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Abstract. Let T ∗ be the maximal multilinear Calderón-Zygmund operator with kernels of Dini’s
type and T ∗

q (�f ) be the vector-valued version of T ∗ . In this paper, we consider the weighted norm

inequalities for T ∗
q (�f ) . As applications, the weighted strong type and weighted end-point weak

type estimates for the commutators of T ∗
q (�f ) were established respectively.

1. Introduction

Multilinear Calderón-Zygmund operators were introduced and first studied by
Coifman and Meyer [3], [4], [5], and later on by Grafakos and Torres [10], [13] for
the theory of multilinear Calderón-Zygmundoperators with standard kernels. Recently,
there are a number of studies concerning multilinear singular integrals which possess
rough associated kernels so that they do not belong to the standard Calderón-Zygmund
classes, see, for example [1, 8, 14, 18, 22]. In 2009, Maldonado and Naibo [18] estab-
lished the weighted norm inequalities, with the Muckenhoupt weights, for the bilinear
Calderón-Zygmund operators of type ω(t) , and applied them to the study of para-
products and bilinear pseudodifferential operators with mild regularity. In 2014, Lu,
Zhang [16] studied the multilinear Calderón-Zygmund operators of type ω(t) and their
commutators, and gave some applications to the para-products and the bilinear pseudo-
differential operators with mild regularity. In this paper, we study the weighted bound-
edness of vector-valuedmaximal multilinear Calderón-Zygmundoperators of type ω(t)
and the weighted norm inequalities for the commutators of vector-valued maximal mul-
tilinear operators are established.

Following [16], we say that T is a multilinear Calderón-Zygmund operator with
kernel of type ω(t) , denoted by m-linear ω -CZO, if T can be extended to a bounded
multilinear operator from Lq1(Rn)×·· ·×Lqm(Rn) to Lq,∞(Rn) for some 1 < q,q1, · · · ,
qm < ∞ with 1

q1
+ · · ·+ 1

qm
= 1

q , or from Lq1(Rn)×·· ·×Lqm(Rn) to L1(Rn) for some

1 < q1, · · · ,qm < ∞ with 1
q1

+ · · ·+ 1
qm

= 1, and if there exists a function K defined off

the diagonal x = y1 = · · · = ym in (Rn)m+1 , satisfying

T�f (x) = T ( f1, ..., fm)(x) =
∫

(Rn)m
K(x,y1, ...,ym) f1(y1)... fm(ym)dy1...dym, (1.1)
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for all x /∈ ⋂m
j=1supp f j , and f j ∈C∞

c (Rn) , j = 1, · · · ,m and if there exists a constant
A > 0 such that

|K(x,y1, · · · ,ym)| � A
(|x− y1|+ · · ·+ |x− ym|)mn

for all (x,y1, · · · ,ym) ∈ (Rn)m+1 with x �= y j for some j ∈ {1,2, · · · ,m}, and

|K(x,y1, · · · ,ym)−K(x′,y1, · · · ,ym)|

� A
(|x− y1|+ · · ·+ |x− ym|)mn ω

( |x− x′|
|x− y1|+ · · ·+ |x− ym|

)
(1.2)

whenever |x− x′| � 1
2 max1� j�m |x− y j|, and∣∣K(x,y1, · · · ,y j, · · · ,ym)−K(x,y1, · · · ,y′j, · · · ,ym)

∣∣
� A

(|x− y1|+ · · ·+ |x− ym|)mn ω

(
|y j − y′j|

|x− y1|+ · · ·+ |x− ym|

)
(1.3)

whenever |y j − y′j| � 1
2 max1� j�m |x− y j|.

The maximal multilinear singular integral operator is defined by

T ∗(�f )(x) = sup
δ>0

|Tδ ( f1, · · · , fm)(x)|,

where Tδ are the smooth truncations of T given by

Tδ (�f )(x) =
∫

m
∑

i=1
|x−yi |2>δ 2

K(x,y1, · · · ,ym) f1(y1) · · · fm(ym)d�y.

Here and in the following, d�y = dy1 · · ·dym .
The vector-valued multilinear Calderón-Zygmund operator Tq and vector-valued

maximal multilinear operator T ∗
q associated with the operator T are defined and studied

by Grafakos and Martell in [11].

Tq(�f )(x) = |T ( f1, · · · , fm)(x)|q = ||T ( f1·, · · · , fm·)(x)||lq

=
( ∞

∑
k=1

|T ( f1k, · · · , fmk)(x)|q
)1/q

,

T ∗
q (�f )(x) = |T ∗( f1, · · · , fm)(x)|q = ||T ∗( f1·, · · · , fm·)(x)||lq

=
( ∞

∑
k=1

|T ∗( f1k, · · · , fmk)(x)|q
)1/q

,

where fi = { fik}∞
k=1 for i = 1, · · · ,m. Grafakos and Martell [11] obtain the following

results.



A NOTE ON VECTOR-VALUED MAXIMAL MULTILINEAR OPERATORS 251

THEOREM A. ([11]) Let T be a multilinear Calderón-Zygmund operators, and
let 1/m < p < ∞ , 1/p = 1/p1 + · · ·+ 1/pm with 1 < p1, · · · , pm < ∞ , 1/m < q < ∞
and 1/q = 1/q1 + · · ·+ 1/qm with 1 < q1, · · · ,qm < ∞. Then there exists a constant
C > 0 such that

||T ∗
q (�f )||Lp(Rn) � C

m

∏
j=1

||| f j|q j ||Lp j (Rn).

Cruz-Uribe, Martell and Pérez [6] obtain a weak version of Theorem A as follows:

THEOREM B. ([6]) Let T be a multilinear Calderón-Zygmund operators, and
let 1/m � p < ∞ , 1/p = 1/p1 + · · ·+ 1/pm with 1 � p1, · · · , pm < ∞ , 1/m < q < ∞
and 1/q = 1/q1 + · · ·+ 1/qm with 1 < q1, · · · ,qm < ∞. Then there exists a constant
C > 0 such that

||T ∗
q (�f )||Lp,∞(Rn) � C

m

∏
j=1

||| f j|q j ||Lp j (Rn).

Given a collection of locally integrable functions �b = (b1, · · · ,bl) , where 1 � l �
m. The commutators associated with T and T ∗ are defined by

TΠ�b(�f )(x) =
∫

(Rn)m

l

∏
j=1

[b j(x)−b j(y j)]K(x,y1, · · · ,ym)
m

∏
j=1

f j(y j)dy j.

T ∗
Π�b

(�f )(x) = sup
δ>0

∣∣∣∣∫ m
∑

i=1
|x−yi |2>δ 2

l

∏
j=1

[b j(x)−b j(y j)]K(x,y1, · · · ,ym)
m

∏
j=1

f j(y j)dy j

∣∣∣∣.
The commutators associated with vector-valued Tq and T ∗

q can be defined by

TΠ�b,q(�f )(x) = |TΠ�b(�f )(x)|q = ||TΠ�b( f1·, · · · , fm·)(x)||lq =
( ∞

∑
k=1

|TΠ�b(�fk)(x)|q
)1/q

,

T ∗
Π�b,q

(�f )(x) = |T ∗
Π�b

(�f )(x)|q = ||T ∗
Π�b

( f1·, · · · , fm·)(x)||lq =
( ∞

∑
k=1

|T ∗
Π�b

(�fk)(x)|q
)1/q

,

where �f = ( f1, · · · , fm), with f j = { f jk}∞
k=1.

There are a number of studies concerning multilinear singular integrals with stan-
dard kernels. The theory of weighted maximal multilinear Calderón-Zygmund type
operators was established in [13], [2]. Xue [26] studied the weighted strong type and
end-point estimates for T ∗

Π�b
with multiple weights. Recently, the weighted strong type

and end-point estimates for T ∗
Π�b,q

with multiple weights were obtained by Si and Xue

[23] as follows:

THEOREM C. ([23]) Let T be a multilinear Calderón-Zygmund operators, and
let 1/m < p < ∞ , 1

p = 1
p1

+ · · ·+ 1
pm

, with 1 < p1, · · · , pm < ∞ , 1/m < q < ∞ and 1
q1

+
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· · ·+ 1
qm

= 1
q with 1 < q1, · · · ,qm < ∞. If �ω ∈ A�p , ν�ω = ∏m

i=1 ω
p
pi
i , and �b ∈ (BMO)l .

Then there exists a constant C > 0 such that

||T ∗
Π�b,q

(�f )||Lp(ν�ω ) � C
l

∏
j=1

‖b j‖BMO

m

∏
j=1

‖| f j|q j‖Lp j (wj).

THEOREM D. ([23]) Let T be a multilinear Calderón-Zygmund operators, and
let 1/m < q < ∞ and 1

q1
+ · · ·+ 1

qm
= 1

q with 1 < q1, · · · ,qm < ∞. If �ω ∈ A(1,···,1) and
�b ∈ (BMO)l . Then there exists a constant C > 0 depending on �b such that

ν�ω

({
x ∈ R

n : T ∗
Π�b,q

(�f )(x) > tm
})

� C

( m

∏
j=1

∫
Rn

Φ(m)(
| f j|q j(y j)

t
)ω j(y j)dy j

)1/m

,

where Φ(t) = t(1+ log+ t) and Φ(m) =

m︷ ︸︸ ︷
Φ◦ · · · ◦Φ .

Throughout this paper, we always assume that ω(t) : [0,∞) �→ [0,∞) is a nonde-
creasing function with 0 < ω(1) < ∞. For any a > 0, we say that ω ∈ Dini(a) , if

|ω |Dini(a) =
∫ 1

0

ωa(t)
t

dt < ∞.

In this paper, we will establish some weighted norm inequalities for vector-valued
maximal multilinear Calderón-Zygmund operators of type ω(t) and its commutators.
Our main results are as follows:

THEOREM 1. Let T be an m-linear ω -CZO with ω ∈ Dini(1) , and let 1/m <
p < ∞ , 1

p = 1
p1

+ · · ·+ 1
pm

with 1 < p1, · · · , pm < ∞, 1/m< q < ∞ and 1
q = 1

q1
+ · · ·+ 1

qm

with 1 < q1, · · · ,qm < ∞. Suppose that (ω p1
1 , · · · ,ω pm

m ) ∈ (Ap1 , · · · ,Apm), then there
exists a constant C > 0 such that

||T ∗
q (�f )||Lp(ω p

1 ···ω p
m) � C

m

∏
j=1

||| f j|q j ||Lp j (ω
p j
j )

.

THEOREM 2. Let T be an m-linear ω -CZO with ω ∈ Dini(1) , and let 1 �
p1, · · · , pm < ∞ , 1 < q1, · · · ,qm < ∞ and 0 < p,q < ∞ such that 1

p = 1
p1

+ · · ·+ 1
pm

,
1
q = 1

q1
+ · · ·+ 1

qm
. Then, we have

(i) If 1 < p1, ..., pm < ∞ and ω ∈ Ap1 ∩·· ·∩Apm , then there exists a constant C > 0
such that

||T ∗
q (�f )||Lp(ω) � C

m

∏
j=1

||| f j|q j ||Lp j (ω).

(ii) If at least one p j = 1 and ω ∈ A1, then there exists a constant C > 0 such that

||T ∗
q (�f )||Lp,∞(ω) � C

m

∏
j=1

||| f j|q j ||Lp j (ω).
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THEOREM 3. Let T be an m-linear ω -CZO, and let 1/m < p < ∞ , 1
p = 1

p1
+

· · ·+ 1
pm

with 1 < p1, · · · , pm < ∞ , 1/m < q < ∞ and 1
q1

+ · · ·+ 1
qm

= 1
q with 1 <

q1, · · · ,qm < ∞. If �ω ∈ A�p, �b ∈ (BMO)l and ω satisfies

|ω |DiniLlogLl (ρ) =
∫ 1

0

ωρ(t)
t

(
1+ logl 1

t

)
dt < ∞, (1.4)

where ρ = min{1,q}, then there exists a constant C > 0 such that

||T ∗
Π�b,q

(�f )||Lp(ν�ω ) � C
l

∏
j=1

‖b j‖BMO

m

∏
j=1

‖| f j|q j‖Lp j (wj).

THEOREM 4. Let T be an m-linear ω -CZO, and 1/m < q < ∞ and 1
q1

+ · · ·+
1
qm

= 1
q with 1 < q1, · · · ,qm < ∞. If �ω ∈ A(1,···,1), �b ∈ (BMO)l and ω satisfies the

condition (1.4) , then there exists a constant C > 0 depending on �b such that

ν�ω

({
x ∈ R

n : T ∗
Π�b,q

(�f )(x) > tm
})

� C

( m

∏
j=1

∫
Rn

Φ(m)
( | f j|q j(y j)

t

)
ω j(y j)dy j

)1/m

,

where Φ(t) = t(1+ log+ t) and Φ(m) =

m︷ ︸︸ ︷
Φ◦ · · · ◦Φ .

REMARK 1. Theorem 1–Theorem 4 are also hold for T .

2. Proofs of Theorem 1 and Theorem 2

Let us begin with the definition of Hardy-Littlewood maximal operator, that is

M f (x) = sup
Q�x

1
|Q|

∫
Q
| f (y)|dy.

The sharp maximal function is defined by

M� f (x) = sup
Q�x

inf
c

1
|Q|

∫
Q
| f (y)− c|dy≈ sup

Q�x

1
|Q|

∫
Q
| f (y)− fQ|dy.

For δ > 0, Mδ f = M(| f |δ )
1
δ and M�

δ f = M�(| f |δ )
1
δ .

The new maximal function M can be defined by

M (�f )(x) = sup
Q�x

m

∏
j=1

1
|Q|

∫
Q
| f j(y j)|dy j

and the new vector valued maximal function can be defined by

M (|�f |q)(x) = sup
Q�x

m

∏
j=1

1
|Q|

∫
Q
| f j(y j)|q j dy j.
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DEFINITION 1. [15] Let 1 � p1, · · · , pm < ∞ with 1/p = 1/p1 + · · ·+ 1/pm.

Given �ω = (ω1, · · · ,ωm) , set ν�ω = ∏m
i=1 ω p/pi

i . We say that �ω satisfies the A�p con-
dition if

sup
Q

(
1
|Q|

∫
Q

m

∏
i=1

ω
p
pi

i

) 1
p m

∏
i=1

(
1
|Q|

∫
Q

ω1−p′i
i

) 1
p′i < ∞,

when pi = 1,

(
1
|Q|
∫
Q ω1−p′i

i

) 1
p′i is understood as (infQ ωi)−1.

We now give a new weighted estimate of T ∗ .

THEOREM 5. Let 1
p = 1

p1
+ · · ·+ 1

pm
and �ω ∈ A�p. Let T be an m-linear ω -CZO

with ω ∈ Dini(1) .
(1) If 1 < p1, · · · , pm < ∞, then

||T ∗�f ||Lp(ν�ω ) � C
m

∏
i=1

|| fi||Lpi (ωi).

(2) If 1 � p1, · · · , pm < ∞, then

||T ∗�f ||Lp,∞(ν�ω ) � C
m

∏
i=1

|| fi||Lpi (ωi).

To prove Theorem 5 we need some lemmas.

LEMMA 1. Let T be an m-linear ω -CZO with ω ∈ Dini(1) . Then, for any
η > 0 , there is a constant C < ∞ depending on η such that for all �f in any product of
Lq j (Rn) spaces, with 1 � q j < ∞, the following inequality hold for all x ∈ R

n

T ∗(�f )(x) � C
(
Mη (T (�f ))(x)+M (�f )(x)

)
.

Proof. For a fixed point x and a ball Q centered at x with radius δ . Set Sδ = {�y :
sup1� j�m |x− y j| � δ} and Uδ = {�y ∈ Sδ : ∑m

i=1 |x− yi|2 > δ 2} . It is clear that

∣∣∣T ∗(�f )(x)
∣∣∣ � sup

δ>0

∣∣∣∣∣
∫
Uδ

K(x,�y)
m

∏
i=1

fi(yi)dyi

∣∣∣∣∣+ sup
δ>0

∣∣∣∣∣
∫

(Sδ )c
K(x,�y)

m

∏
i=1

fi(yi)dyi

∣∣∣∣∣ .
By using the size condition, we get∣∣∣∣∣

∫
Uδ

K(x,�y)
m

∏
i=1

fi(yi)dyi

∣∣∣∣∣ � C

∣∣∣∣∣
∫
Uδ

A
(∑m

i=1 |yi − x|)mn

m

∏
i=1

fi(yi)dyi

∣∣∣∣∣
� C

m

∏
i=1

1
δ n

∫
Q(x,δ )

fi(yi)dyi

� CM (�f )(x).
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We are ready to estimate the second term. For any z ∈ Q(x, δ
2 ) , we have

T̃δ (�f )(z) =
∫

(Sδ )c
K(z,�y)

m

∏
i=1

fi(yi)dyi = T (�f )(z)−T (�f 0)(z),

where �f0 = ( f1χQ, · · · , fmχQ) .
Note that the integral

∫
(Sδ )c |K(z,�y)−K(x,�y)|∏m

i=1 fi(yi)dyi can be written as a
sum of integrals over sets RI ∈ (Rn)m for some I := {i1, · · · , il} ⊆ {1, · · · ,m} , such
that for �y = (y1, . . . ,ym) ∈ RI we have i ∈I if and only if |x−yi| � δ . On Sc

δ the set

I c is not empty, by using a similar argument as in [16] we obtain that ω
( |z−x|

∑i∈I c |z−yi|
)

�
ω(2−k) . Consequently, we have∣∣∣T̃δ (�f )(x)− T̃δ (�f )(z)

∣∣∣
� C

∫
(Sδ )c

|K(z,�y)−K(x,�y)|
m

∏
i=1

fi(yi)dyi

� C ∑
�y∈RI

∫
Q(x,δ )l

∏
i∈I

∣∣ f 0
i (yi)dyi

∣∣ ∞

∑
k=1

∫
(Qk)m−l

A
(∑i∈I c |z− yi|)mn ω

( |z− x|
∑i∈I c |z− yi|

)
× ∏

i∈I c

| f ∞
i (yi)|dyi

� C ∑
�y∈RI

∫
Q(x,δ )l

∏
i∈I

∣∣ f 0
i (yi)dyi

∣∣ ∞

∑
k=1

∫
(Qk)m−l

ω(2−k)
|2kQ|m ∏

i∈I c

| f ∞
i (yi)|dyi

� C ∑
�y∈RI

∞

∑
k=1

ω(2−k)
1

|2kQ|m ∏
i∈I

∫
Q(x,δ )

∣∣ f 0
i (yi)dyi

∣∣ ∏
i∈I c

∫
2kQ

| f ∞
i (yi)|dyi

� C|ω |Dini(1)M (�f )(x),

where Qk =
(
2kQ

) \ (2k−1Q
)
, k = 1,2, . . . and in the second inequality, we used the

smooth condition (1.2).
Thus, we obtain∣∣∣∣∣

∫
(Sδ )c

K(x,�y)
m

∏
i=1

fi(yi)dyi

∣∣∣∣∣� CM (�f )(x)+
∣∣∣T (�f )(z)

∣∣∣+ ∣∣∣T (�f 0)(z)
∣∣∣ .

The rest of the proof is the same as in [13], we are done. �

LEMMA 2. ([7]) If ω ∈ Ap and p > 1 , then M maps from Lp(ω) to Lp(ω) .

LEMMA 3. ([2]) If ω ∈ Ap and p � 1 , then M maps from Lp,∞(ω) to Lp,∞(ω) .

LEMMA 4. ([16]) Let T be an m-linear ω -CZO with ω ∈ Dini(1) . Let �p =
(p1, · · · , pm) with 1

p = 1
p1

+ · · ·+ 1
pm

and �ω ∈ A�p .
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(1) If 1 < p j < ∞ for all j = 1, · · · ,m, then

||T (�f )||Lp(ν�ω ) � C
m

∏
j=1

|| f j||Lp j (ω j).

(2) If 1 � p j < ∞ for all j = 1, · · · ,m, and at least one of the p j = 1, then

||T (�f )||Lp,∞(ν�ω ) � C
m

∏
j=1

|| f j||Lp j (ω j).

LEMMA 5. ([15]) Let �p = (p1, · · · , pm) with 1
p = 1

p1
+ · · ·+ 1

pm
and 1 � p1, · · · , pm .

(1) If 1 < p j < ∞ for all j = 1, · · · ,m, then M is bounded from Lp1(ω1)×·· ·×
Lpm(ωm) to Lp(ν�ω ) if and only if �ω = (ω1, · · · ,ωm) ∈ A�p .

(2) If 1 � p j < ∞ for all j = 1, · · · ,m, then M is bounded from Lp1(ω1)×·· ·×
Lpm(ωm) to Lp,∞(ν�ω ) if and only if �ω = (ω1, · · · ,ωm) ∈ A�p .

Proof of Theorem 5. Theorem 5 follows by using Lemma 1–Lemma 5.

||T ∗(�f )||Lp(ν�ω ) � C
(
||Mη (T (�f ))||Lp(ν�ω ) + ||M (�f )||Lp(ν�ω )

)
= C

(
||M(|T (�f |η))||

1
η

L
p
η (ν�ω )

+ ||M (�f )||Lp(ν�ω )

)

� C

(
|||T (�f )|η ||

1
η

L
p
η (ν�ω )

+ ||M (�f )||Lp(ν�ω )

)
� C

(
||T (�f )||Lp(ν�ω ) + ||M (�f )||Lp(ν�ω )

)
� C

m

∏
j=1

|| f j||Lp j (ω j).

In the first inequality we used Lemma 1. The second inequality is due to Lemma 2
and the fact ν�ω ∈ Amp for all �ω ∈ A�p. The last inequality is follows by Lemma 4 and
Lemma 5. If we use Lemma 3 instead of using Lemma 2, by using the same arguments,
we can get the weak type estimates. �

Note that if each ω j ∈ Apj , then ∏m
j=1 Apj ⊂ A�p and this inclusion is strict (see

[15] for details). This fact together with Theorem 5 and Lemma 4 yields the following
weighted estimates.

LEMMA 6. Let T be an m-linear ω -CZO with ω ∈ Dini(1) . Consider an m-
tuple (ω p1

1 , · · · ,ω pm
m ) ∈ (Ap1 , · · · ,Apm), where 1 < p1, · · · , pm < ∞ and 1

m < p < ∞ sat-
isfy 1

p = 1
p1

+ · · ·+ 1
pm

. Then there exists a constant C such that

||T (�f )||Lp(ω p
1 ···ω p

m) � C
m

∏
j=1

|| f j||Lp j (ω
p j
j )

,
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and

||T ∗(�f )||Lp(ω p
1 ···ω

p
m) � C

m

∏
j=1

|| f j||Lp j (ω
p j
j )

.

LEMMA 7. ([11]) Let 1 < q1, · · · ,qm < ∞ and 1
m < q < ∞ be fixed indices such

that 1
q = 1

q1
+ · · ·+ 1

qm
. If for all functions f j ∈ Lqj (ωq j

j ) and (ωq1
1 , · · · ,ωqm

m )∈ (Aq1 , · · · ,
Aqm) , the following estimate holds

||T (�f )||Lq(ωq
1 ···ω

q
m) � C

m

∏
j=1

|| f j||Lq j (ω
q j
j )

.

Then for 1 < p1, · · · , pm < ∞ and 1
m < p < ∞ with 1

p = 1
p1

+ · · ·+ 1
pm

, and 1 <

s1, · · · ,sm < ∞ , 1
m < s < ∞ with 1

s = 1
s1

+ · · ·+ 1
sm

, and all (ω p1
1 , · · · ,ω pm

m )∈ (Ap1 , · · · ,Apm) ,
the following inequality holds∣∣∣∣∣∣

∣∣∣∣∣∣
(

∑
k

|T ( f1k, · · · , fmk)|s
) 1

s

∣∣∣∣∣∣
∣∣∣∣∣∣
Lp(ω p

1 ···ω p
m)

� C
m

∏
j=1

∣∣∣∣∣∣
∣∣∣∣∣∣
(

∑
k

∣∣ f jk
∣∣s j

) 1
s j

∣∣∣∣∣∣
∣∣∣∣∣∣
Lp j (ω

p j
j )

.

Proofs of Theorem 1 and Theorem 2. As a consequence of Lemma 6 and Lemma
7, we obtain Theorem 1(see the proof of Corollary 3 in [11]). For any weight ω ∈ A∞
and p ∈ [ 1

m ,∞), from Theorem 6.2 [16] we know that for all bounded functions
�f = ( f1, · · · , fm) with compact support, we have ||T�f ||Lp(ω) � C||M (�f )||Lp(ω) �
C||∏m

j=1 M( f j)||Lp(ω). Similarly, we obtain that ||T ∗�f ||Lp(ω) � C||∏m
j=1 M( f j)||Lp(ω).

Then, Theorem 2 follows by a repetition of the same steps as in Corollary 3.3 in [6]. In
fact, we apply Theorem 2.1 in [6] to the families

F

(
T ( f1, ..., fm),

m

∏
j=1

M f j

)
, F

(
T ∗( f1, ..., fm),

m

∏
j=1

M f j

)
.

Hölder’s inequality and the normal inequalities for the maximal operator yield the de-
sired results. �

3. Proofs of Theorem 3 and Theorem 4

Proofs of Theorem 3 and 4 follows from similar steps in [23], we omit the proof.
We just give two key lemmas.

For 1 � l � m, we define M l
L(logL)(|�f |q) as follows:

M l
L(logL)(|�f |q)(x) = sup

Q�x

l

∏
j=1

||| f j|q j ||L(logL),Q

m

∏
j=l+1

1
|Q|

∫
Q
| f j|q j ,

ML(logL)(|�f |q)(x) = sup
Q�x

m

∏
j=1

||| f j|q j ||L(logL),Q,
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and

M (|�f |q)(x) = sup
Q�x

m

∏
j=1

1
|Q|

∫
Q
| f j|q j ,

where the supremum is taken over all the cubes containing x .

LEMMA 8. Let 0 < δ < 1/m, 1/m < q < ∞ and 1/q = 1/q1 + · · ·+ 1/qm with
1 < q1, · · · ,qm < ∞. If ω satisfies the condition (1.4) , then there exists a constant C > 0
such that

M�
δ (T ∗

q (�f ))(x) � CM (|�f |q)(x)

for any smooth vector function {�fk}∞
k=1 and any x ∈ R

n.

Proof. Fix x ∈ R
n and let Q be a cube containing x with side length l(Q) . For

any smooth vector function sequence {�fk}∞
k=1 , set �f ∞

k = �fk −�f 0
k , where �f 0

k = �fkχ8Q =
( f1kχ8Q, · · · , fmkχ8Q). Since 0 < δ < 1/2 < 1, we have

(
1
|Q|

∫
Q

∣∣∣∣|U ∗
q (�f )(y)|δ −|c|δ

∣∣∣∣dy

) 1
δ

� C

(
1
|Q|

∫
Q

∣∣∣∣U ∗
q (�f 0)(y)

∣∣∣∣δ dy

) 1
δ

+
(

1
|Q|

∫
Q

∣∣∣∣sup
η

|Uη (�f χ(8Q)c)(y)− cη |
∣∣∣∣δ
q
dy

) 1
δ

= U1 +U2,

where c =
∣∣∣∣supη>0

∣∣∣∣cη

∣∣∣∣
∣∣∣∣
q
=
(

∑k�1

∣∣∣∣supη>0

∣∣∣∣cηk

∣∣∣∣
∣∣∣∣q
)1/q

.

For U1 , we applying Kolmogorov’s inequality and Theorem 2 to get

(
1
|Q|

∫
Q

∣∣∣∣U ∗
q (�f 0)(y)

∣∣∣∣δ dy

) 1
δ

� CM (|�f |q)(x).

To estimate U2 , we choose cη = ∑�α ,�α �=�0 c�α
η , where c�α

η = Uη ( f α1
1k , · · · , f αm

mk )(x).
We may split U2 � ∑�α ,�α �=�0U2�α , where

U2�α =
(

1
|Q|

∫
Q

sup
η

∣∣∣∣Uη ( f α1
1k , · · · , f αm

mk )(y)−Uη( f α1
1k , · · · , f αm

mk )(x)
∣∣∣∣δ
q
dy

) 1
δ
.

We now consider the case �α = (∞, · · · ,∞) . For x,y ∈ Q and y j ∈ 2s+3Q\ 2s+2Q ,

we have |y− y j| � 2s√nl(Q) and |y− x|� √
nl(Q), and |K(y,�y)−K(x,�y)| � Cω(2−s)

|2sQ|m .
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Thus, we obtain that

|Uη ( f ∞
1k, · · · , f ∞

mk)(y)−Uη( f ∞
1k, · · · , f ∞

mk)(x)|

� C
∫

(Rn\8Q)m
|K(y,�y)−K(x,�y)|

m

∏
j=1

| f ∞
jk(y j)|d�y

� C
∞

∑
s=1

∫
(2s+3Q)m\(2s+2Q)m

A(
∑m

j=1 |z− y j|
)mn ω

(
|y− x|

∑m
j=1 |z− y j|

)
m

∏
j=1

| f jk(y j)|d�y

� C
∞

∑
s=1

ω(2−s)
m

∏
j=1

1

2(s+3)n|Q|
∫

2s+3Q
| f jk(y j)|dy j

= C
∞

∑
s=1

ω(2−s)Gsk,

where gs jk = 1
2(s+3)n|Q|

∫
2s+3Q | f jk(y j)|dy j and Gsk = ∏m

j=1 gs jk. Then, we get

|Uη ( f ∞
1k, · · · , f ∞

mk)(y)−Uη( f ∞
1k, · · · , f ∞

mk)(x)|q � C

( ∞

∑
s=1

ωρ(2−s)∑
k

Gq
sk

)1/q

.

By Minkowski’s inequality and Hölder’s inequality, we obtain that

|Uη( f ∞
1k, · · · , f ∞

mk)(y)−Uη( f ∞
1k, · · · , f ∞

mk)(x)|q � C|ω |Dini
LlogLl (ρ)M (|�f |q)(x).

Since 0 < δ < 1/2, we have(
1
|Q|

∫
Q

sup
η

|Uη ( f ∞
1k, · · · , f ∞

mk)(y)−Uη( f ∞
1k, · · · , f ∞

mk)(x)|δq dy

) 1
δ

� C
1
|Q|

∫
Q

sup
η

|Uη ( f ∞
1k, · · · , f ∞

mk)(y)−Uη( f ∞
1k, · · · , f ∞

mk)(x)|qdy

� C|ω |DiniLlogLl (ρ)M (|�f |q)(x).
We now estimate the typical term I�α with �α = (α1, · · · ,αm) , αi = 0 or ∞ for

i = 1, · · · ,m. We may assume that α1 = · · · = αl = ∞ and αl+1 = · · · = αm = 0. For
x,y∈Q and any y j ∈ 2s+3Q\2s+2Q with j �= l+1, · · · ,m, one has |z−y j|� 2s√nl(Q),
then |K(z,�y)−K(x,�y)| � Cω(2−s)

|2sQ|m . We observe the following fact

|Uη( f ∞
1k, · · · , f ∞

lk , f 0
(l+1)k · · · f 0

(m)k)(y)−Uη( f ∞
1k, · · · , f ∞

lk , f 0
(l+1)k · · · f 0

(m)k)(x)|

� C
m

∏
j=l+1

∫
8Q

| f jk(y j)|dy j

∫
(Rn\8Q)l

ω
( |y−x|

∑m
j=1 |z−y j |

)
(

∑m
j=1 |z− y j|

)mn

l

∏
i=1

| f jk(y j)|dy1 · · ·dyl

� C
∞

∑
s=1

ω(2−s)
m

∏
j=l+1

∫
2s+3Q

| f1k(y1)|dy1
1

|2(s+3)Q|m
∫

(2s+3Q)l

l

∏
j=1

| f jk(y j)|dy j

� C
∞

∑
s=1

ω(2−s)
m

∏
j=1

1

2(s+3)n|Q|
∫

2s+3Q
| f jk(y j)|dy j.
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The rest of the proof is the same as in [23], hence we proved Lemma 8. �

LEMMA 9. Let 0 < δ < ε < 1/m. If ω satisfies the condition (1.4) , then there
exists a constant C > 0 depending only on δ and ε such that

M�
δ (T ∗

Π�b,q
�f )(x) � C

l

∏
j=1

||b j||BMO

(
M l

L(logL)(|�f |q)(x)+Mε(T ∗
q
�f )(x)

)

+C
l−1

∑
j=1

∑
σ∈C l

j

∏
i∈σ

||bi||BMOMε(T ∗
Πbσ ′ ,q

�f )(x)
(3.1)

for any smooth vector function {�fk}∞
k=1 and for any x ∈ R

n, where σ ′ = {1, · · · , l}\σ .

Proof. The proof of this part is similar to that of Lemma 2.3 in [23], we just give
the part of the proof that is different. We apply Kolmogorov’s estimate and Theorem 2
to get

(
1
|Q|

∫
Q

∣∣∣∣U ∗
q ((b1(·1)−λ1) · · · (bl(·l)−λl)�f 0)(z)

∣∣∣∣δ dz

)1/δ

� C||U ∗
q ((b1(·1)−λ1) · · · (bl(·l)−λl)�f 0)||L1/m,∞(Q, dz

|Q| )

� C
l

∏
j=1

1
|Q|

∫
Q
|b j(z)−λ j|| f j(z)|q j dz

m

∏
j=l+1

1
|Q|

∫
Q
| f j(z)|q j dz

� C
l

∏
j=1

||b j||BMOM l
L(logL)(|�f |q)(x).

If all the α j = ∞, we have

sup
η>0

∣∣∣∣(Uη ((b1(·1)−λ1) · · · (bl(·l)−λl)�f α ))(z)−(Uη ((b1(·1)−λ1) · · · (bl(·l)−λl)�f α ))(x)
∣∣∣∣
q

� C
∞

∑
k=1

∫
(Qk)m

|K(z,�y)−K(x,�y)| |(b1(y1)−λ1) · · · (bl(yl)−λl)|| f1(y j)|q j · · · | fm(ym)|qmd�y

� C
∞

∑
k=1

ω(2−k)
l

∏
j=1

1

2(k+3)n|Q|
∫

2k+3Q
|b j(y j)−λ j|| f j|q j dy j

m

∏
j=l+1

1

2(k+3)n|Q|
∫

2k+3Q
| f j|q j dy j

� C
∞

∑
k=1

ω(2−k)kl
l

∏
j=1

||b j||BMO||| f j|q j ||L(logL),2k+3Q

m

∏
j=l+1

1

2(k+3)n|Q|
∫

2k+3Q
| f j|q jdy j

� C|ω |Dini
LlogLl (ρ)

l

∏
j=1

||b j||BMOM l
L(logL)(|�f |q)(x).

In the last inequality we used the fact that ω satisfies the condition (1.4) .
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If α1 = · · · = αi = ∞ and αi+1 = · · · = αm = 0. Minkowski’s inequality gives

sup
η>0

∣∣∣∣Uη((b1(·1)−λ1) · · · (bl(·l)−λl) f ∞
1 , · · · , f ∞

i , f 0
i+1, · · · , f 0

m)(z)

−Uη((b1(·1)−λ1) · · · (bl(·l)−λl) f ∞
1 , · · · , f ∞

i , f 0
i+1, · · · , f 0

m)(x)
∣∣∣∣
q

� C
∫

(Qk)l

A|(b1(y1)−λ1) · · · (bl(yl)−λl)|| f1(y1)|q1 · · · | fl(yl)|ql dy1 · · ·dyl

(|z− y1|+ · · ·+ |z− ym|)mn

×
m

∏
j=l+1

∫
8Q

| f j(y j)|q j dy j

� C
m

∑
k=1

ω(2−k)

(2k|Q| 1
n )mn

l

∏
j=1

∫
2k+3Q

|b j(y j)−λ j|| f j(y j)|q j dy j

m

∏
j=l+1

∫
2k+3Q

| f j(y j)|q j dy j

� C
m

∑
k=1

ω(2−k)kl
l

∏
j=1

||b j||BMO||| f j|q j ||L(logL),2k+3Q

m

∏
j=l+1

1

2(k+3)n|Q|
∫

2k+3Q
| f j|q jdy j

� C|ω |Dini
LlogLl (ρ)

l

∏
j=1

||b j||BMOM l
L(logL)(|�f |q)(x).

In other cases, the estimates is similar. Then we proved Lemma 9. �
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[6] D. CRUZ-URIBE, J. M. MARTELL AND C. PÉREZ, Extrapolation from A∞ weights and applications,

J. Func. Anal. 213 (2004), 412–439.
[7] J. DUOANDIKOETXEA, Fourier Analysis, Graduate Studies in Math. 29, Amer. Math. Soc., Provi-

dence, Rhode Island, 2001.
[8] X. T. DUONG, L. GRAFAKOS, L. YAN, Multilinear operators with non-smooth kernels and commu-

tators of singular integrals, Trans. Amer. Math. Soc. 362 (2010), 2089–2113.
[9] C. FEFFERMAN AND E. STEIN, Some maximal inequalities, Amer. J. Math. 93 (1971), 107–115.



262 Z. SI AND Q. XUE

[10] L. GRAFAKOS AND R. TORRES, Multilinear Calderón-Zygmund theory, Adv. Math. 165 (2002),
124–164.

[11] L. GRAFAKOS AND J. M. MARTELL, Extrapolation of weighted norm inequalities for multivariable
operators, J. Geom Anal. 14 (2004), 19–46.

[12] L. GRAFAKOS, L. LIU AND D. YANG, Multiple weighted norm inequalities for maximal multilinear
singular integrals with non-smooth kernels, Proc. Roy. Soc. of Edinburgh Sect. A 141 (2011), 755–
775.

[13] L. GRAFAKOS, R. H. TORRES, Maximal operator and weighted norm inequalities for multilinear
singular integrals, Indiana Univ. Math. J. 51 (2002), 1261–1276.

[14] G. HU, C.-C. LIN, Weighted norm inequalities for multilinear singular integral operators and appli-
cations, Anal. Appl. 12 (2014), 269–291.
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