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ESSENTIAL NORM OF INTEGRAL
OPERATORS ON MORREY TYPE SPACES

YECHENG SHI AND SONGXIAO L1

(Communicated by S. Stevic)

Abstract. In this paper, we investigate the essential norm of two classes of integral operators on
Morrey type spaces HIZ< . As an application, we characterize the compactness of these operators.

1. Introduction

Let D denote the open unit disk in the complex plane C and dD be its boundary.
As usual, H(ID) denotes the class of all analytic functions on D. Let 0 < p < eo. The
Hardy space H? consists of all f € H(ID) such that

1 2r 071
171 = sup 52 [ 1fe)17d <

As usual, H denote the space of bounded analytic function. We say that an f € H?
belongs to the BMOA space, if

2 _ 1 2_C oo,
1712 = sup o 1) - il 5z <

1 dc
fi= m/lfm%, 1< aD.

Under the norm || f||gpoa = |f(0)| + || f]|«» BMOA is a Banach space. From [6], we
know that || f|| is comparable with sup,,cp || f 0 Gy — (W) |2, where 0,,(2) = 755

a Mobius transformation of . We say that an f € H(ID) belongs to the VMOA space,
if

Here

lim [1£5 — £ () =0

Let K : [0,00) — [0,o0) be a right-continuous and nondecreasing function. An
f € H? is said to belong to the Morrey type space, denoted by HZ, if (see [29])

2 _ 1 — 2% oo
115 = sup ey 7€)~ AP <
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When K(t) =1, Hz is just the BMOA space. When K(t) =t* (0 <A < 1), the
space HZ gives the classical Morrey space Z%* | which was first studied by Wu and
Xie in [28] in the case of the unit disk. HZ was recently introduced by Wulan and
Zhou in [29]. Morrey space was first studied in [16] by Morrey for solutions of partial
differential equations.

Let g € H(D). In [17], Pommerenke introduced an integral operator as follows.

Jf@) = [ fOFEaE,  feHD),  zeD.

The operator J, is called the Volterra type operator, which can be seen as a general-
ization of the classical Cesaro operator (see [3, 19]). Pommerenke showed that J, is
bounded on H? if and only if g € BMOA. Aleman and Siskakis studied the operator
J, on Hardy spaces and weighted Bergman spaces in [1, 2]. Similarly, the companion
integral operator was defined by

2
LI@) = [ f(©sE)as,  feHD), zeD,
The multiplication operator M, is defined by

Myf(z) = f(z)g(z),  feH(D), zeD.

It is easy to see that
Jof +1gf + f(0)g(0) = My f.

Recently, the boundedness, compactness and essential norm of the operators J, and I,
between some spaces of holomorphic functions, as well as their extensions on the unit
ball in C", were investigated, for example, in [1, 2, 7, 8, 10, 11, 12, 13, 14, 15, 19, 20,
21,22,23,24,25,27, 30, 31, 32] (see also the related references therein).

In [10], the authors studied the operators J, , I, and M, on the Morrey space .#>*
(0 < A < 1). Motivated by [10], Qian and the second author of this paper studied he
boundedness of J,, I, and M, on the Morrey type space le{ in [18]. We proved that,
under some conditions posed on K, I, is bounded on H12< if and only if g € H”, as
well as J, is bounded on H if and only if g € BMOA.

In this paper, we continue our study of these operators on the Morrey type space
HZ and study the essential norm of Jg and I, on HZ. As an application, we get the
characterization of the compactness of J,, I, and M, on HZ.

Recall that the essential norm of a bounded linear operator 7 : X — Y is its dis-
tance to the set of compact operators S mapping X to Y, that is,

| T||ex—y =inf{||T — S||x—y : S is compact},

where X and Y are two Banach spaces and || - ||x_y is the operator norm.

For our aim, we need some constraints on K in the rest of this paper. By [4],
we may assume that K is defined on [0, 1] and extend its domain to [0,e) by setting
K(t)=K(1) for t > 1. We also assume that K(¢) ~ K(2¢). The symbol f =~ g means
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that f < g < f. We say that f < g if there exists a constant C such that f < Cg
Finally, we assume that

"ok (s)

< oo, (1

T gy < oo &

where

ok (s) = sup K(st)/K(t), 0<s<oo.
0<r<1

2. Main results and proofs

In this section, we give our main results and proofs. For this purpose, we need
some auxiliary results.

LEMMA 1. [29] Let K satisfy the conditions (1) and (2). Then the following
statements are equivalent.

(1) f€Hg;
(2) |
T "(2)]F(1 = |2*)dA(z) < e
S S g P~ EP)dAR) <o
where
S(I):{ZED:1—|I|<|Z|<1andée]};
(3)

sup ot [ 1 (0P - oo PhaA) <

aeID)K 1_ ‘a|

LEMMA 2. [18] Let K satisfy the conditions (1) and (2). Suppose that f € H,z(,
then
1Az VKL= [2]?)
IS —E " e,
(1=1[z?)

LEMMA 3. ([9, Lemma 3]) Suppose g € BMOA. Then

dist(g,VMOA) ~ limsup ||g — g/||pmoa =~ limsup ||go 6, — g(a)|| 2.
r—1

la|—
Here g,(z) = g(rz) with 0 <r < 1.

LEMMA 4. Suppose g € BMOA and K satisfy the conditions (1) and (2). Then
Jo, : HZ — HE is compact.
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Proof. Let {f,} be a sequence such that ||f,|| w2 < 1 and f; — 0 uinformly on

compact subsets of D as n — 0. To prove that J,, : H¢ — H% is compact, we only
need to show that limy, . [[Jg, ful| ;2 = 0. Notice that g,(z) = g(rz), we have

lgllBmoa _ |lgllBmon
S < eD.
~Ml=lrg2 Y =12 <

g, (2)] < ¢/ (rz)]|

Since K satisfies (2), by Lemma 2.2 of [5], there exists a small enough ¢ > 0 such that
ok (t) St'7¢, t > 1. We have (see the proof of Theorem 1 of [18])

1—|a|?)?K (1 — |z]?
qup (LRI <)
acd K(1—la[?)[1 —az|

Thus, by Lemma 1 we have

H‘IgranHZ

1

a2 2
msup (s [ 1Pl (1—|cu<z>|2)dA<z>)

acD

le %
T R ——

acD

1

lelmon LB (PR )
(e 2K<1 i (o ) 4@)

lilon (117 z|2| )dA(z))é.

Note that

1—|z|?
K(1—1z]?)

by Lemma 2, the proof is finished by the Dominated Convergence Theorem. [

Ifallp <1 and | £(2)]? St

LEMMA 5. [26] Let X,Y be two Banach spaces of analytic functions on D. Sup-
pose that

(1) The point evaluation functionals on X are continuous.

(2) The closed unit ball of X is a compact subset of X in the topology of uniform
convergence on compact sets.

(3) T:X —Y is continuous when X and Y are given the topology of uniform con-
vergence on compact sets.

Then, T is a compact operator if and only if given a bounded sequence {f,} in X such
that f, — O uniformly on compact sets, then the sequence {T f,} converges to zero in
the normof Y .
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THEOREM 1. Suppose g € H(D) and K satisfy the conditions (1) and (2). If I,
is bounded on H 12(, then

1£glle ~ sup [g(2)| = l|gl|---
z€eD

Proof. From the result in [18], we know that ||, || < sup..p |g(z)|. Hence

elle = inf[Zg — S| < llZe]l < suplg(z)| = lig]-
zeD
On the other hand, we choose the sequence {w, } C D such that |w,| — 1. Define

K(1— |wal*)
1- ‘Wn‘z

fa(2) = (0w, (2) —wn), z€D.

By the proof of Theorem 1 of [18], we see that || /]| H2 < 1. Moreover, f, converges
to zero uniformly on compact subsets of ID. Then ||Sf,|| w2~ 0 as n — oo for any
compact operator S on H ,2{ by Lemma 5. Hence

11 = S| Zlimsup [ (L — S) fall 2

n—00

>limsup(||1ganH,2< - ||anHH,2<)

:limsuP”Igfn”H}(-
In addition, by Lemma 1,
||IganH2
|a|2 2 :
~sup | PP (1~ 0@ ?) dA)
aeD |Cl|
1
1—\wn|2 K(1—|wal)(X = wal®) o 2 :
> 1- dA
(K(l_w) [ =0 o) (1 o, P aa)

—( [ o1, @PIe@P (1 - o)) aa(2))

1

- ([ 1eoon) @F (-l aa)
ZJg(om)|.

Since w, € D is arbitrary, we have

[ Llle = inf[|l; — S|| Z limsup||Zy ful ;12 Z supg(z)] = [Ig]|e-
S K z€eD

n—o0

The proof is completed. []
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THEOREM 2. Suppose K satisfy the conditions (1) and (2) and J, : H,z( — H,z( is
bounded. Then J, : Hz — Hy satisfies

[ glle ~ dist(g,VMOA) ~ limsup |g o 04 — g(a) | 2

la|—1
Proof. Let {I,} be the subarc sequence of dI) such that lim,_... |I,| = 0. Denote
wp = (1 —|L]) &, , where &, is the center of I,, n=1,2,.... Then
L—[wal? = |1 =Wz| % L), z€S(L).
Thus, by K(2¢) ~ K(¢) and nondecreasing of K, we know that
K(1—=|wal*) = K(IL]), z€S(L).
Take ,
1—|w K(1—|w,|?
a(e) = LPoDVKUZ ) -
(1—Wyz)2
Then h, — 0 uniformly on the compact subsets of D as n — oo and || A,|| H? <1 by the

proof of Theorem 2 of [18]. Thus, for any compact operator S on HZ, by Lemma 5 we
have
lim HSh”HHI% =0.

Therefore
I = Sl 2 timsup (1ol 2 = [1Shal 2 )
=limsup ||Jgh,,||H]z(
n—oo

~lim 1 FONZ(T 12 :
stimsup (i [ 0 QP (1~ Ef)aa(o))

n—oo

=1imsup< |II| / I (2) g (2)] (l—ZIZ)dA(Z))2

n—oo

zlimsup\/u ‘ (2)2(1 — |z]*)dA(z).
n

n—00

Since {I,} is arbitrary, we have

¢ ewllmsup\/v (@) P (1= [z[*)dA(2).

By the boundedness of J, : H2 — HZ, we see that g € BUOA. Tt follows from the
proof of Lemma 3.4 of [19], for g € BMOA,

la|—1 [7]—0

limsup||g o o, — g(a)| ;2 thsup\/1| (2)>(1 — |z]?)dA(z).
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Hence
[elle 2 timsup g o 6, — g(a) |2 =~ dist (8, VMOA).
|a|~>l
On the other hand, by Lemma 4, J,, : Hz — H2 is compact. Combining this with
Theorem 2 in [18] and the linearity of J, respect to g, we get

[elle < g = Je, [l = Ig—g, | = llg — &rllBrOA-
Hence, by Lemma 3 we obtain
[Jglle < limsup ||g — grllBmoa ~ limsup || g o 0, — g(a)|| 2

|r[—1 la]—1

~ dist(g,VMOA).
The proof is complete. []

From Theorems 1 and 2, we immediately get the following result.

COROLLARY 1. Suppose g € H(D) and K satisfy the conditions (1) and (2).
Then

(i) I is compact on le( ifand only if g =0.

(ii) Jg is compact on le( ifand only if g € VMOA.

REMARK 1. If K(t) =t* (0 <A < 1), then K satisfies our conditions and H?
is just the Morrey space .#>*. Hence our results generalize the results in [10]. If
K(t) =1, le{ is the BMOA space. However K does not satisfy the condition (2).
Hence, our results do not include the case of BMOA space. In [19], Siskakis and Zhao
proved that J, : BMOA — BMOA is compact if and only if

(logm)?* B
i 1 /sm ¢ @17 (1~ [21*)dA(z) = 0.

THEOREM 3. Suppose that g € H(D) and K satisfy the conditions (1) and (2).
Then My is compact on H,% ifand only if g =0.

Proof. If g =0, itis obvious that M, is a compact operator on HZ.
Suppose M, is compact on HZ . Forany w, € D such that |w,| — 1, take the func-
tion /1, defined in Theorem 2. By the compactness of M, we have lim,, ... [|[Mgh, || =

0. By Lemma 2, we obtain

(1- ‘Wn‘2) K(1—[wal?)

|Mghn(2)| = 1 -} 8(2)
< ||Mghn||H}< K(1- |Z|2)
~ (1—=1z%)

Taking z =w,, we get |g(wn)| < HMgh,,Hle(. Let n — oo. We get lim, . g(w,) =0.
Since {wy} is arbitrary sequence of I such that |w,| — 1, by the Maximum Modulus
Principle we deduce that g = 0. The proof is complete. [l
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