k=1 i=0 “k=itl1

N N
+ < > pi(x— xiferl)(m_l)) Ay f i) (X; = Xim). (2)

i=m+1 k=i

The next theorem is from [5].
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PROPOSITION 3. Let the assumptions of Proposition 2 be valid and let x| < xp <
- < xn. Then the inequality

N
> pif(xx) =0
=1

holds for every convex function f of order r,r+1,...,m for r € {0,...,m} if and only
if
N .
Z pk(xk_xl)(l):07 iE{07...,I"—1}7 (3
k=i+1
N

Z pk(xk_xl)(i)>07 iE{r,...,m—l}, “4)
k=i+1

Zpk(xk_xi7m+l)(m_l)>07 lE{m—f—l,,N}

For r=0 (or r =m), condition (3) (or (4)) can be omitted.

REMARK 2. The result for the special case f(x;) = a; can be found in [9], see
also [8, p. 257].

For two variable case some identities and inequalities can be found in [5]. Now
we further extend this Popoviciu type identities and inequalities for n variables.

For our main theorems of this section we define further notations as follows.

Let for r € {0,...,n}, je{l,...,n}, "C.(ij,m;) be the set of all n-tuples in
which on the kth place we put my or i, and r places are filled with constants from
the set {my,...,m,} while on the other n —r places we put variables from the set
{i1,...,in}. For example:

"Cl(ij,mj) = {(ml,iz,...,in),(il,mg,...,in),...,(il,ig,...,in_l,mn)},

C2(lj7mj) = {(I’I’Z17m2,13,...,ln)7(m17127m3,l4,...,ln)7...,(I’I’Zhlz,...,ln,hmn),
(i17m27m37i47'”7in)7"'7(i17m27i37'”7in717mn)7”'7
(ilaiZa"'7in—2amn—17mn)}~

Note that the number of elements of the class "C,(i;,m;) are equal to the binomial

coefficient (f) . We introduce A involving variables iy, ...,i, and constants my,...,m,
as follows. For (iy,...,i,) € "Co(ij,m;), we have
my — my—1 Nn ( )
i
Al 2 > 2 C X Pk H(x,-k, —xj)"
in=0  i1=0 ky=i1+1  ky=ip+1 j=1
X Ay S (X115 X015
For (i1,...,i—1,Mmy,ii41,...,in) € "Ci(ij,m;), we have
A1yt Mt 1)
mp—1  mp =1 N om_ =1 my—1 Ny N Niti

SR D D S D D i 3

in=0 ir41=0 iy=m;+1 i,_1=0 i1=0 kj=i1+1 ki—1=ip_1+1 =iy k1 =i +1



POSITIVITY OF SUMS AND INTEGRALS FOR CONVEX FUNCTIONS OF HIGHER ORDER 225

Ny n .
x Y pkl...kn( IT (xjkj—le)(l")>(xzk,—xt(i,—m,+1))(m’_l)
kn=in+1 j:lhj;ét

X (xti/ _xt(itfm,))A(ll RPN P ln)f('x117 s X (e —1) 15X (i —myg ) X (e 1) 1o - - - 7xnl)~

In general, for (i1, ...,ix—1,Ms, g4 1,y di—1,Me, 0415 50n) € "Cr(ij,m;), we have

A(i17'”7i.\'717msai.\'~‘r17"' itflamtviﬁl*l?"' ln)

iy — m =1 Ny omi—1 0 mgp =1 Ny omg =1 my—1

2 DI Y TP LD YD VS )

ir41=0 iy=m;+1 i,_1=0 LHI—O ir=ms+1 iz_1=0 i1=0
Nyt1 Ni—1 N; Nit1 Na

N Ny Ny
DRI VD YD VTN VD YD VD ¥
ki=ii+1  key=igiHlks=iskgp1=igr1+1 k=i 1+lk=iki1=ip 1+ kp=in+1

n

X Py -k H (xjkj_le)(ij)n( Xjk; = Xj(ij— mj+1))(mj71)(xjij_xj(ij*mﬂ)
j=1,j¢l, jel,
XA(i

Lseeosls— 1My 1 yeesli— 1Mt T4 1 yeeeslin)

X f(xlla cee 7x(sfl)l7xs(i57m3)7x(s+l)l PO 7x(171)17xt(i,7mt)7x(t+l)l PO 7xnl)

where I, is a set of all r indices s, ..., of used constants my, ... ,m;.
Finally, for (my,...,m,) € "C,(ij,m;), we have

Almy,...,my,)
Nn

Ny
= Z Z Z Z Pk - kn ,,)f(xl(klfml)w”7xn(k,,7m,1))

in=nmp+1 iy=mj+1k =i kn=in
mj—1)
x H ( (X = X6y 1) " (i —xj(ijfmj)))

The following theorem gives an identity for sum ¥.--- ¥ pi, ..k, f (X1k, » - - - s Xk, ) involv-
ing n variables.

THEOREM 1. Let f: 1} X ---x I, — R be a function. Let py,. i, € R andlet Xjk; €
I; be distinct real numbers for kj € {1,...,N;}, je{l,...,n}, where I; = [aj,b;] C R.
Then we have

Nl n _
DIRE 2 Phyeonf Xty s 2 %Xn,) = D, Y A(p1y--spn)- (5)
ki=1 k=1 r=0 (1717~-~7Pn)€ncr(ijvmj)
Proof. We start with considering
Np Ny Ny Na—1

S Y Prie Ktk X)) = X, Y { 2 lel x,lkn ( k)

k=1 ky=1 k=1 ky_1=1 k=1



226 A.R. KHAN, J. PECARIC AND S. VAROSANEC

where Q,Ei’l) = Pk-k, and Fx(nlk;l)(xnkn) = f(*1x, - - -, Xnk,) Where Q,Ei’l) represents that
this function only depends on k, and independent of other n — 1 variables. Similarly
Fx(nlk';ll) represents that this is only a function of variable x,;, and independent of other
n— 1 variables. So using Proposition 2 we get,

Np Ny,
S Y Prye Kty Xk,

k1=1 kn=1

2 2 {2( 2 04 (ot = %) A el ()

K=l ky1=1 " in=0 “ky=in+1
Ny Ny
+ 2 2 Q]E:.’l)(x"kn_xn(in*mn+1))(mn71)>A(m)1)F)C(nllc;,l)(x"(l-n*mn))(x"in _'xn(l‘nfmn)):|
in=mp+1ky=iy
Ny—2 my—1 Ny

_2 DD [ 2 ( 2 Py-ky (Xnk, xnl)(in)>A(in)f(x1k17'"7x(n71)kn717xn1)}

Ki=1 kyo=1 in=0 “ky_ =1 “kn=in+1
Ny Nn No—1 Nn

1R D S [ S 5 R
k=1 ky_o=1ip=mu+1 "k,_1=1 "ky=ip
X (xnin _xn(infmn))>A(mn)f(xlk1 e X (n—1)k,_y 7xn(i,17m,,)):|

YT S e, i3 Y S Y el

ki=1 ky, r=1i=0 "k, 1= k=1 ky, p=liz=mu+1 "k, 1=1

n l 2 pkl 'xnk _xnl)(ln)

k,,—t,,+1
Qk kz Pky -k (xnkn n(i,,—mn-‘rl))(mn_l)(xnin —xn(in—m,,))7
2,1
(( : )) kp—1 (x(n_l)knfl) = A(in)f(xlkl [ 7x(n_1)kn71 7x"1)7
((,, l))k 1 (x(nfl)kn,l) = A(m,l)f(xlkl o X (n—1)k,_y 7xn(i,,7m,1))'

Note that, this time we assume Qk ) to be only dependent on kn 1, whereas Fy 2, ) .

is considered to be a function of variable x(, ), as faras Qk 2 1 ) is concerned, it only
_ -

(2.2)

depends on k,_; and F)C(’H)k’kl is a function of variable x(, 1y, , . So, again applying

Proposition 2, we have

N Ny
Y Phyenf X1k 5 Xny)

k=1 kpe1

Ny Ny my—1 My 1—1

=PSB ¥ 0" 1y, — Xao1y) )

k=1 kno=1i,=0 "~ i,_1=0 k,,_1=i,,_1+1
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XA( F(zvl) (x(nil)l)

in—1) x(n—l)kn 1
Ny—1

+ z Z an l( }’1 1 n— l_x(n_l)(infl_mnfl"rl))(mnil_l)

ip—1=my_1+1k,_1=i,_1

(2.1)
X A(ln l)F (n Dk, (x(n_l)(infl_mnfl))(x(n_l)(infl) _x(n—l)(infl_mnfl))

Ny Mp—1— .
+ Z 5 Z N Z Z 012 a1y = Xry) !
k1=1 ky—o=lip=my+1 "~ i,_1=0 ky,_1=i,_1+1
(2.2)
1

X A( Xn

In— I)F
Ny—1

+ z Z an l( }’1 1 n— l_x(n_l)(infl_mnfl"rl))(mnil_l)

ip—1=my_1+1k,_1=i,_1

(22)
* A(mnil)Fx(nfl)k —1 (x(n_l)(infl_mnfl))(x(n_l)(infl) _x(n—l)(infl_mn—l)):|

Yk l(x(wl)l)

Np—3 my—1my_1—1

Z Z Z Z [ Z Z an 1( n—1)k _x(n_l)l)(in,l)

kl—l kn 3—1 ip=0 in,1=0 kn 2= lkn 1= l,, 1+l
No-3 m,—1 Np—1

Ny
8 A(i"’l)Fx((if'))knq (x("_l)l)} +k2—41... 2 2 2

knfS =1i,=0 in— 1=My_1 +1

Np2 No—1

x[ 2 Z an 1( (n—1)k _x(nfl)(in—lfmn,lﬁ»l))(mnil71)

kn—2=1kp_1=ip_1

2.1)
X B By -y 61 ma-0) 1)) = S0 im0

Y3 Y Z_ [ Y 0PV — )

k=1 kn—3=Llin=mp+1 iy 1=0 "k, 2=1k, 1=ip_1+1
Ny—1

N Np—3 Ny,
Al x(ozfl))kn,l (x<n—1)1)} UPIEIDEDY )Y

k=1 ky_3=1ip=mu+1i,_1=m,_1+1

Ny Np—1

22 .
% [ z Z Q](Cn;l)(x("_l)kn—l _x(n—l)(infl—mn,ﬁ-l))( n-1=1)

ky_o=1k,_1=i,1

(272)
x A(mnil)FX(nfl)k —1 (x(n_l)(infl_mnfl))(x(n_l)(infl) _x(n—l)(infl_mn—l)):|

Ny—3 my—1my_1—1 N,_»

D SR 5 S0 S D SRS I RPN [

k=1 ky—3=11=0 in_1=0 ky_2=1ky—1=ip—1+1kn=in+1

X (x(nfl)k —x(n71)1)(l"">A(i,, l,i,,)f(xlkl ~~~7x(n72)k,1 25 X(n—1)1,%n1)

Ny—3 my—1 N,_

+Z DYDY Z Z Z z Pt (o, — 201) )

k=1 kn—3=1 in=0 iy_y=my_1+1kyo=1ky_1=ip—1 kn=in+1
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(mnfl -

X X1k~ X (1= 1) =1 +1)) Y ¥ 1), 1)
XA(m,, Vi) L TRy -5 X2y 25X (1) (i1 = l) s Xn1)

Ny—3 Nn my_1—1 Ny Ny

5 R D S SR S S

k=1 ky_3=1lip=my+1 i,_1=0 k, _o=1k, 1=i,_1+1ky=ip

X (xnkn _xn(in—mn+l))(mn_1)(xnin _xn(in—mn))(x(n—l)kn,l -

XA(i,, l,m,l)f(xlkla“' X(n— 2)k,, 2 X(m—1)1s%n(i,— m,,))
Ny—3 Nn Ny—2 Ny—1 Na

o x(n_l)(infl_mnfl))

x(n—l)l)(inil)

5 SR D SIS S D S S

k=1 kn—3=1lin=mp+1liy_1=my_1+1k, 2=1ky, 1=i,_1 kn=in

X (Xnk,, _xn(i,,—mn+1))( "71)(36("—1)1{,,,1 = X(n—1)(iy_ —

1+1))(mn7171)

X A(mn,l,m,,)f(xlkl s X (n=2)ky_2 0 X (n—1) (i1 —1,_1) 7xn(i,,7m,1))

X (Xniy = Xn(i—my)) K= 1) (1 _1) ~ Xr=1) (i1 —my_1))-

Continuing in the similar fashion we finally get identity (5).

O

REMARK 3. If we set n =2 in previous theorem, then we get following corollary

which can be found in [5].

COROLLARY 1. Let f:1xJ— R be afunctionandlet p;j €R foriec {1,...,N}

and j € {l,...,M}. Then the following identity holds

N M
ZZ tjfxlvyj

1)

1j=
“in-1 N M
= Z Z Z psr(xs_xl)(t)(yr_yl)(k)A(t,k)f(xhy
k=0 1=0 s=1+1 r=k+1
m-1 N N M 1 .
+ 2 2 2 2 P.\'r(x.\'_xt—n+l)(n7 )(yr_yl)( )A(n,k)f(xtfna}’l)(xt —X¢—n)
k=0 t=n+1s=t r=k+1
M n-1 N M 1
+ > SN ot =20 0 = Yes 1) "Ny X1 V) (Ve — i)
k=m+11t=0 s=t+1r=k

M N N M
+ 2 z Ezipsr(xs_xt—n+l)(n71)(}’r_)7k7m+l)
X A(n,m)f(xt—myk—m)(xt _xf—")(yk _yk—m)

where (xj,y;) € I x J are distinct points for i € {1,...,N}

REMARK 4. If we put x; =i, y; = j and f(x;,y;) =
then we get the following result.

(m—1)

(6)

and je{1,...,M}.

f(i,j) = aij in Corollary 1,



POSITIVITY OF SUMS AND INTEGRALS FOR CONVEX FUNCTIONS OF HIGHER ORDER 229

COROLLARY 2. Let a;j,pij €R forie{1,...,N} and j€{1,...,M}. Then the
following identity holds

Z Zpljal,j

i=1j=
m—1n—1 N M
s—1 r—1
=33 % 3 () (A
k=0 1=0 s=1+1 r=k+1 4
m—1

k+1
M NoM s—1\ (r—k+m—1 m
+ 2 2 Zpsr< / )( m—1 )A(L )al(k—m)
k=m+11t=0 s=t+1r=k
Mo Xy s—t+n—1\(r—k+m—1\  ,m
DYDY ZEP-W( o )( 1 )A(’ () m)-

k=m-+1t=n+1s=t r=k

REMARK 5. If in Corollary 1 we simply put f(x;,y;) = f(xi)g(y;), then we ob-
tain the similar statement for two functions f and g as follows.

COROLLARY 3. Let f:1— R and g :J — R be two functions and let p;; € R
forie{l,....N} and j€{1,...,M}. Then the following identity holds

» Z piif (xi)g

ll/

= 2 Z 2 2 oty —x1) DA £ (1) 0 — y1) WAy g (1)

k=0 t=0 s=t+1 r=k+1

m—1

+Z Z Z Z Psr(xs xt—n+l)(n_l)A(n)f(xtfn)(xt_xtfn)(yr_YI)(k)A(k)g()’l)

k=0 t=n+1s=t r=k+1

PSS Sl

k=m-+11t=0 s=t+1r=k

< Ay £ 01) 0 = Yemms 1) " A 8 k) 5k — Yewm)
N N

M
+ Y X ZZm (s =i 1) " A () (5 = %)

k=m+1t=n+1s=t r=k

X (yr— yk—m+l)(m_l)A(m)g(yk—m)(yk — Yk-m)

where (xj,y;) € I x J are distinct points for i € {1,...,N} and j € {1,...,M}.

REMARK 6. If we put f(x;) = a; and g(y;) = b; in Corollary 3, then we retrieve
an identity given in [10] for sequences (a;) and (b;).
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THEOREM 2. Let the assumptions of Theorem 1 be valid. Then the inequality

Nl n
IREE 2 Pieyden S (Xiey >+ - > Xnky ) = 0 (7
k=1 k=1
holds for every (my,...,my,)-convex function on I X --- x I, if and only if
Nl Nn )
Y s Tl 50 =0, (8)
ky=i1+1 kn=in+1 Jj=1

Vile{o ml—l} .,lnE{O,...,mn—l},

2 2 Phyky (X1 — X1 (3, m1+1))(m171)H(xjkj—le)(if)=0, ©)

k=i kp=ip+1 J:2

Vipe{m+1,....Ni}, i €{0,....oma—1}, ..., i, €{0,...,m, — 1},

N 1 Na

n n—1 X
> ooy S iy, H X, _le)(u)(xnkn _xn(in—mn+1))(mn_l) =0,
=1

k=i +1 kn—1=ty—1+1kn=in
(10)

Vi 6{0,...,m1—1}, AU 6{0,...,mn_1—1}, iHE{mn—Fl,...,Nn},

l
> 2 Zpkl ,1x1k1—xu>H( Xji; = Xj(i-m; 1) " =0, (11)

ky=i1+1ky=ip kn=ip =2

Vll E{O —1} 126{m2+1,...,N2}, e inE{mn+1,...,Nn},

Z Z Phy-ke H Xj; = Xty 1) " =0, (12)
k=i kn=in Jj=1

Vi E{m1+l,...,N1}7 ceey inG{mn+l,...,Nn}.

Proof. If (8), (9),...,(10),...,(11) hold, then all these sums are zero in (5) and
the required inequality (7) holds by using (12).

Conversely, let (7) hold for every convex function f of order (my,...,m,). Let
us consider the following functions

n

fl(x1k|a~~~7xnk,,):H(xjkj_le)(ij) and f>=—f",

j=1
fori; € {0,...,m; — 1}, ..., i, € {0,...,m, — 1}. Since these functions are convex of
order (my,...,my), so by (7) the inequalities

N Ny
2 2 pkl...knfk(xlkl,...,xnkn) >0 for ke {1,2}

k=1 ky=1
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hold and we get required inequality (8). In the same way if we consider the following
(my,...,my,)-convex functions

~1 i

f3(x1k Xk, ) = { (1 _xl(infmwl))(m1 )H?=z(xjk_,- —le)('f) v X1 =1 <Xk
b NKp -

1 0 v XL —1) 2 X1k s

and f*=—f3, where iy € {m;+1,...,N1}, i, €{0,...,my— 1}, ..., i, €{0,...,m, —
1}, then we get the required equality (9).

Similarly, if we consider in (7) the following (my,...,m,)-convex functions
fs(xlk Yok ) o { (xnkn = Xn(iy—my+1) ) (my—1) Hj l(xjk le)(lj) » o Xn(i,—1) < Xnk, s
nkp ) —
v 0 y Xn(iy—1) = Xk, s

and f© = —f>, where iy € {0,...,m; — 1}, ..., i1 €{0,...,my_1 — 1}, iy € {m, +
1,...,N,}, then we get the required equality (10) and so on.

The last inequality (12) is followed by considering the following (my,...,my,)-
convex function in (7)

i—1
f7(x1k X)) = {H, l(xjk Xji;— m,+1))(mf ), X1(iy—1) < Xlkys -5 Xn(ip—1) < Xnky»
19 Mk, ) —

, otherwise

where iy € {m;+1,....M}, ..., ip € {my+1,...,N,}. O

COROLLARY 4. Let f:1xJ— R be afunctionandlet p;jj R forie{1,...,N}
and j € {l,...,M}. Forreal numbers x; < xy < ...<xy, xi €1, y1 <y» < ... <ym,
yj €J, the inequality

M=
ME

ljf(xlayj) 0

i 1

Lj
holds for every (n,m)-convex function on I x J if and only if

N M
ke{0,....m—1}
Psr(Xs —xl)(’) (yr—yl)(k) =0,
sg}s-lr:%il t+€{0,....n—1}

ke{0,....m—1}

_ (=1, k) —
;r_%lpsr(x.y X))V (0 = 1) 0, e {ntl,.. N}

B B (m—1) _ ke{m+1,.... M}

8%1,2;{19” s=x) O = Yiemir) 0, 1€{0,....n—1}

_ _ ke{m+1,....M

;’Zpsr s xtfnJrl)(n l)(yr_yk—rn+1)(’n 1)207 IE{{n+1,...,N}.}

REMARK 7. The case when f(x;,y;) = a;j for i € {1,...,N}, je{l,..., M}
and m =n =1 was considered in [7]. The case when f(x;,y;) = a;b;, where (a;) for
i€{l,...,N} is an n-convex sequence and (b;) for j € {1,...,M} is an m-convex
sequence was researched in [10]. Also the case f(x;,y;) = a;b; for monotonic n-tuples
a and b was considered by Popoviciu in [11] (see also [5]).
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3. Integral identity and inequality for higher order
differentiable functions of n variables

As we done in previous section, for the present section also we introduce some
notations to simplify the statement of our main theorems as follows.

For variables iy, ...,i, and constants mj + 1,...,m, + 1 we define A in the fol-
lowing way:
A(11, )
by n (y —a ,)ij
/ / plxr,....x f( ,,,,, )(al,...,an) %d)’n"'dyh
aj s ij!
A(’l» STk 1y My B 15 -+

Mg—1 Miy] bk by br—1 br  rbrt1 bn
—z > X - ///// [l )
—o0/a e Jagg an

lklolAIO in

k=)™ 0i—a))
Xf(il,....lk 1,mk+11k+1 ) H 1 . 'j d}’n"'d)’ldxlv

mk! =1, j#k Lj:
Similarly, we can define A for any n-tuple from "C,(i;,m;) for some j € {1,...,n}
and finally we define
~ by by by by
A(mh'")mn):/ / / / p(xla"'rxn)
ay an
(vj—
Xfml-‘rl ,,,,, Mmp+1) xl7 9K H - - dy" dyldxn'“dxl'

Now we are ready to state our main theorems of this section.

THEOREM 3. Let p,f : I} X --- x I, — R be integrable functions and let f €
Clmtlmtl) (1 s ... 1), Then the following identity holds

hl n -
/ / pxla <X (xla © n)dxn"'dXIZE 2 A(pla'~'7pn)~

r=0(py,....pn)€"Cr(ij,mj+1)
(13)

Proof. We consider the Taylor expansion:

my

flxr, .. Zf ..... 0,in) (X153 X1, @n)

(20 — an)™
;!

in!

(X0 —yn)"™
+/ f(O,...,O,m,,Jrl)(xh~~7xnflayn)Tdyn~

n-
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Multiply the above formula with p(xi,...,x,) and integrate it over [ay,,b,] by
variable x,,. Then we have

bn
POty n) f 1,y Xn)doy
dn
Xp — Qp)"
Zf .,040n) )Cl, -y Xn—1,dn / th --axn)(li'n)dxn
in= n-
bn n X _y my
+/ (/ p(xla"'7xn)f(0,.,.,0,mn+l)(xla'"7xn717yn)%dyn>dxn~
an n!

(14)
Let us use the following Taylor expansions:

f(O,...,O,in) (Xl, e axn—laan)

my_1

2 f 04— 1,5in) (x17'”7xn727an717an

in—1=0

Xp—1
+/ J(0 0y 1 41i) X5+ 5 X2, Y01, G
Aap—1

(xn—l - an—l)i'ﬁ1
L
ly—1:

) (xn—l - .Vn—l)mnfl

| dyn—l;
my_1-

J(0, 0mgt 1) (X155 X0—1,Yn)
my_1

2 f 7()71',1,17m,1+1)(xl7'''axn—27an—lay}’l

in—1=0

(xn—l - an—l)l"ﬁ1
ot —n i)t
In—1-

) (xn—l - )’n—l)mnfl

N dyn—1.
my_—1.

X1
+ / f(O,...,O,m,,,lJrl,anrl)(xla < Xn—2,Yn—1,¥Yn
ap—1

Put these two formulae in (14) and integrate over [a,_1,b,—1] by variable x,_|. Then
we have

b, by
/ p()Cl,...,Xn)f(Xh...,xn)dxndxn,]

)1 my—1 (x 1—a —l)inil
_/ 2 f 040 1,in) (x17'”7xn727an717an)%
=0i,_1= In—1-
n—1=
)i
/ Px1, <X )( i ) dxn}dxn 1
n-

n—1 m” Xn—1
+/ J(0 0y 14 L) (K15 -+ 5 X025 Y01, an)
ap—1

Xn—1—Yn—1 My—1 by X, —d in
x %d}’n—l p(xl,---,xn)w
mnfl. an ln.

dx,,] dx,_
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my_1

bp—1 bn [xn
+/ {/ / plx1,...x Z J0, 011 KLs -+ X2, 1, Yn)
ap—1 Aan Jdn

in—1=

% (xn—l _an—l)i’Hl (xn —Yn)m"
in—l! m,,!

by_1 by [Xn Xn—1
+/ [/ / p(x17~”vxn)/ f(O,...,O,mn,lJrl,m,,Jrl)(xl7~~7xn72aynflayn)
ap—1 Aan Jdn ap—1

% (xn—l _yn—l)m’Hl (xn _yn)mn
my—1! my,!

dyndxn} dx, 1

dyn_ldyndxn} dx,_q.

In the first summand we change the order of summation, use linearity of integral and
get

my Mp—1 hn 1 by
2 2 / p(xla"ﬂxn)f(o.’,,,,o iy 171,1)()(:17'"axn—27an—laan)
0“4

in=0i, 1= n—1 an

_ In—1 - i
L Lo . an—1)"" (xn : ) dxpdx,_1.
i ! i,!

The second summand is rewritten as

bp—1 mn Xn—1
/ |: 2 f(O,...,O,m,,,lJrl,in)(xla"'7xn—27yn—17an)
Aan—1 i, =0"n—1

Xp—1—Yn— My—1 by, X, —a in
)
mn 1: an 1!

hnfl n ( —a )i"
:/ / / P Xls--ey X ) al ; 'n
ap—1 ap—1 In:

) (Xn,1 - ynfl)mnfl
m,,_l!

my n—1 Xn—1 bn

= Z/ / th o) )f(O,...,O,m,,,lJrl,i,,)(xl7-'~7xn727ynflaan)
P a,
7

dx,,] dx,—1

X J(0,...0mp_14Lin) (X153 Xn=2,Yn—1,an dxndyn,l] dx,_1

(xn - an)in (xn—l _.Vn—l)mnfl
I ny,— 1'

My
= Z/ / / p Xl, X )f(O,...,O,m,,,1+l7in)(xla~~~7xn—2a})n—1aan)
i, =0" Yn—1

(Xn — an)™ (Xp—1 — Yn—1)™!
in! mn_l!

dxudy,—1dx,—1

dxudx,_1dy,—1

where in the last equation we used the Fubini theorem for variables y,_; and x,_;.
Let us point out that firstly, the variable x,,_; is changed from a,_; to b,_; while the
variable y,_; is changed from a,_; to x,_;. After changing the order of integration
we have that variable y,_; is changed from a,_; to b,—; while the variable x,_; is
changed from y,—1 to b,_1.
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Similarly, the third summand is rewritten as:

My—1

bp—1 by xn
/ [/ / p(xlr"axn) 2 f(07...707in,|7m,,+1)(x1a'"7xn—27an—1ayn)
Aap—1 An an ip—1=0

_ in—1 — Mn
y (Xn—1 —an—1) (Xn —yn) dy,,dxn} dx, 1
i ! my!

/ / / p Xls--e0 X )f(O,...,O,in,l,anrl)(xla"'axn—27an—layn)
a,

_ in—1 — M
X (xn—l i an_l) (Xn )’n) d}’ndxndxn—l
lnfl! mn!
B 5

h’l h’l
/ / / p(X1yee ey Xy
an an ' Yn

— in—1 _ o
X (x"_l - 1) (n — ) dxpdy,dx,—,
I—1! my,!
b 7

A A

— 1"71 - i
X (xn_l —an )" (o )™ ey,
in—1! iy !

m,, 1

m,, 1

10,000,y 1) (X1 -+ 3 Xn—2,An—1,Yn)

m,, 1

1) 50,0004 1 m4+1) (XT3 -+ 3 Xn—2,@n—1,Vn)

where we use the Fubini theorem twice, firstly for changing y, and x, and then for y,
and x,_1.
The fourth summand is rewritten as

bn Xn—1
/ / / / p xla )f(O,....,O.,m,,,l+1,1nn+l)(xl7'”7xn72aynflayn)
Aan—1

% (xn—l _yn—l)m'Hl (xn_yn) "
my_1! my!

n—1 by
_/ / / / xl7'”7xn)f(O,...,O,m,,,lJrl,m,ﬁ»l)(xl7'"7xn727yn717yn)
Yn— Yn

xn 1= Yn— l)m" l( yn)
my—1! my,!

dy,—1dyndxpdx,_1

dxpdx,—1dy,dy,—1,

where we use the Fubini theorem several times. Firstly, we change y, and x;,, then x;,
and y,_1, then y,_; and y,, then y,_; and x,_;, then y, and x,_;. Using all these
results we get

bn 1 by
/ p(x1, .o Xn) f(X1, . X )dXpdx,— )
a

n—1 An

m” mn 1 n—1 bn
/ P x17 <X )f(07...707in,l,i,,)(xla~~~7xn727an717an)
a,

in —0 in—1=0
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% (xn—l _an—l)i'Hl (xn - an)in

in—1! in!

Mn bp—1 bp—1 bn
+ 2 / / / p(‘x17"'?x")f(o,...,(),mn,l+l,i,1)('xla"'7xn—27yn—l7a")
ip=0"n—-1 Y Yn-1 An

v (Xn,1 _ynfl)mnfl (Xn - an)in
mn_l! ln'

/ / / xl;-"axn)f(O,,,,,O,in,I,;nn+l)(xla"'7xn—27an—1ayn)

An ap—1 “YYn

1) o =t
ip—1!

hnfl bn n
+/ / / / / p(x1,.. s )f(O,....Om,l 1+1m,,+1)(x17---axn—2a}’n—1a}’n)
an—1 an ' Yn—1 -1 Yn

Xp—1 _y 1 My X _y mp
X 7 — "l' ) (o — ;7) dxpdx,_1dypdy,_1.
n—1- n-

dx,dx,—q

dxpdx,_1dy,—1

dx,dx,_1dyn

Now, use the Taylor expansion again and integrate over [a,_»,b,_2] by variable x,_».
If we proceed in the similar fashion as we done before, then we finally get:

bp—2 bp—1 bn
/ / / plxt, - xn) f(x1, X )dxpdx,—1dx, o
an_n Jay,_ Jay

My Mp—1 mn 2 n—2 n—1 by
=PIl B R A
0iy_n An

in=0i,_1=
X (0,000, si1 i) (X5 - axn—3aan—27an—1aan)
y (Xn—2 — @p—2)"n2 (X1 — a@p—1)"1 (X0 — @)

in—2! in—1! in!

My M1 n—1 n
+3 ¥ L v
=0 -2 Yn—-2

in=01,_

dx,dx,_1dx,_»

X J(0,....0,mpy_o+1,iy_ 1+1zn)(xlw~~7xn737yn727an717an)

— n—2 — in—1 — in
X (xn—zmyn;'z) (‘xn—l l (1:,'_1) (x" - ;1") dxnan—lan—Zdyn—Z
n—2- n—1- ne

m” mn 2 n—1 —1 by
/ / / / p(x1,...yXn)
an an Yn—1 An

X J(0,...,0,ip—2,mp— 1+1zn)(x1a~~~7xn—3aan—27)7n—laan)

" (Xn—2 — @n—2)""2 (X1 — yu—1)"™1 (xXp — an)™

in—2! mn—l' in!

M n—1 n—2 n—1
+ Z / / / / p X1y - )
in=0" Yn— Yn

xf(O,....Omn o+ 1,m,_+1, zn)(xla~~~7xn—3a})n—2a})n—1aan)

dxndxnfldxn72dyn71
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% (xn—Z_yn—2)m"72 (xn—l _yn—l)m"f1 (xn _an)in
my_o! my_q! i!
mn 1 mn 2

by bnfl bn
/ / / / p(x1,...yXn)
1 =0i,_,=0"4n “dn ap—1 “Yn

X f(O,...,O,in,z,in,l,m,1+1) (X153 Xn—3,8p—2,n—1,Yn)

« (xn72 - anf2)in72 (Xn,1 - anfl)infl ()Cn —yn)m"

dxpdx,_1dx,_ody,_1dy,_>

dxndx,—1dx,—ody,

in—2' in—l! my!
m" 1 n 1 hn
_ an Yn—-2 ap—1 Yn
X (0,...,0,my o+ 10— 1m,1+1)(x17'”7xn737yn727an717yn)
(xn—Z _)’n—2) -2 (xn—l - an—l)i'Hl (xn _yn)mn
X N ) | dxndx,—1dxy, 2dyydy, 2
My_no! 1! !
mn 2 n—1 bn n—1 by
/ / / / p(x1,. .. Xn)
an an Yn—1 Yn
X f(O,,.,.O in_2,Mp_1+1, m,,+1)(xla cee 7xn—3aan—27yn—17yn)
(xn72 - an72) n=2 (xnfl _ynfl)mnfl ()Cn _yn)mn
X N ' | | dxndxnfldxn72dyndynfl
Ip—2: mp—1- My .
n—1 bn n—1
/ / / / p XI, 7 )
an—2 an Yn—-2
Xf ..... 0,my o+ 1,my, 141, m,,+1)(xla~~~7xn—37)’n—2a})n—1a})n)
(xn72 _yn72)m"72 (xnfl _ynfl)m'k1 (xn _Yn)m"
X ! | | dxndxnfldxn72dyndynfldyn72
my_—o: my—1: nmy:

Then we use the Taylor expansion again and we integrate the result over [a,_3,b,_3]
by variable x,,_3. If we continue this process, we get required identity. [J

REMARK 8. If we set n =2 in the previous theorem, we get the following corol-
lary which can be found in [5].

COROLLARY 5. Let p, f:1xJ — R be integrable functions and let f € C1m+1)
(I x J). Then the following identity holds

m b b b — ) (t—a)
> [] P(s,r>f<n+17j>(x,a>%(z%drdsdx
j=0/a Jx Ja . .
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///Pst Hims1)(a y)(s ‘)(t:ny) dtdsdy
—i—////Pst nHmH)(xy)(S_ )" (= )dtdsdydx

REMARK 9. Ifin Corollary 5 we simply put n =m = 0, then we get the following
corollary. In fact the following identity was considered by Pecari¢ in Theorem 10 of

[7].

COROLLARY 6. Let P,f:I> — R be integrable functions and if f has continuous
partial derivatives f10), fo,1) and f(1,1)on I?, then

b rb b
| [ Peenseydsay = fa.apiaa) + [ Piasotads
b b b
+ /a Pi(a,y)fo.1)(a,y)dy + /a /a Py(x,y) f(1,1) (x,y)dxdy

where

b b
Pi(x,y) = / / P(s,t)dtds,
x Jy

fao) = FFE Jon = dy and fi1) = xdy  dyox’

REMARK 10. If in Corollary 5 we replace f(x,y) by f(x)g(y), then we get the
following result.

COROLLARY 7. Let f € C"*)(I) and g € C" ) (J) be two functions. Further
let p:1xJ— R be an integrable function. Then the following identity holds

/a / P(x,y)f(x)g(y)dydx

:Zojgo/ / P(S’”f(i)(“)gu)(a)@(t; 9 gras

i!

P et
Jj=

t Zé /a /a /y P(Sﬁ)f(i)(a)g(mﬂ)(y)@(t:ny) dtdsdy

i!

b b b b oo
+/a /a /x/yP(s,t)f(nH)(x)g(mH)(y)(s X" (¢ m>')) dtdsdydx.

n!
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COROLLARY 8. Let the assumptions of Theorem 3 be valid and let p = 1. Then
the following identity holds

by bn
/ fx17 oy n)dxn---d)q

. N+l
= Z Z HWf(zh i@ty an)

i1=0  i,=0j=1
my, bl bl m1+1 n (bj_aj)ijJrl
; coan)d
+1220 2 ~/111 m1+l F]l (lj+l)' f(m1+llz....,t,,)(ylaa27 yd ) Y1

My—1

U Z 2 /bn (bn —y,,)mn+l nl:[l (bj—aj)i.f""l

i1=0 i,—1=0 an (m"+1)' j=1 (l/"'l)'

xle, sl 1m,,+1)(a1a yAn— layn)dyn

by b _yj mj+1 J J
+/ / G ot Ot ya)dyn -y,

REMARK 11. For n =2 in the previous corollary we get Theorem 6.16 of the
book [2] by simply putting x = a and y = ¢ which is in fact an Ostrowski type result.

Now we state our next main theorem:

THEOREM 4. Let the assumptions of Theorem 3 be valid. Then the inequality

bl n
A(f) = / () frn w2 0 (15)

holds for every (m;+1,...,my,+ 1)-convex function f on I} X --- x I, if and only if

by bn n -—a-ij
/ px17 >xn)HMdyn”'dy1:O» (16)

=1l

i E{O,l,...,m1}7 cey in6{0717...,mn}7

hl b2 n —X mp n -—a-ij
Ay A ey il gy 20, am
X1

nmy. =2 Lj:

i €{0,1,....ma},...,0n €{0,1,...,mu},Vx| € [ay,by],

—1

by by—1 by " —(1 —x, )™
[ [t L™ =0, )
ay apn—1 “Yn 1 my .

~.
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i1 € {0717...,m1},...,in,1 S {071,...,mn,1}, Vx, € [an,bn},

bl by —a i n ,_x,mj
// PR LVl J ) MM S T

11- =2 mj.:

i1 € {O,l,...,m},VXQ € [al,bﬂ,...,vxn € [an,bn],

hl by n ,_x,mj
/ pxh K n)HMdYndﬂ?O, (20)
j=1 m;:
Vx) € lay,b1],. .., Vx, € [an,by).

Proof. 1If (16), (17),...,(18),...,(19) hold, then all these sums are zero in (13)
and the required inequality (15) holds by using (20).

Conversely, if we consider in (15) the following (m; + 1,...,m, + 1)-convex
functions

PR TR H and g*=—g

for iy € {0,1,....m}, ..., i, €{0,1,...,my}, then we get the required equality (16).
In the same way, if we consider in (15) the following (m; + 1,...,m, + 1)-convex
functions for i € {0,1,...,m},...,i, €{0,1,....my}, ¥x1 € [a1,b]

Gr=x)" i Oj=ay)
g3(y1,...,yn): my! =2 0 XES<YL ang =g
0 ? xl 2 yna

then we get the required equality (17). Similarly, if we consider in (15) the following
(my+1,...,m,+1)-convex functions for iy €{0,1,...,m1},..., i,_1 €{0,1,...,mu_1},
VX, € [an, by

i— “J " (yn—2xn)™
gs(yh...,yn):{n il 0 Y <Vn,  and b= —g5
0 . Xn =Y,

then we get the required equality (18) and so on. The last inequality (20) is followed

by considering the following (m; + 1,...,m, + 1)-convex function in (15)
ALY
0t = | T = 0 <,
0 , otherwise,

where x| € [ay,b1], ...,xn € [an,by]. O

REMARK 12. If we set n =2 in previous theorem, then we get result given in [5].
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4. Mean value theorems

It is a well known fact that many results of classical real analysis are consequences
of the mean value theorem. Lagrange’s and Cauchy’s mean value theorems are among
the most important theorems of differential calculus. For detailed discussion on the
topic we refer to [12]. Here we state some generalized mean value theorems of La-
grange and of Cauchy type.

THEOREM 5. Let A : CmitbLoomnt) ([ 5 ... ) — R be the linear functional
defined in (15) and let p : I X --- x I, — R be an integrable function such that the
conditions (16),(17),...,(18),..., (19),(20) of Theorem 4 be satisfied. Then there
exists (&y,...,&)) € Iy X -+ X I, such that

A(f) :f(m1+l,...,m,,+1)(€17---agn)A(fO) (21)
ij+l
where fo(x1,...,xn) =ITj— W

Proof. Since f(,y, 11,...m,+1) is continuous on (I; X -+ X I,), so it attains its max-
imum and minimum values on (I} X --- x I,;). Let

L= min f(m1+l,...,m,,+1)(x17---axn)
(X1 5w ) €T X Xy

and

U= max f(m|+l,...,mn+1)(x17"'7-x71)'
Then the function

G(x1,....xn) =Ufolxr,...,xn) — f(x1,...,x0)

gives us

G(m1+1,...,m,,+1)(x1 geee ,x,,) =U— f(m1+l,...,m,,+1)(x1 geee ,xn) > O,

ie, Gisan (m;+1,...,m,+ 1)-convex function. Hence A(G) > 0 by Theorem 4
and we conclude that

A(f) SUA(fo)-

Similarly, we have
LA(fo) < A(f).

Combining the two inequalities we get

LA(fo) < A(f) SUA(fo)

which gives us (21). O
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THEOREM 6. Let all the assumptions of Theorem 5 be valid. Then there exists
(&1y...,&) €1 x -+ x I, such that

provided that the denominator of the left-hand side is nonzero.

Proof. Let h € Ctm+1mt1) ([ 5 ... x I,) be defined as
h=A(g)f —A(f)g-
Using Theorem 5 there exists (&, ...,&,) such that

0=A(h) = him41,...my+1) (815, E)A(f0)

or

[A@ i1 (&) = AI8om 1,y 1) G- 60) | AL) = O

which gives us required result. [J

COROLLARY 9. Let all the assumptions of Theorem 6 be satisfied with m =m; =
my =...=my. Then there exists (&1,...,&y) € I} X -+ X I, such that

(& &) = (¢ + g (¢ —m~+1)]"A((x1 - x,)9"1)
' [(g+1)g--(q—m+ D)]"A((x; - -x,)4+)

for —o < q#q <+ and q,q ¢ {—1,0,1,....m—1}.

Proof. If we put f(x1,...,x,) = (x1---x2)7"" and g(x1,...,x) = (xl---xn)qurl
in Theorem 6, then we get the required result. [

REMARK 13. Special cases of Theorems 5, 6 and Corollary 9 for n =2 can be
found in [5].
For our next theorem we recall the Holder inequality for functional

by by
A(F):/ f(XI,...,Xn)dxn"'dXI
ay a

n

as follows:
A(FG) < A(FN)1A(GH

where 1/q+1/¢' =1, q,d >1.
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Let us introduce some notations for simplifications of statements as follows:

n—1

Af) =AU - X > A(pis---pn)

r= 0P17 p,,)E"C,(,7mj+1)

by bu by b
—/ / / POXLs - X0) fimy 1, 1) (X1 -+ 5 Xn)

% (y1 —x1) l_“(yn_xn)
my! my,!

dyy---dyydxy---dx;.

THEOREM 7. Let p: I} X --- X I, — R be an integrable function and let f €
ClmAlemtl) (1 5o 1) If ’f(m1+l7.,.,mn+l)’q is an integrable function such that

q 1/q
m1+1 mn+l)(xla 7n)| dxn"'dx1> < oo,

by by
/ pxla 5 X )

_ mj n— Xn ny l/ !
" (Y1 x1) (y ) dyn---dy1’ dx,,---dx1> !

mil T mp)

where 1/q+1/¢' =1, q,¢4' > 1.

REMARK 14. The proof of the theorem is easily followed by applying the Holder
inequality. Moreover, when we consider the case ¢ — 1, then r — oo, we get the
following corollary.

COROLLARY 10. Let all the assumptions of the Theorem 7 be valid. Then the
inequality

_ by by by b,,
|A(f)} _a/ / / / (my—+1,..., m,,+1)(x17 vn)dxn"'dxl

holds, where

bl by v\ e\
M = ess sup p(x1,. )(y1 *) O — ) dy,,---dy1>.
my! my,!

REMARK 15. For the case p =1, we get the following corollary.

COROLLARY 11. Let all the assumptions of the Theorem 7 be valid and if p=1.

Then we have
m +2

’A | = H m +2 ” f(m1+17....,m,1+1) ||q .
i=1
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5. Exponential convexity
Let J C R be an open interval. We give some definitions in start of this section:

DEFINITION 7. [1] A function y :J — R is exponentially convex on J if it is
continuous and

n
Y &&iv(xit+x) =0
ij=1
Vn € N and all choices &§;,&j € R; i,j=1,...,n suchthat x;+x; € J; i,j € {1,...,n}.
kx

EXAMPLE 1. [3] For constant ¢ > 0 and kK € R, x — ce
exponentially convex function.

is an example of

The following proposition and two corollaries are given in [3].

PROPOSITION 4. Let v :J — R, the following propositions are equivalent:

(i) y is exponentially convex on J.

n R
(ii) v is continuous and Y, &&;y <x1—|2-)€1> >0, for all §,E; € R and every
ij=1
Xiy Xj eJ;i,je {1,...,1’1}.

COROLLARY 12. If y is an exponentially convex function on J, then the matrix

QS

is a positive semi-definite matrix. Particularly

det [l// (#)] =0,
ij=1

VneN,xi,xjelJ;i,je{l,..,n}.

COROLLARY 13. If w:J — (0,00) is an exponentially convex function, then y
is a log-convex function i.e. for every x,y € J and every A € [0, 1], we have

w(Ax+(1-2)y) <y )y ().

Let I = [a,b]; a,b be positive real numbers and let D = {@?) : I" - R: p € R}
be a family of functions defined as:

(x1 “e .xn)l’
(p(p—1)...(p—m)"’
(x1 - xn)? (log(xy ... xn))
(=1)m=pnl(pl(m—p))*”’

p£{0,1,2,....m};

pe{0,1,2,....,m}.

O P (x1,. . x0) =
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Clearly <P((,Z)+1 .....

eI"so ) isan (m+1,...,m+ 1)-convex function and p»—>(p((zzrl ...m+1)(x17“'>xn)

is exponentially convex. From Corollary 13 we know that every exponentially convex
function is log-convex. So, now we are in position to state our next theorem.

THEOREM 8. Let A : C"tlmt D) (1) R be a linear functional as defined in
(15) and let the conditions (16), (17), ...,(18), ..., (19), (20) of Theorem 4 for function

P are satisfied and (p(l’) be a function defined above. Then the following statements
hold:

(i) pr A(@P)) is continuous on R.
(ii) p— A((p(p)) is an exponentially convex function on R.

(iii) If p — A(@P)) is a positive function on R, then p — A(@'P)) is log-convex
function on R.

ritprj

(iv) Forevery ke N and py,...,pr € R, the matrix {A((p( p ))] is a positive
ij=1

semi-definite. Particularly

p,-+pj k
det [A((p( 2 >)] > 0.
i,j=1

) If p— A((p(p)) is differentiable on R. Then for every s,t,u,v € R, such that
s<uandt <v, we have

M (1,05 %) <My (X1, ,x0) (22)

NCRASE
(M) o

exp M Ky :t
Alp®) )

where

My (X150, %) =

for (p(‘),(p(’) eD.

Proof. (i) For fixed n € NU{0}, using the L'Hdpital rule n-times and applying
limit, we get

b b
.| P U X)) Pdxy .
lim A((p(p)) — lim fu fu (.Xl, X )(xl X ) dx dxy

p—0 p—0 (p(p=1)...(p—m))"
_ f:...ffP(xl,...,xn)(10g(x1 v X)) dxy - dxy _ A(p®),

(—1)™n!(m!)"
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In the same way we can get lin}cA(qo(p)) =A(pW) ke {1,..,m}
p*}
(ii) For p; € R, o; € R, i € {1,...,k}, let us define the function

Pitpj

k
a)(xh...,xn): Z aiaj(p( 2 )(xl,...,x,,).
ij=1

(p)

Since the function p — ? ) is exponentially convex, we have

m+1,...,m+1
k pi+pj)
w(erl,...,erl) = 2 aiaf(p(m-i-zl,...,m+l) 20,
ij=1
which implies that @ is (m+1,...,m+ 1)-convex function on " and therefore we

k Pt
have A(w) > 0. Hence Y aioch((p( s )) > 0. We conclude that the function p —
ij=1
A(@'P) is an exponentially convex function on R.
(iii) It is direct consequence of (ii).
(iv) This is consequence of Corollary 12.
(v) From the definition of convex function ¢, we have the following inequality [8,

p. 2]

0(9 = 9(1) _

s—t u—v
Vs,t,u,v€J CR suchthat s <wu, t <v, s#t, u#v.
Since by (iii), A(@?)) is log-convex, so set ¢ (x) = log A(@™) in (23) we have

6 ()~ 6 () o

)

logA(p") —logA(p") _ logA(p™) ~logA(p") o
s—t = u—v

for s <u, t<v,s#t, u#v, which is equivalent to (22). The cases for s =¢, and /
or u =v are easily followed from (24) by taking respective limits. [

REMARK 16. Here we notice that Theorem 8 generalizes Theorem 5.6 of [5].
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