athematical
nequalities
& Papplications
Volume 19, Number 2 (2016), 417-424 “doi:10.7153/mia-19-33

A NEW EXTENSION OF CARLSON’S INEQUALITY
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(Communicated by L. E. Persson)

Abstract. A new extension of Carlson’s inequality is obtained by using the Euler-Maclaurin
summation formula and an extended Beta function introduced recently in [Appl. Math. Comput.
248 (2014) 631-651]. The integral analogue of this inequality is also presented.

1. Introduction

Let {a,};_, be a sequence of nonnegative numbers and f(x) denote a Lebesgue

measurable nonnegative function on [0,c0), then Carlson’s inequalities are given by

4

Zan < n’ Zag inzag (1)
n=1

n=1 n=1

(/()Nf(x)dx)4gn2</o°°f2(x)dx) (/wa2f2(x)dx)7 @

where 72 is the best possible. For more details concerning these inequalities and their
variants and extensions, we refer to [2], [3], [4] and [6].

In 2002, Kuang and Debnath [5] proved some extensions of Carlson’s inequalities
by using a fairly instructive method based on the Euler-Maclaurin summation formula
and Beta function. Motivated by this work, we establish in this paper some new exten-
sions of Carlson’s inequalities. In order to achieve our aim, we first need the following
extension of the Beta function.

The familiar confluent hypergeometric function is defined by (see [9, p. 36, Eq.

3D

and

1Fi (asc32) = Y, Ej;”% (c¢Zy:={0,—1,-2,---}; |z] <o), 3)
n=0 n'tt

where (a), denotes the familiar Pochhammer symbol defined (for a € C) by

(a) Tlatn) |1 ifn=0

a) = ——— =

" ['(a) ala+1)---(a+n—1) ifneN:={1,2,---}.
m subject classification (2010): 26D15, 33C15.
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For R (c) > R (a) > 0, the confluent hypergeometric function (3) has the Euler type
integral representation given by (see [9, p. 37, Eq. (6)])

. o F(C) ! uz, a—1 _ c—a—1
1F1 (a,C,Z)—m/(; e u (1 M) du. (4)

By applying the asymptotic properties of the confluent hypergeometric function,
Luo et al. [7] introduced a new extension of the Beta function. Here, for the purpose of
our paper, we mention its special case as follows:

DEFINITION 1. The extended Beta function %,(f;)l (x,y) with b > 0 is defined
by

1 b
B X,y :/ PARREG BRI Sy 1 (7 S—— 1 P 3)
bipa (0¥) = [0 L=y PR

where min{p,A} > 0, min{a,c} >0, x> —pa and y > —Aa. When b =0, (5)
reduces to the ordinary Beta function B (x,y) (min{x,y} > 0).

The extended Beta function defined by (5) shares many properties of the ordinary
Beta function and has been proven to be very useful in giving some new extensions
of the generalized hypergeometric functions. By using (5), we establish the following
Carlson type inequality.

THEOREM 1. Let Sq = ¥ n%ay, Sp =3y nPaf, c>a>0, 1+ =1,
0<B<p—1<aandlet
p—oq p—Bq
Ao =gy Ap= (©6)
““ (=B P pla—p)
Suppose that a, >0, n=1,2,---, and 0 < S¢,Sg < oo so that ASg > pSa (p,4 > 0).
Then, we have

1 Sk

- 14
<§anz<n>> <2.2(1)SuSg mﬁ%ﬁ?;ﬁi(kp,—aa>—%l E)
"~ B

where £ (x) is given by

+A
b (Sﬁxa—l—Saxﬁ)p
L (x) :=1F 1Cy— 8
(x) :=1F | asc ShS% OpHPA ®)

and

T

1
4 ;:/ f—(x)ﬂdx— 1 (a;c;—% (Sﬁ +Sa)p+l> (Soc —|—Sﬁ)7
0 (SqxP +Spxa)» SpSa

is finite and K%’l()apc)l (x,y) is the extended Beta function given by (5).
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REMARK 1. By setting b = 0, the inequality in (7) corresponds to the one given
by Kuang and Debnath in [5, p. 396, Theorem 1]. If we specialize the sequence {a,}_,

1
by putting a,, = n~p @A) (n > 1), then we note that

=

o 1
So = Enaniaiﬁil = 2 B CB+1)
n=1

and

oo

- Ca-B— 1
Sﬁ:;nﬁn o—p l:ZnOHrl:C(a—’_l)’

n=1

where { (s) is the Riemann Zeta function (see [8, p. 164]). Upon replacing S¢ and Sg
with { (B +1) and § (o + 1), respectively, the inequality (7) can be expressed as

- P
(2 ﬂ) <22 (a+ 1) (B+1)

=l np(oc+ﬁ+1)

1 (e D (ae a
(i)

The following result is the continuous version of the inequality (7) in which above
notations and statements are used.

THEOREM 2. Let f(x) > 0 and assume that
Sa=/ x%fP (x)dx and Sﬁ:/ KPP (x) dx
i i
exist.MoreovenletIl—?—I—i:l, cza>0,0<B<p—-1<aande>1.

If 0 < Sg,Sp <o with ASg > pSg (p,A >0), then f € Lle, ) and

p

oo P ‘
( /g (0.2 () dx> <2.2(1)SuSp (@,(j;} (Ag, —Aa) - %) ()
where Ao and Ag are defined by (6), £ (x) is given by (8) and

£
%, ::/ 20 ges (10)
0 (Saxﬁ—l—Sﬁx“);

REMARK 2. If we put b =0 in (9), then the requirement € > 1 can be replaced
by € > 0, and the corresponding inequality reduces to the result of Kuang and Debnath
[5, p. 397, Theorem 2].
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2. Some prerequisite lemmas

Before we prove our main results (Theorems 1 and 2), we in this section prove a
few prerequisite results.

LEMMA 1. Let hy (x) be defined by

Sa\? N
hy (x) = (Sp+ =7 ) (Sat+Spx")", x€(0,0) (b

with N
hn (1) = (S +85)° ™", (12)
where n,A,p >0, 0<Sq,Sg < oo and ASg > pSe. Then,
(i) hy (x) is positive on (0,e0);

(ii) hy (x) is strictly increasing on [1,0).

Proof. By differentiating (11) with respect to x, we get

i) = —pn (55452 ) (a5t 52
rl(x)_ P | 5p XN ( o Bx ) XN+l
So\? A-1 _
+An (S[}—Fx—:;) (Sa—|—Sl;x”) S,;x” !
n Sa\? A-1
:;<Sﬁ+x—ﬁ) (S +Spx")

Se\ ! S
X |—p (S[;-l-x—f;) (Sa—FSl;xn)x—:;-i-Aprn

S \P A1
n<Sl3+x_1D;) (Soc+8px™)" " Hy (x), (13)

T x
where Hy (x) := ASgx™ — pSq. Since ASg > pSgq, it follows that
Hy(x) >ASg(x"—1) >0 x€[l,00).

Thus, we have

hy (x) >0 x€[l,00),
and the function Ay (x) is strictly increasing on [1,e) which proves the positivity of
hy(x). O

LEMMA 2. Let Iy (x) be defined by

b
Iy (x) =1k (a;c;_Sg—Sf;hn (x)) , (14)

where ¢ 2a>0,1n1>0,b2>0, 0<Sq,Sg <o and ASg > pSq (p,A >0). Then,
we have
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(i) Iy (x) is positive on (0,00);

(ii) Iy (x) is strictly decreasing on x € [1,e0).
Proof. By using the integral representation (4), we can express /; (x) as

l ! _%Ii)séhn(ﬂ a—1 c—a—1
n(¥) = e N1 =) dr (e>a>0). (15

We note that the integrand of (15) is positive on (0, 1) and the factor I' (¢) /T (a) T (¢ — a)
is also positive for ¢ > a > 0. Hence, I;; (x) > 0 for all x € (0,00).

Since e is a strictly decreasing function on R and Ay (x) has been proved in
Lemma | to be a strictly increasing function on [1,0), we have then

—ﬁhn()ﬂ) —ﬁhn(xz)
e B >e B¢ o I <xp <ol

Thus, we obtain

ln(x1)>ln(x2), 1 <xp <xp < oo,

which means that the function /;; (x) is strictly decreasing on x € [1,e0).
For a = ¢, the confluent hypergeometric functions in (14) reduces to the exponen-
tial function and the results follow immediately with similar arguments as above. [l

LEMMA 3. Let 0 < Sq,Sp <oo, 1+ 5 =1,0<B <p—1<a, then

oo l _ la
/ a-p (x) idx: 1 Si( «@l(,a;ﬁ (Aﬁ,—la% (16)
0 (SuxP+Spxe)r @By

where Ay and Ag are given by (6), and ﬂlgapcﬁ (x,y) is the extended Beta function
defined by (5).

Proof. In view of Lemmas | and 2, we need to prove that

” 1 (Sﬁxo‘—l—Sogxﬁ)er)L
/ —— i a6 -b—Fa— —
0 (SqxP +Spx)r SpSexeP
A
_ 1Sy (a,c)
=58 ﬁ% e (A —ar) - (17)
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Let I denote the left-hand side of (17), then

_ab p
1 /= x 7 S p+A
1= —1/ 7 1F (a,c;—b (S Zﬂ) <S/3/Sax°‘_ﬁ + l) )dx
s 70 (Se/Sp+xB)r px

B
L !
1 aPpap So \"
= g/ “ 1F (a;c;—b (S—a> (S/;/Sau—i-l)pHL) du
SZ; 0 u pu
1
(by setting x =u® ﬁ)
Ag—3 Ag—1 ")
1 Sy 7 o= v 1)P S
= al / Y 7111 a;c;—bw dv (by settingu:—av)
(a—B) Sﬁ” 0 (14v)5 VP Sp

1 Ao oo lﬁ*l 1P+}L
)SL/ (V — 15 (“;c;—bi(”) dv. (18)
0

" (a-B &P vP

Finally, by setting v = 1=

Ao 1
S Si‘/tlﬁ”(l—t)g’lﬁ’llﬂ a;c;—ib - | dr
(O‘—ﬁ)sﬁﬁ 0 P (1—1)

A
1 Sg" (1 a1 Ag—1 b
= T/tﬁ (L—1)""" "R a;c;———— dr
(a—ﬁ)gﬁﬂ 0 P (1—1)

(= B) s
Sg

This completes the proof. [

in (18), we get

By (Ap—Aar) - (19)

We also need the following Euler-Maclaurin summation formula.

LEMMA 4. ([1]) If f is positive and strictly decreasing on [1,o0), then there is
a positive constant C(f) < f (1) and a sequence {E¢(n)}, with 0 < E¢(n) < f (n),
such that

£ = [ Fdv OO +Ey(n).n =23, 0)
k=1
Note that if f(n) — 0 as n — +oo, then Ef(n) — 0.

3. Proofs of Theorems 1 and 2

Proof of Theorem 1. Let g be defined by

aﬁ()

— 21
(Saxﬁ + Sﬁxo‘)

g(x) =

<k
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where [,,_g (x) is defined by (14). In view of Lemma 2, we easily observe that g (x) is
positive on (0, o) and that g (x) is strictly decreasing on [1,o) and also limy_,.. g (x) =
0.

By applying the Euler-Maclaurin summation formula (20), we have
Yoot < [ gderg(t) = [ sai-a, 2)

n=1

where

1 1 b _
%=/O g(X)dx—g(1)=/O g (x)dx—F (a;c; Pk (Sp+Sa)”" )(SOHLSB)

ﬁ o

<k

Using (16) and (21), we have
1 S*“
/ g(x (o — ﬁ) oc l(y;p,)l (Aﬁ’_ka) : (23)

Now, by using the Holder inequality, we find that

oo 1 g 1
Eana p (1) = an (Spn®+SanP ) "17_ (n) (Spn +San?) " 15 (n)

n=

—

L
oo P
< [Z al’ (Sﬁna —|—Sanﬁ> ly—p (n)]
n=1

l” 13 lSﬁ Zn al +Sq Zn ap]
n=1
1

(Zg )E. (24)

Hence from (22), (23) and (24), we obtain that

. p - i
(Z/I‘l"laﬁ (n)) < 2g-p(1)SaSp (28(”))

1 & (ac)
o — ﬁ S;;ﬁ bip,A

==

1
<lyp(1)(2545Sp)

o—p (1)SaSﬁ (Aﬁ, —Aa) -6 , (25)

which upon using the notation .’ (x) = l,_g (x) gives the desired result (7). [
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Proof of Theorem 2. Making use of the Holder’s inequality, we have
| @l p

o 1 11 -1
:/8 F 007 (837 + 80 )12 () (S + 80 ) 712 () e

1

< [/wfp (x) (Sﬁxa +Saxﬁ> lo—p (x)dx} ’ [/N (Sﬁxa +Sax/3>_; lo—p (x) dx]
; L] ylao ¢ lap() !
<15 (0) (25uSp)? | Zpis (hgora) = [ — Ll . o)

0 (Spxc + SoxP) ?

The desired result (9) follows now upon using (10) and the notation that .Z (x) =
la—[3 ()C) . g

Acknowledgement. The authors are thankful to the referee for valuable sugges-
tions.

REFERENCES

[1] T. M. APOSTOL, An elementary view of Euler’s summation formula, Amer. Math. Monthly 106
(1999), 409-418.

[2] S.BARZA, J. PECARIC, L.-E. PERSSON, Carlson type inequalities, J. Inequal. Appl. 2 (1998), 121—
135.

[3] F. CARLSON, Une inegalité, Ark. Mat. Astr. Fysik, 25B (1934), 1-5.

[4] G. H. HARDY, A note on two inequalities, J. London Math. Soc., 11 (1936), 167-170.

[5] K.JICHANG, L. DEBNATH, An extension of Carlson’s inequality, J. Math. Anal. Appl. 267 (1) (2002),
395-399.

[6] L.LARSSON,L.MALIGRANDA,J. PECARIC, L.-E. PERSSON, Multiplicative Inequalities of Carlson
Type and Interpolation, World Scientific, New Jersey, London, Singapore, Beijing, Shanghai, Hong
Kong, Taipei, and Chennai, 2006.

[7] MIN-JIE LUO, G. V. MILOVANOVIC, P. AGARWAL, Some results on the extended beta and extended
hypergeometric functions, Appl. Math. Comput. 248 (2014), 631-651.

[8] H. M. SRIVASTAVA, J. CHOL, Zeta and q-Zeta Functions and Associated Series and Integrals, Else-
vier Science, Publishers, Amsterdam, London and New York, 2012.

[9] H. M. SRIVASTAVA, H. L. MANOCHA, A Treatise on Generating Functions, Halsted Press (Ellis
Horwood Limited, Chichester), John Wiley and Sons, New York, Chichester, Brisbane, and Toronto,
1984.

(Received January 9, 2015) Min-Jie Luo
Department of Mathematics, East China Normal University
Shanghai 200241, People’s Republic of China

e-mail: mathwinnie@live.com

Ravinder Krishna Raina

M. P. University of Agriculture and Technology
10/11, Ganpati Vihar, Opposite Sector 5
Udaipur-313002, Rajasthan, India

e-mail: rkraina.7@hotmail.com

Mathematical Inequalities & Applications
www.ele-math.com

mia@ele-math.com



