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UNCERTAINTY PRINCIPLES FOR ORTHONORMAL
SEQUENCES RELATED TO LAGUERRE HYPERGROUP

SELMA NEGZAOUI

(Communicated by J. Pecari¢)

Abstract. In this paper, we deal with Laguerre hypergroup K = [0,+c0) x R. We prove an
analogous of a time-frequency localization theorem for orthonormal sequences in L*(K). As
consequence we obtain an analogous of Shapiro’s Umbrella theorem. Also, we provide a mean
dispersion inequality. Finally, we get a strong version of the uncertainty inequality for orthonor-
mal bases of L?(K).

1. Introduction

The uncertainty principle states that a nonzero function and its Fourier transform
cannot both be sharply localized. A mathematical formulation of this physical ideas is
firstly developed by Heisenberg [9] in 1927.

(/Rx2|f(x)2dx) (/Rgzb?(é”zdé) > % (/R f(x)|2dx>2,

It is known that Heisenberg inequality may be also written in the form

A 1
e/ 13+ 1673 > 5 1£115

where f € L*(R). Since that other formulations of this principle have been given in
several surveys. We refer the reader to [8, 2, 14]. A first generalization of this principle
is to consider a generalized Fourier transform 7 like Hankel, Dunkl, Chebli-Trimeche
transforms, etc... For Laguerre transform, A. Rahmouni proved Heisenberg-Pauli-Weyl
inequality

B
D Fll2me I Rm) |2 FLf 200 2 C I3 mg - QY

A second generalization consists on seeing the uncertainty principle as a statement on
the degradation of localization when one considers successive elements of an orthonor-
mal basis. For some of works related to uncertainty inequalities for orthonormal bases,
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one can cite [13, 18, 10, 11, 16]. In particular, Shapiro in [18] proves that we can not
find an infinite orthonormal sequence {e;} such that

()| < lp(x)] and [&(x)| < |y ()|

where ¢ and y € L?(R). This result is known as Shapiro’s Umbrella theorem. Further-
more, Shapiro provide a mean dispersion principle which states that if the elements of
an orthonormal sequence and their Fourier transforms have uniformly bounded means
and dispersions then the sequence is finite.

A quantitative version of Shapiro’s results was established by Jaming and Powel
in [11] using Prolate Spheroidal wave functions. In this paper, we are motivated by
the work of Malinnikova [12] which gives a time frequency localization theorem that
implies Shapiro’s Umbrella theorem, a mean dispersion inequality and a number of un-
certainty inequalities invoking orthonormal bases for L?(R?). We try to find analogous
results by considering orthonormal bases of L?(K).

The outline of the content of the paper is as follows.

In section 2 we deal with Laguerre hypergroup K and the Fourier Laguerre trans-
form .%;. We give a few results about this transformation which can be useful later.

In section 3, first, we provide an analogous of time-frequency theorem invoking a
series of orthonormal sequences in L?(K). As application we get an analogous version
of Shapiro’s Umbrella theorem. Second, in Theorem 4, we prove a Mean Dispersion
localization for orthonormal sequence in L?(K):

N

Vp.g>0, > (I (x.0)]"¢n

n=1

_2p
S H A m) I FL043,,) > CN'F 55

Moreover

Z(H |(x7t)‘p¢n )_%(306-"-6)—8

n

2,mq + H ‘(2’7m>|qﬁL¢nH2,yD{ < oo,

Finally, we find in Theorem 6 the uncertainty principle: for {e,};_, an orthonormal
basis in L?(K),

P
2

sup [ [(x,0)["enll2me | [(A,m)[2 Frenll2,4 = oo
n

This result is stronger for bases than Heisenberg-Pauli-Weyl inequality (1).

2. Preliminaries

In this paper we consider the Laguerre hypergroup K = [0, 4<) x R which can be
seen as a deformation of the hypergroup of radial functions on the Heisenberg group.
For more details one can see [1, 7, 15, 19]. We consider the following system of partial
differential operators:
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Forall (x,r) e K and o >0,
J
DlZE

? 2a+19d  ,9%

D=2
2 8x2+ X ox o

For a =n—1, n € N\ {0}, the operator D; is the radial part of the sub-Laplacian on
the Heisenberg group H,, .
For (A,m) € R x N, the initial problem

Diu=ilu,
1
Dyu= —4|A| <m+ %) u
du
u(0,0) =1, E(O,t) =0 forallz € R,

has a unique solution ¢, ,, given by
V) €K gualnn) =M L7 (2157)

where frﬁa) is the Laguerre function defined on R, by

L LW
L4(0)

2 (x)=e

and L% is the Laguerre polynomial of degree m and order o.
The Fourier Laguerre transform of a suitable function is given by

Fuf(hem) = [ J05.1) 9.5, 0)dma)

where
x2o¢+ 1

dma(xJ) = mdxdl.

From [15], it is well known that Fourier Laguerre transform can be inverted to

FE )= [ Fm) g ) va(2m)

where
dYo(A,m) = L%(0)8, @ |A|*TdA.

For all (x,7) € K, we denote |(x,7)|g = |(x,f)| = (x* +4¢2)7 the homogeneous norm
on K. Let B,(x,7) be the ball centred at (x,) of radius r. i.e

Br(x,1) = {(ys) € K| (y —x,s —1)[x <1}
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It was seen in [7] that for all (x,7) € K, mq (B,(x,1)) = Qor****, where

Q) =

(%)
4y/m(a+ DT (a+ HI($+1)

We denote L?(K) = L*(K,dmy,) the space of mesurable functions f : K — C such
that

1 l2me = ( / |f<x,t>|2dma<x,r>)2 < 4o

Now we consider the quasinorm defined on R x N by

1
A () = |(Rm)| = 42+ =

).
We denote
B,(0,0) = {(A,m) e RxN; |[(A,m)| = A (A,m) <r}

and we have from [17]

2r0t2 L%(0)

B,(0,0)) = .
e (B:(0,0)) o+2 S (4m+20+2)%+2

We introduce L?(R x N) the space of measurable function g : R x N — C which
verifies

) 2
el = ( [ lethmPazatam ) < e

Nessibi and Trimeche proved in [15] the following Plancherel formula

17 2y = I

We introduce the dilated of (x,7) € K by §,(x,t) = (rx,7*t) and the dilated of (A,m) €
R x N by &/ (A,m) = (r*A,m). For f,(x,) =r %4 £(§, (x,r)) we have

1
r

2me

[ Atendmaten = [ fendmatn.
As in [6], we define D, f = r—(®*2) £(§, (x,r)). By a change of variables, we get
FLDf =D\ FLf ©)

where

Dy f(A,m) = r~ @2 f(8) (2,m)).
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3. Main results

3.1. Time frequency localization related to Laguerre hypergroup

THEOREM 1. Let {¢,}\_, be an orthonormal system in L*(K), T be a measur-
able subset of K and W be a measurable subset of R x N. Assume that

/T|¢n\2dma=1—a,% and /‘}V\ﬂLq),,dea:l—b,%.

Then

Proof. Let T C K and W C R x N be two measurable subsets such that i (7) <
+oo and Yy (W) < +e. We denote y7 and yw the characteristic functions of 7 and
W.If f € L?(K), we consider similarly to [3, 6] Pr and Py the operators given by

Prf=yxrf and  Pyf =2 (xwZLf)-
‘We have
B Prfet) = [ o () L () 93 (5. A (2 m).
Using Fubini’s theorem, we get
Py Prf(x.1) = /K FO)N Wt 1) dmg (2, 1)

where
Nt x,t) = xr (1) Ty g (1)

and
gy (Aom) = yw(A,m) @_j (X' ,1").
This shows that Py Pr is an integral operator with kernel .4~ verifying

A oz = [ @) ( L |3IL1g<x/,/><x,z>|2dma<x,t>) dma(¥1').
From Plancherel formula, we have
H‘/VHiZ(K)®L2(K) = /KDCT('X/J/)‘ (AXN|XW(2/,m)(P_)L’m(XI,[/)2(1')@(1,7’")) dma(x/7t/)

< ma(T) Yo (W).

Therefore the Hilbert-Schmidt norm of Py Pr

1B Pr s = 1 e 25y < mec(T) Y(W): 3)
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Now, we consider the corresponding self-adjoint operator

Q = (PwPr)"PwPr = PrPyPr.

Since

1r(Q) = ||PwPr |5 < ma(T) Y (W)
then N

Z<Q¢n,¢n> <1r(Q) < mo(T) Yo (W).
On the other hand

<Q¢na¢n> = <PWPT¢n7PT¢n>~
Denote 7¢ =K\ 7 and W¢ =R x N\ W, we can see that

<Q¢na¢n> - <¢na¢n> - <¢n7PT°'¢n> - <PT¢naR’VC¢n> - <PWPT¢naPT"¢n>-

Applying Cauchy-Schwartz inequality, we obtain

<Q¢n7¢n> 2 1-— Zan—bn

which implies

M=

1 —2a, — by, <me(T) Ya(W).

Il
-

n

Furthermore, if we consider Q = (PrPy)*PrPy then we get similary

N
N 1 —ay—2by <me(T) ya(W)

n=1

“4)

(&)

Relations (4) and (5) allows us to conclude the desired time-frequency localization

inequality. [J

The following corollary is an immediate consequence of Theorem 1.

COROLLARY 1. Let {¢,}_ be an orthonormal system in L*(K), such that ¢,
is €-concentrated on the ball B,,(0,0) of K and F1¢, is €-concentrated on the ball

Bp,(0,0) of Rx N, foreach n=1,...,N, i.e

/ |0u|dmg > 1— €7, / |\ ZL0nPdy =1 — €.
[(x2)|<ro |(A,m)|<po

Then

o
N< ; £3)£ r%oc+4 p(z)x+2

where

) L;(0)

ENYCES) EO (dm+ 20+ 2)%2°
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Another immediate application of Theorem 1 is the so called Shapiro’s Umbrella
theorem

THEOREM 2. Let ¢ and y be nonnegative functions in L*(K) and L*(R x N)
and let {e, }fqul be an orthonormal sequence that satisfies

len] < ¢ and | Fre | <y
Then, for all € € (0, ) there exists Rg 3 >0 and Rey > 0 such that
200+4 oc+2
N<CR."Re, (6)
where C depends only on oo and €.
Proof. Let € > 0. Since ¢ belongs to L?>(K) and v belongs to L?>(R x N) then
there exist Rg ¢ > 0 and Ry > 0 such that

[ IePdma<e and [ jyPan<e
Re o (0:0) B ,, (00)

Therefore

/ leal?dmg > 1€ and / \JLen\zdya >1—¢
Brg 4 (0,0) BRe,y, (0,0
Relation (6) yields from Corollary 1. [J
This theorem is a quantitative version of Shapiro’s Umbrella theorem: it proves

that the sequence {e,} is finite but also it gives a quantitative estimation of the number
of the sequence elements.

3.2. Mean Dispersion inequality related to Laguerre hypergroup

To prove an analogous of Mean Dispersion inequality related to Laguerre hyper-
group, we need to introduce the following notations. For p, ¢ > 0 and f € L*(K), we
denote

= [ 1) PrUf ) P dima)
and
ViELD = [ m)PFLf (m)P dva(hm).

Then we have similarly as Theorem 2

THEOREM 3. Let p, q be positive numbers and {d),,} _, be an orthonormal sys-
tem in L*(K) that satisfies

Tp(Pn) <J and vy (Frd,) <K

Then .
N < C(a,p,q)Ja+2K7(a+2).
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Proof. Let € € (0,1). Clearly, each ¢, is €-concentrated on the ball {|(x,)[*" <

€72JP} and each %, ¢, is e-concentrated on the ball {|(A,m)[>? < e 2K%}. We de-
duce the wanted result from Corollary 1. [

THEOREM 4. Let p and q be positive and let {§,}n be an orthonormal sequence
in L*(K). Then

Z(Hlxt\”%

2,
1 m)1F0l3,,) > ON' s o

where C depends on o, p and q. Furthermore, for all € > 0, we have

2 (IHGx) 79

n

)—%(3a+6)—£

A M) FLdnl|2.5, < oo, (8

Proof. Let {¢,}, be an orthonormal sequence in L?(K). For all k € Z, we con-
sider

P = {n; max(t,(¢n), vy(FLOy)) € [2k71,2k)}.
Then

/|xt )29 (x,1) Pdme < 2%7 and / (A, m) 2] Fy0n(Am) Py < 249

whenever n € U j__,x,P . Therefore one can see that ¢, is %-concentrated on the ball

ky2 .
centered at (0,0) and of radius 2277 and .%.¢, is I -concentrated on the ball centered

k2
at (0,0) and of radius 2274 . From Corollary 1, we have the number of elements in
WK___P; is less then C(a, p, q)22(3°‘+6) where C(a, p,q) is a constant that does not

Jj=—00

depend on k. This shows that when C(a, p, q)25(3°‘+6) < 1, the number of elements in
,—_NP is null. Consequently, there exists ko such that P is empty for all k£ < ky. We

remark that when g = Q and p > 1 this result can be also deduced from Heisenberg-
Pauli-Weyl inequality proved in [17].
For N > 2C(c., p,q), let choose k such that

2C(et, )22 %D < N < 2C(at, p, g)22 B+ Ok,

The first inequality shows that at least half of {1,...,N} does not belong to Utz
We remark that when n ¢ US_!_P;, ©)(¢,) > 2%~ 1P which implies

Jj=—o0

P

=

(2(0n) +VE(FLgn)) > 52500 > alar, p.gN' s

M=

n=1

For N < 2C(a,p,q), we have

JL¢H)) > N2ko—1p.

Mz

3
Il
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2p
Since C(at, p,q)2230 0k = o € (0,1) then 2k0=DP > cre.(2C(at, p,q)) 76 and re-
lation (7) follows.
Let now prove (8). We have, for n € P,

Tp(Pn) + Vg(FLOn) = max (Tp(Pn), Vg(FLn)) = 241

Since N = Uiz P, and Py is empty for all k < ko, we get

E(Tp(d)n)+Vq(§L¢n))7%(3a+6)fg < f <2 7 (1-k)(5(30+6) +s)>

n k=ko \n€b;
= 1 1
< Z C(a,p,q)27(3a+6)k2(1_k)(7(3°‘+6)+£) < 4oo. O
k=ko

3.3. Unbounded product of dispersions

THEOREM 5. Let T C K, W C R x N be a pair of measurable subsets of finite
measure mg(T), Yo(W) < +oo. Then T and W are strong annihilating pair i.e there
exists a constant C(T,W) such that for all f € L*(K),

Hf”Zma X (T W) (||fXT°

L awel3 ) -

Proof. Let prove that if supp(f) C T, supp(FLf) CW and my(T), Yo (W) are
finite then f = 0. According to [6, Corollary 3.7], this statement implies that 7 and W
are strong annihilating pair which gives Theorem 5.

An elementary fact on Hilbert-Schmidt operators states that

dim(Im(Pr) N Im(Pw)) = ||Pr 0\ By |75 < ||Pr P [|7s-
From relation (3), we have
dim(Im(Pr) N Im(Py)) < +oo )

Assume towards a contradiction that there exists fy # 0 where supp(fy) = Ty and
Wo = supp(Z1fo) have both finite measure 0 < my(Tp), Yo (Wo) < 0.

Let T; (resp W;) be a measurable subset of K (resp R x N) of finite measure
0 < mg(Ty) < 4oo (resp 0 < Yo (W) < +o0) such that Ty C T; (resp Wo C Wy).

‘We have, for r > 0,

me(T1 U 6,Tp) = Hx&,TO — X1 2, + (X810 X7 ) -

The function : r — my (T} U 5, Tp) is continuous on (0,+ec). The same holds for
i — Yo (W) U8 Wy). One deduces that there exists an infinite sequence of distinct
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~+oo
numbers ()72, C (0,4-e0) with ry = 1, such that, if we denote by T = U 0, Tp and
i=0
foo l
W= {6\ W,
i=0 i

mo(T) < 2mo(Ty) and o (W) < 2x(Wo).

We next define f; = D,, fo so that supp(f;) = 6, Ty C T. From relation (2), we have
supp(FLfi) =8\ Wo CW.

Now assume that we have a vanishing linear combinations of dilates of fj

Z aif,-(xJ) =0.

finite
We denote f3; = ociri_(a+2) and () = fo(;;,0) then
X
2 Big (f) =0.
finite Ti
Applying the euclidien Fourier we get

Z Biri Fg(rix) =0.

finite

Since g € L'(R) then .#g € Cy. Invoking [5, lemma 2.1], one can see that .% g has
linearly independent dilates. Therefore f8; = 0 so that o; = 0, which proves that f; are
linearly independent. Consequently, dim(Im(Pr) N Im(Py)) = -+ which contradicts
relation (9). [

LEMMA 1. Let b and c be positive numbers, there exists a nonzero function f in
L*(K) such that f(x,t) =0 when |(x,t)| < b, and FLf(A,m) =0 when |(A,m)| < c.

Proof. We consider the space E. of f € L?>(K) such that .#,f(A,m) =0 when
[(A,m)| > c. From Theorem 3, there exists C such that

1A 2me < CUFXY )5} 122ma -

The last inequality implies that the traces of functions from the space E. on {|(x,#)| >
b} form a closed subspace F. in L?({|(x,t)| > b}) which is obviously not the whole
space. Thus there exists f € F.- C L?({|(x,t)| > b}) such that

o= pngiendmalxn =0 (10
[(x0)[>b
for any g € E.. We extend f by zero on the ball B,(0,0) in order to get the re-

quired function. In fact, since .%; = %, then relation (10) implies that Z.f = 0 on
B.(0,0). O
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THEOREM 6. Let {e,}>_, be an orthonormal basis in L*(K) and p be positive,
then ,
2me [l [(A,m)[2 FLen]l2 g = +oo.

sup || |(x,2)|"en]|
n
Proof. Assume that there exists an orthonormal basis such that

[11(x,2)[Penl

P
2m || | (2;m) 2 Fpen||2, < CP.

We introduce
Ay = {en; Ty(en) € 27FC, 274 1]}

where k is integer. For e, € Ay we have || |(7L,m)|L2)ﬁLen||2’ya < CP2kP . Then e,
is 1 —concentratedontheball B | 4 1.2 (0,0) and Fpe, is 1_ concentrated on the
4 c2272 t2t+5 4
ball Bcz" L4 (0,0). From Corollary 1, we have the number of elements in Ay is bounded
¥

by a constant that does not depend on k. Lemma 1 allows us to consider f € L*(K),
| fll2,mq =1, that vanishes on Bg(0,0) and its Fourier-Laguerre transform vanishes on
Bg(0,0). If £ >0 and e, € A;, we get

|(f,en) > <R 2Pl (en) < (2C)PR7P27HP.
If k <0 and e, € Ay similarly we have
[(fren) P = [(FLf, Fren) P < (C)PRP2.
Since Y [(f,en) | =1 and UA; = {e,}_, then choosing R large enough we get a

contradiction. [J
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