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ALMOST EVERYWHERE CONVERGENCE OF
DYADIC TRIANGULAR-FEJER MEANS OF
TWO-DIMENSIONAL WALSH-FOURIER SERIES

GYORGY GAT AND USHANGI GOGINAVA

(Communicated by T. Erdélyi)

Abstract. 1t is proved that the maximal operators of the dyadic triangular-Fejér means of two-
dimensional Walsh-Fourier series is of weak type (1,1). Moreover, the dyadic triangular-Fejér
means of the function f € L; converge almost everywhere to f as n — oo.

1. Introduction

Lebesgue’s [13] theorem is well known for trigonometric Fourier series: the Fejér
means o,f of f converge to f almost everywhere if f € L;(T), T := [—&,7) (see
also Zygmund [26]).

An analogous result for Walsh—Fourier series is due to Fine [1]. Later, Schipp
[16] showed that the maximal operator 6* of the Fejér means of the one-dimensional
Walsh—Fourier series is of weak type (1,1), from which the a.e. convergence follows
by standard arguments. Schipp’s result implies by interpolation also the boundedness
of 6*:L,(G) — L, (G), where 1 < p < eo. This fails to hold for p = 1, but Fujii [2]
proved that o* is bounded from the dyadic Hardy space H; (G) to the space L; (G)
(see also Simon [18]). Fujii’s theorem was extended by Weisz [20]. Namely, he proved
that o* is bounded from the martingale Hardy space H, (G) to the space L, (G) for
p > 1/2. Simon [19] gave a counterexample, which shows that this boundedness does
not hold for 0 < p < 1/2. In the endpoint case p = 1/2, Weisz [22] proved that ¢* is
bounded from the Hardy space H, /, (G) to the space weak-L; , (G). Goginava proved
in [8, 9] that the maximal operator of the Fejér means of the one dimensional Walsh—
Fourier series is not bounded from the Hardy space H; /; (G) to the space L;; (G).

Marcinkiewicz [14] verified for two-dimensional trigonometric Fourier series that
the Marcinkiewicz-Fejér means

lnfl

o, f==257(f)
n =
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of a function f € LlogL(T x T) converge a.e. to f as n — e, where SJ‘-] (f) denotes
the quadratical partial sums of the Fourier series of f. Later, Zhizhiashvili [24, 25]
extended this result to all f € L;(T xT).

An analogous result for two-dimensional Walsh—Fourier series is due to Weisz
[21]. Moreover, he proved that the maximal operator o f = sup|o. f| is bounded

n>1

from the dyadic martingale Hardy space H, (G x G) to the space L, (G x G) for p >
2/3. The second author [11, 8, 9] proved that the maximal operator ¢ is bounded
from H,3(G x G) to weak—L,/3(G x G) and is not bounded from H, 3 (G x G) to
Ly/3(G x G). The first author gave [5] the following necessary and sufficient condition
for a.e. convergence of generalized Marcinkiewicz means of two-dimensional inte-
grable functions. Let o = (i, 0) : N> — N? be a function. Define the following
Marcinkiewicz-like means:

ln—l

o, “f = - Z Sanl.j) (f)-

J=0

The following properties will play a prominent role in the a.e. convergence behavior of
0,"*. (#B denotes the cardinality of set B and |n| is the integer part of log,n.) Let
P =N\ {0} denote the set of positive integers.

#{l e N:a;(|n|,l) = a;j(|n|,k),l <n} <C (k<nnelP, j=1,2), (1)

max{a;(|n|,k) :k<n}<Cn (neP,j=1,2). ()

Conditions (1) and (2) are necessary and sufficient in the following sense. In [5] the
first author proved: Let o satisfy (1) and (2). Then we have the a.e. convergence

0 f = f

for every f € L1(G x G). It is clear that Condition (1) is necessary, and so does Con-
dition (2) in the following sense (see also [5]). Let y: N — N be any function with
property y(+o) = +oo. Then there exists a function o satisfying (1) and

max{a;(|n|,k) : k <n} < Cn, max{op(|n|,k) : k <n} < Cny(n) (neP)

and f € L (G x G) such that limsup,.y |, '*f| = oo almost everywhere.
Weisz [23] studied the triangular partial sums and the Fejér means

lnfl

> S;f
j=0 "

AN
an:;

of the two-dimensional trigonometric Fourier series. This summability method is rarely
investigated in the literature (see the references in [23]). In [12] Goginava and Weisz

proved that the maximal operator G#A ‘= sup 02% f| of the Fejér means of the triangular
n

partial sums of the double Walsh—Fourier series is bounded from the dyadic Hardy
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space Hp, (G x G) to the L, (G x G) if p > 1/2, is bounded from H; , (G x G) to the
space weak- L, (G x G) and it is not bounded from Hj/, (G X G) to Ly /> (G x G).

For triangular partial sums of two-dimensional Walsh-Fourier series it is well-
known [17] the operatos S2A are not uniformly bounded on L, for 1 < p # 2.

In [6] Gdt and Goginava proved that the operators G,, of the triangular-Fejér-
means of a two-dimensional Walsh—Fourier series are uniformly bounded from the
dyadic Hardy space H), to L, forall 4/5 < p < ee.

In this paper we prove that the maximal operators of the dyadic triangular-Fejér
means of two-dimensional Walsh-Fourier series is of weak type (1,1). Moreover, the
dyadic triangular-Fejér means of the function f € L; converge almost everywhere to f
as n— oo.

The results for summability of quadratical partial sums of two-dimensional Walsh-
Fourier series can be found in [7, 10, 3, 4, 5].

2. Definitions and the notation

Let P denote the set of positive integers, N:=PU{0}. Denote by Z, the dis-
crete cyclic group of order 2, that is Z, = {0,1}, where the group operation is the
modulo 2 addition and every subset is open. A Haar measure on Z, is given such
that the measure of a singleton is 1/2. Let G be the complete direct product of the
countable infinite copies of the compact groups Z;. The elements of G are of the
form x = (xp,x1,...,X,...) with x; € {0,1} (k € N). The group operation on G is the
coordinate-wise addition, the measure (denoted by ) and the topology are the product
measure and topology. The compact Abelian group G is called the Walsh group. A
base for the neighborhoods of G can be given by

L (%) := Ly (%0, Xp—1) == {V EG 1y = (X0, s Xn—1,Vn, Ynt 1y --+) } 5

where Iy (x) := G and x € G,n € N. These sets are called the dyadic intervals. Let
0= (0:i€eN) € G denote the null element of G, I, :=1,(0) (n € N), I, := G\I,.
For k € N and x € G denote

r(x):=(-1)* (x€G, keN)

the k-th Rademacher function. If n € N, then n = Z n;2', where n; € {0,1} (i€ N),

i.e. n is expressed in the number system of base 2. Denote In| := max{j € N:n; # 0},
that is, 21"l <n < 2I"F1 Set

Z nk2 n's Z nk2k

Define the dyadic addition of natural numbers n and j as

ndji= Y |ng—jil-
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Also use the notation n A j = min{n, j}. The Walsh-Paley system is defined as
the sequence of Walsh—Paley functions:

oo

w (x) == [T (re ()™ = (—1)=0 (xeG, neP).

k=0
The Walsh—-Dirichlet kernel is defined by

n—1
x)= Y w(x), Do(x)=0.
k=0
Recall that ([17])
_[2"if xel,,
D () = {o it xel,’
» | ®)
Dy (x) = wy(x) (Z n2" — n,-2‘> forx e Ji:=L\Ii11.
r=0

In this paper we consider the double system {w; (x')w; (x*) :i,j € N} on Gx G.
The rectangular partial sums of the 2-dimensional Walsh—Fourier series are de-

fined as
—1IN—1

SMfox ZEfl]W,() (2), 4)

i=0 j=
where the number

fli,j) = / ) wi () wi (F) dp (x2?)
GxG
is said to be the (i, j) th Walsh—Fourier coefficient of the function f. Denote

S f o) = Sy f ('),

The triangular partial sums of the 2-dimensional Walsh—Fourier series are defined

as
k—1k—i—1
SkAf(xl,x2) =3 fij)wi (") wj (xz) :
i=0 j=0
Denote
DY (x',2%) := Dy (x") Dy (%)
and
k—1k—i—1
Dy (xl,xz) = w; (XI)WJ (xz)
i=0 j=0

The norm (or the quasinorm) of the space L, (G x G) is defined by

= ([ reteraneee) " o<pss
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The space weak-L, (G x G) consists of all measurable functions f for which

1 lhveakr,(66) = i“%lu (1f] > AP < oo,
>

405

For n € P and a function f the Marcinkiewicz-Fejér means and triangular Fejér
means of order n of the 2-dimensional Walsh—Fourier series of a function f is given

by
PRI I~ DS
an(x7x):ZZOij(xax)
j:

and

ol f(x!,x? 2 S flxtx?),
respectively. It is easy to show that

oy f(x' x?) = / (W) KY (x +ut o ) du (')
GxG

and
GnAf(xl,xz) = / f (ul,uz) KnA (xl +ul,x? +u2) du (ul,uz) ,
GxG
where X
KE (%)= S, 07 (<)
j=
and
1 A1 o
KnA (xl,xz) = p ZDj (x X )
=0

It is known that (see [6])
1
KnA (x17x2) = P Z D, _; (xl) D; (xz) .
Consequently, from (4) and (6) we can write

ol f(x!, ESH if (o ES,H if(x',x?).

In ([12]) it is proved that the following is true.
THEOREM GW. (Goginava, Weisz) Let f € L; (G X G). Then

2"—1

= D Sian_if (x!,x%) — f(xl,xz) a e (x',x*)€GxGasn— oo,
i=1

n [5, Corollary 3] it is proved the following theorem.

&)

(6)

)
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THEOREM G. (Gét) Let a:N — N be a lacunary sequence. That is, an+1/a, >
q > 1 for some q and for each n € N. Besides, let o : N? — N satisfy the following
two conditions (j = 1,2).

#{leN:aj(n,l) = oj(n,k),l <a,} <C, max{a;(n,k):k<a,} <Cay,

(j=1,2). Then for every f € L1(G x G) we have
— Z Setymiy.anmiyf(xx%) — f(x )

forae. (x',x*)€GxG asn— oo.
If oy (n,i) =i and op(n,i) = a, — i, then we have the relation
| an=!
o ,zi Sian—if (x',x )—>f(x X ) a.e. (x,x?) €GxGasn— oo
We note that in the case of trigonometric system Weisz [23] proved that for f €
L; (T x T) the almost everywhere convergence - Z Sin—if — f(n— o) holds. This
issue with respect to the Walsh system is still openl N

In this paper we introduce notion of dyadic triangular-Fejér means of two-dimen-
sional Walsh-Fourier series as follows

. 17
GnAf(x .X nZSInQBlfx .X)
It is easy to show that
dnAf(xl:xz) = / f (141,142) K,,A (xl +ul,x? +u2) du (ul,uz) ,
GxG

where
1 n—1

K (612) = 13 D) D ()

The maximal operator of dyadic triangular-Fejér means of the two dimensional
Walsh-Fourier series is defined as follows

6L f = sup| 6|
nelP
The notation a < b in the proofs stands for a < c¢-b, where ¢ is an absolute
constant.
We study the weak type inequality for the maximal operator of the dyadic triangu-
lar-Fejér means of two-dimensional Walsh-Fourier series. In particular, the following
1S true.
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THEOREM 1. Let f € L (G X G). Then

|

The weak type (1,1) inequality and the usual density argument of Marcinkiewicz
and Zygmund [15] and the fact that c'rnA P — P everywhere for each two-dimensional
Walsh polynomial (which will be proved later) imply

6o f S AL -

weak—L

COROLLARY 1. Let f € L| (G x G). Then

L) — £ (6 2) ae asn— .

3. Proof of Theorem 1

Proof. Denote by I, x I, the complement of the set I, X I, and let J; = I \ I+
(k € N). First we prove that for any a € P the following inequality is true

/ sup |K2 (x!,2) |t () S 1. (8)
m }122”71
Indeed, we can write

/ sup K> (x17x2)’du (x',2?) 9)

g

a—1 oo

< 2 2 / sup K2 (xl,xz)‘du (x17x2)
,1:0,2:,1]’1 o n>20-1

a—1 oo
+ Z Z / sup
—1

t2=0t1=tzjll xJ n=24

=R +R>.

K> (x17x2) ‘ du (xl,xz)

For 24 < n < 24! we can write

A 25—1
nK (o) = e 3 Dy (1) Dy o047 ()
s=0 k=0
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and since for |n| = A that is, for 24 <n < 247! it holds n > 24, thus we have

A

RINZZ / sup  sup ZAZ

H=—0s2= [1 ey A>a—1n:|n|=A
2

25—1

3. Dy () (10)

XD oo ) () it (32 | i (%)

o —1 o A |25—-1
SOV T D DI RINCY
A:a71[1:012:[1.]t1 XJt2 ‘n‘—A s=0

XD )1y () dpt (x12) | dpt (x1,2)

o a—1 oo tz/\A2‘1
3 XY [ s g 3 E D)
A=a—1t1=0s2= tJ *J 2 n:ln|=A s=t! | k=0

+ia_li/sup12

n:|n|=A 24 =241

ED o g (¥1)

xD, (MJrk )d,uxx)
= Ri1 +Ri2+Ry3.

Recall that s goes from 0 to A and therefore one can find in Ry, that s goes to
2 AA. Remark that for k < 2% we have

ne (n(”” +k> =n(,) ®k.

Since

and
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for Ry; we can write

12—

ZD oot () (1)

From (3) we have (x2 € J2)

2—1

Dyt () = Wk (%) (Z (n@k);2' — (n@k)s /\2’2>

i=0

2—1
i 2
- W"(>€Bk( ) (2 i — kil 2" = |np — k2| 2! )

=0
On the other hand, for x! € J, and s > ¢! we have
-1
Duvmran o) = wcle) (Z 6212
= W) () Dy (x1) k< 2%

Consequently, for Rj3 we obtain

oo a—1 A—1
RS YS [ w kS

A=a—l[1:0[2:zljll><1t2 dnl=A < 24y

3 D1 (st ()

k=0

21
X (2 i — ki| 2" — |n,2 —ktz|2’2> du (xl,x2)
i=0
o a—1 A—1 1% A |25—1
ST YIS [ oswoo X T m()
A:u71t1=0t2=t1i=0J1XJl n:|n|=A s=1241 | k=0

Set
21
D:= Y Dy (x")wi (x*) |ni —ki| 2’
k=0
1 1



410 G. GAT AND U. GOGINAVA

Let i <t'and x!, =1 forsome [ =1,2,....t> —t! — 1. Then it is easy to show
h 1+ ’
that

-1

1 1 ' 1 '
D = Z Z wk(,l) (xl) (,26 k2] — k2! )Wk('z) (xz) |n; — ki 2

where (x',x*) € J;i x J;2 and the function ® does not depend on k1. Let x}, , #
xsz for some [ =1,2,...,s—#* — 1. Then for (x!,x*) € J, x J analogously we can
write
1
D= Y (~1)*ud =0,
kt2+l:0
where the function ®; does not depend on k. ;.
Consequently, D # 0 imply that (i <')

xt11+1 =-=xp =0 (12)

1 1 1 _ 2
x[2+1 = x[2+1,....,xs_1 _'xS—l'

Let t! <i <. Then analogously, we can prove that D # 0 imply that

1 1 1 1 .
xtl:"':xi_l:xi_,’_l:"':xtz_l:(), (13)

|
x12+1 —x[2+l,....,
Since

-1
S Dy (x") wi (x%) i — k| 2°] < pst! (x'eJn)
k=0

from (12) and (13) we conclude that

o a—1A-112 1 A s+l i s—i?
Ri3 S 2 Z Z Z 2 DA 72s (14)
A=a—11=072=11i=0n;=05=2+1

o a—1 A-1 L
SEDYD MW ALY
A=a—1¢1=0s2=!
o g—1 .
,S 2 2[ —A (A tl)
A:afltlz()
o A—a 2
,S 2 (2A—a) S'l
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Let t! <s < 2. This gives

Dn(S)EBk (x2) =ny k= 2 }nj—kj|2~f7x2 €Jp

=0
and
Doy (61) = Wy (2) De (x1) 2 € Jpr.
Consequently,
251
ZDn(‘“Hk (x )D ()63/{( )
251 |
= ];)Dk(x)D()@k( )'
21 ftl-1 . W '
13
= kg{) (Z{)kﬂ’—k,ﬂ )Wk(tl) (X)jgalnj— j]2/
s 1 1 -1 '
SR (ZkZ‘ k12’> (1)(x1)|nj—kj’21
j=0kg=0  k,_;=0 0 k

Analogously, as above we can prove that the inner sum can be different from zero only
in the case when

A =e=al =0 ().

where index j is excluded from the list of #! +1,....s — 1. That is, the measure of the
subset of J,1 x J2, where this sum can be different from zero is bounded by 251,
Taking account x' € J,; and ne) &k S 2° also give

2|
2, Dyse 1 (xl) Dy ek (xz) < 25+t
=0

Consequently, for Ry, we can write (recall that s is not greater than A as one can see
the formula for nK'nA after the definition of R;.)

o a—1 o ZAA 1 22s+t1

RS Y X XY Y A i (15)

A=a—111=0r2=! s=!

A ZS tl o oo A 25+t1

SIS IFELSY S S

A2
A=a—11=02=! 5=! A=a—111=012=A+1s5= tlz

oo oo 1

SHODYD LTS W
A=atl =012=¢1 A=arl= 012*A+1

oo a— lA

2 2 2A— tl + 2 2 ZA A1l N

A a—1¢1=( A=a—1¢1=
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Combining (12)—(15) we conclude that

R S 1. (16)
Analogously, we can prove that

Ry S 1. (17)

From (9), (16) and (17) we obtain the proof of (8).
In the sequal we prove that the maximal operator 62 is quasi-local. This reads as

follows:
Let f € L (GXG), suppf C I, (u') x I, (u*) and

f (xl,xz) dau (xl,x2) =0
Ia(ul)xla(uz)
for some u = (u',u*) € G. Then
6O f () dp (6 ?) S A1 -
(G G\ (I (u") x1 (u2))

Indeed, by the shift invariancy of the Haar measure it can be supposed that u! = u?> = 0.
If n <2 ! then

fo(xl’ﬂ) _ / f(ul,uz)K,,A (xl—l-ul,xz—i-uz)dy (ul,uz)
GxG
[ P RE (6l R ) di )
I, x1I,
=Ky (+'.%) / f(u' ) du (u',u*) =0.
1, <1,

Consequently, n > 24! can be supposed. Then by I, x I, = (I, x G) U (G x I;) and
from (8) we have
/ sup
_ n>2a-1

I, %

K> (xl,xz))du (x) < 1.

Since for any fixed (u',u') € I, x I, we have that (x! +u',x* 4 u?) ranges over I, x G
as (x',x?) ranges over I, x G (x' € I,,u' € I, implies x' +-u' € I)), then we also have

/ sup ’KHA (x4 u +u2)’du (x) < 1.
_ n>2a-1
I, <G

/ sup
n>2a—l

Gxl1,

Similarly,
Ky (" ul 2+ u?) ’ du(x) < 1.
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This gives

/ c'rff (xl,xz) dau (xl,x2)
Toxla

< / ’f(ul,uz)’(/ sup

N J 2211—1
Igx1q I, <1, "

S A

K2 (3 a2+ ) dy (x) )y ()

Now, we prove that the maximal operator &2 is of type (s0,00). Let 24~ <n <
24 Since
\Dren| <24, k=0,1,...,n—1

from (8) we obtain

/

GxG

= / K> (xl,x2))du (xl,x2)—|— /

Iy xIp Ip }1y
<1

K> (xl ,xz) ‘ du (xl,x2)

K> (xl,x2))du (xl,xz)

Hence, the maximal operator 62 is of type (oo, 00).
Theorem 1 is proved. [J

Finally, we prove Corollary 1.

Proof. The only thing left to proof is the a.e. relation c'rnA P — P for each two-
dimensional Walsh polynomial. We prove a bit more. That is, we prove everywhere
convergence. Let P be a two-dimensional Walsh polynomial with

271271
P(xl,xz) = 2 2 <1, LW, (xl)wlz(xz).
1,=0 =0
This gives that for any ny,n, > 2% we have S,P =S, ,,P = P. Set
T!:={jeN:j<2", T?:={jeN:n®j<2%}.

If we suppose that n > 27, then one can find imeditely that 7' N 72 = 0. Next, we
prove the relation

’Sjm@jp(y) _P(y)’ <27 Pl

forevery y€ Gx G and j€ T, := T} UT?. Since T,! and T? are disjoint, then either
JETI\T? or j€ T>\T). Since the two situations can be intestigated in the same way
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we can suppose the first one. That is, j < 2% and n® j > 27. This follows

2171 2771

SjinaiP( /D y +x /G C11 LW, (xl)wlz(x2)
=0 =
X Dy j(y* +x )du(x )du(xl)
—127—
- /GDj(y1 +x Z Z cry Wiy (x le (yz)d”(xl)
1,=0 ,=0

= [ Dj0" +aHPE! Pdu ().
G
Since [;D;(y' +x")u(x!) =1, then we have
Si01P0) ~ PO = | [ D101 51 (P 57) = POV ) (e

This gives the relation for }Sj’n@jP(y) - P(y)| . Since for j ¢ T,, we have S; ,q;P(y) =
P(y), then

1l Lt
SjneiP(y) = P()| <~ 1S).10,P(y) — P()]
=0 =

1

< ; Z }Sj,ntBjP(y) }+ Z |Sj n@j P(y)}

st " gt

1 #T 2T+1 P -

== 2 [Sjna;P() = PO)| < #L,27 ||l o,
n JjeT, n

since #T, = #T,) +#T,> <2771, O
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