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INEQUALITIES FOR AVERAGES OF QUASICONVEX
AND SUPERQUADRATIC FUNCTIONS

S. ABRAMOVICH AND L.-E. PERSSON

(Communicated by I. Franjic)

Abstract. For n € Z, we consider the difference

e = L& (a
anl(f)_ - an 124 <an 1) Api1 Z{)f <an>

where the sequences {g;} and {a; —a;_1} are increasing. Some lower bounds are derived when
f is 1-quasiconvex and when f is a closely related superquadratic function. In particular,
by using some fairly new results concerning the so called “Jensen gap”, these bounds can be
compared. Some applications and related results about

Apy1 (f) = ':an,z <an+1> an12f<al>

are also included.

1. Introduction

In this paper we illustrate and combine results for averages obtained in [1] related
to superquadratic functions with results on y-quasiconvexity introduced and discussed
in [2], [3], [4] and [5]. By this we get refinements of bounds of differences of averages
when the function involved is 1-quasiconvex as well as superquadratic.

1 -quasiconvex and superquadratic functions are closely related and therefore it is
of interest to compare their bounds. By using recent results we have succeeded also to
get such comparisons in this paper.

We start with quoting two definitions and five lemmas that are the basic properties
and definitions of superquadratic functions and 1-quasiconvex functions and which we
use in the sequel:

DEFINITION 1. [1] A function ¢ : [0,h) — R is superquadratic provided that for
all 0 <x < b there exists a constant Cy(x) € R such that
00) — 0x) > Colx) (y—3) + 9 (ly— 1)
forevery y, 0 <y < b.

Mathematics subject classification (2010): 26A51, 26D10, 26D15.
Keywords and phrases: Inequalities, convexity, y-quasiconvexity, superquadracity, differences of av-
erages, refinements, lower bounds.
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DEFINITION 2. [5] A function f: [0,b) — R that satisfies f = x¢@, where @ is a
convex function is called 1-quasiconvex function.

LEMMA 1. [1] Let x;, 0<x; <b, 0<b<oo, 0Ky <1, i=1,...m, Y71 0=
1, x=X",04x;, andlet f:[0,b) >R, 0<b < oo bea superquadratlcfunctzon Then

Y oif (xi)—f Za, (|oe; — ) (1.1)
i=1

holds.
Moreover, when f is nonnegative, (1.1) is a refinement of Jensen’s inequality

2y 06f (xi) = f(%).
In particular, for m =2 we get from inequality (1.1) that when the superquadratic
function f satisfies f =x@ and 0 < o < 1
orf (x1) + (1= 0) f (x2) — f (01 + (1 — ) x2) (1.2)
of (1= @) xy —xa]) + (1 — &) f (0t ]xy — x2)
= a(l—a)(jx —xl) (¢ (alx —x|)+ o ((1 —a)x —x2l))

holds.
LEMMA 2. [5] Let x;, 0<x; <b, 0<b<oo, 0<0;< 1, 1=1,...m, X 0=

1, x=Y", 0x;, andlet ¢ :[0,b) >R, 0<b<eo bea dljj‘erentiable convexfunctlon
and f be 1-quasiconvex, where f =x@. Then

S f () - f(®) > 3 0 (® o (v 77, (1.3)
i=1

i=1

holds. Moreover, when ¢ is increasing (1.3) is a refinement of Jenen’s inequality.
In particular, for m =2 when 0 < o < 1 we get that

oof (x1)+ (1 =) f (x2) — f (ox + (1 — &) x2) (1.4)
> ¢ (oxy+ (1— o) x2) e (1 — ) (x) — x2)?.

LEMMA 3. [4] Ler ¢ : [0,b) — R be a differentiable convex function satisfying

0(0)= hmx(p()zo.

x—0F
Then x¢ (x) > @ (x), when x € [0,b).

LEMMA 4. [5] Let ¢ :[0,b) — Ry, 0 < b < oo, be a differentiable convex in-
creasing function satisfying

0(0)= hmx(p (x) =0.

x—0F

Then the 1-quasiconvex function f, where f = x@ is also superquadratic and convex.
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For a function f where f = x¢ which is simultaneously 1-quasiconvex and su-
perquadratic we obtain in the following lemma a comparison between lower bounds of
the so called "Jensen’s gap” in (1.1) and (1.3), (see [5, Proposition 4]).

LEMMA 5. Let ¢:[0,b) =Ry, 0<b < oo, be adifferentiable increasing convex
Sunction, ¢(0) = lir(%x(p/ (x) = 0 and let the function f satisfy f = x@. Then the
X—>
lower bound of "Jensen’s gap” obtained by the superquadracity of f = x¢@ is weaker
than the lower bound of ”Jensen’s gap” obtained by the 1-quasiconvexity of f, when
0< <2, 0<b<oo, 0K ;< 1, 1 =1,....m, 2?":105,-: 1, J_C:ZZ’-":la,-x,-, that is,
the inequalities

> aif (x)— £ (¥

o (X)o|x; —x 2061 (b =x) =D, o lxi x| @ (|x; —%]) > 0

i=1

M= T

I
—_

>

hold. In particular, when m =2 and 0 < oo < 1 then
of (x1)+(1—a)f(x) (1.5)
> ¢ (o1 + (1 - o)) (1 - 00) (11 —x2)?
= o (1= o) (jx1 —x2]) (¢ (01 —x2f) + @ (1 = @) |x1 —x2])) >0,
and in this case a sufficient condition for 0 < x; < 2X, i = 1,2 to hold is that x, < 2x1 <

b when 0 < x1 < xp.

One basic idea for the investigarions in this paper is to show the fact that for
functions that are simultaneously superquadratic and 1-quasiconvex, inequality (1.5)
can be used for comparing bounds of the difference

1) R a;
Bi-1 (f) a = a 124 (an 1) ap+1 ;z(‘)f (a) 7 (1.0

and also the bounds of the difference

ann-a =3 37 () - EE(2). an

an i

These differences were previously investigated in a more general setting (see [1]) and
the following results that we use in the sequel were obtained there:

LEMMA 6. [1, Theorem 5.1] Let {a;} be a sequence such that a; > 0 is increas-
ing and a; —a;_y, i =1,..., is decreasing and let ay =0. Let f:[0,b) — R be an
increasing function. Let also the interval [0,b) include all the 2’—”, for i <n. Then, when
n =2 the difference A, (f) — An (f) satisfies

Ayt (f) —An(f) (1.8)

S ) ) ()
Apn—1 ;=1 \dn ap+1 an ap+1 dn
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LEMMA 7. [1, Theorem 5.4] Let {a;} be a sequence where a; >0, aj—a;—1, i =
1,..., are increasing and ag =0. Let f :[0,b) — R be an increasaing function. Let
also the interval [0,b) include all the a“il for i < n. Then, when n > 2 the difference

B,—1(f) — B, (f) satisfies

By—1(f) =B (f) (1.9)
1 a; aj—q a, — a; a; a;
g Ani1 Z{ (Ef (an1> - ay / (an1> ﬂc(ﬂ)) '

The next example is one of the main motivations for us to introduce this research:

EXAMPLE 1. In the introduction of [1] and [7] it was noted that if f is convex,

then
1= 1 n i

In particular, if f(x) =x”, x >0, p > 1, then this inequality can be rewritten as

l
1 n—1.p ~1
(A DE P n a2 (1.11)
ny; 111’ n

Such types of inequalities are discussed in several publications (see for instance [6] -

[30D).

REMARK 1. As applications of our results in this paper we obtain a strictly bet-
ter inequality then (1.11) for each p > 2, thus improving and complementing several
results mentioned above (see Examples 5 and 6).

As further applications we point out a strict improvement of (1.10) and similar
inequalities for each p > 2 (see Examples 2, 3 and 4).

Functions which are superquadratic and 1-quasiconvex are related in certain senses.
For example the function f(x) =x”, x >0, p > 2 is both 1-quasiconvex and su-
perquadratic, whereas f(x) =x”, x >0, 1 < p <2 is neither 1-quasiconvex nor
superquadratic see e.g., Lemma 4, but note that f can be of course 1-quasiconvex
without the condition f (0) = 0.

Hence it is natural to try to derive lower bounds for both differences (1.6) and
(1.7) and to use our previous mentioned results (especially Lemma 5) to compare these
bounds. This is exactly what we have succeeded to do in this paper.

The main results are stated and proved in Section 2 and the motivating examples
which, in particular, give refinements of a number of inequalities (related to convexity)
are given in Section 3.
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2. Main results

Our first main result reads:

THEOREM 1. Let ¢ :[0,b) — R, 0< b < o be differentiable convex increasing
function, and let f = x@. Let the sequence {a;} be such that ap =0, a;, ai+1 — aj,

i =1,... are increasing. Then, for n > 2 we get for the 1-quasiconvex function f
that

By 1(f)—Bu(f) 2.1
i ai—ai—1)* ai(an — ai)(pr<ai(an+ai1—ai)>
= apy1a; a,% 1 andn—1
> n—l (a,- —a,-,l)za,- (a,, —ai) [ ai >0
Z PR P\, )=Y
= n+1a,a, 4 an

. ., . ! .
If in addition ¢ is convex, then

By 1(f)—Bu(f) (2.2)
> ”ij (ai— ai_l)za,- (an— ai) (P/ ( Z?;ll al-z (an—a;) (a;i— a,-,l)2 )

an Y} ai(an —ai) (@i — ai 1)’

> 0.

ai—q a; an — d;
Xil = ) Xi2 = ) ai,l — T oo = ) (23)
n— n—1 n n
4 [aptai—1—a .
Q1 Xj1+ OGaXin = x:—<7 , i=1,...,n—1,
ap an—1

and by using that f = x¢ we can derive that

By—1(f)—Bn(f) (2.4)
n—1 X X . . .
sanz (o (E) (@) (@)
An+1 ;=1 \Un an—1 dn an—1 an
E (e (o)
An+1 ;= dn ap—1 dn

n 1 "l(p/<ﬂ<an+a,-1—ai>)ai(an a,-)(a,-—a,-,l)z

an an_1 aa?

n“n—1
1 ol ! i dn 1 i i—
> 2‘P<a—> ai(an —a) (ai—a;_1)° > 0.

242
Ay

Indeed, the first inequality in (2.4), holds according to (1.9) in Lemma 7, the sec-
ond inequality in (2.4) follows from (1.4) in Lemma 2 and the last inequality in (2.4)
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(””:”’:%”") >1,i=1,....n—1, and there-

holds because f and qo/ are increasing and
fore (2.1) is satisfied
If ¢ isalso convex we get from (2.4) by using Jensen’s inequality that (2.2) holds.

The proof is complete. [
Next, we state a similar result but with an additional condition guaranteeing that

f(x) =xo(x) is superquadratic (see Lemma 4).

THEOREM 2. Let ¢ :[0,b) — Ry, 0 < b < oo be a differentiable convex increas-
ing function and @ (0) =0 =limx@ (x), and let f = x@. Let the sequence {a;} be such

x—0F
that ag =0, a; >0, ajy| —a;, i =1,..., are increasing. Then, for n > 2 we get that

By (f) = Bu(f) (2.5)
1 =g a, —a; a, —a; a;
>z (2 it ))

f
w1 (i ai 1) ai (an —a) ((p (a,- (a,-—a,-_1)> +o ((an—ai) (a,-—a,-—l)))

= Ap 41050y ap—1ay ap—1ay

ai-1 4 ai-1  aj

ap—1 ap—1 an—1 an—1

I
Ng

S 2ai(an—ai) (@i —aioy) (ai—aiy

> a 9=
i=1 Ap41a,0n—1 Ap—1

S 2ai(an—ai) (ai—aiy) >\ ai(an—ai) (ai—ai )’ -

= 2 n—1 = O
i=1 Ap+1d,A0n—1 Zizl 2a,_1a; (an - ai) (ai - ai—l)

Proof. As in Theorem 1, by Lemma 7 we conclude that the difference B, (f) —
By, (f) satisfies the inequality (1.9).

Under our conditions and according to Lemma 4 the function f where f = x¢ is
superquadratic. Therefore

By (f) = Bn(f) (2.6)
1

(=)~ (&)

an an—1 an

)+ (G )
an ay

e e )
ay a

The first inequality in (2.6) is just inequality (1.9), the second inequality results from

(1.2), the third inequality holds because f is increasing and W >1,i=1,...,n—
n—1

1.

i Gi-1 4

i1 G

dp—-1  dp—1 ap—-1  dp—1

|aio ai-1 4

dp—-1  dp—1 ap—-1  dp—1
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Thus, since f = x¢@ we get that

By 1(f)—Bu(f) 2.7
. 1 'S(ﬂf(an—ai a1 a >+an—aif<ﬂ a1 4 ))
an+li 1 \n dn ap—1 dp—1 an ap |dp—1  dp—1

— a,—a a, — a; a;—ai_1) (a, —a; a;—a;_1)a;

2 i-1)ai( )<(p<( i~1) ( ))+(p<( i~1) ))

:1 anJrla an—1 an—1an an—1an
Moreover, by using the convexity of ¢ and Jensen’s inequality we get that

0 ((ai —ai_1) (an _ai)> +o <(ai _ai—l)ai> > 20 (ai _ai—l) > 0. (2.8)
ap—1ay ap—1ay 2a,-1

Hence, using again the convexity of ¢ and Jensen’s inequality we obtain from (2.6),
(2.7) and (2.8) that (2.5) holds. The proof is complete. []

\\/

In Theorem 3 we show that a lower bound of B,_; (f) — B, (f) obtained by the
1-quasiconvexity of f is better than by its superquadracity.

THEOREM 3. Let ¢ :[0,b) — Ry 0 < b < oo be adifferentiable convex increasing
Sfunction satisfying ¢ (0) =0= 1im+x(p/ (x) and let f =x@. Let the positive sequences
x—0
{ai}, and {a; —a;_1}, i=1,2,..., be increasing and let ag = 0. Then

By—1(f) —Bn(f)
. n—1 (ai—aifl)(an_ai)ai(p, (a,-(a,, +a;_1 —a,-))

@ akan. Anly_1

Il
_ =

=

> (ai—ai-1) gan —aj)a; ((p (ai (ai—ai1)> +o ((an —aj) (ai—ai1)>>
i ap—1a,An+1 anpdp—1 anpdp—1
n n— 2

> 2a; (an — a;) (ai —aj—1) (22,-:11%' (an—a;) (ai —ai—1) ) >0.

Apy1G3a,- 1 " 2a,_1ai(an — a) (@i — ai—1)

LL

Il
-

hold, which means that the bound obtained by the 1-quasiconvexity of f (that includes
¢ ) is better than the bound obtained by its superquadracity.

Proof. Under our conditions on a; for n > 2 inequality (1.9) holds. Now using
the notation (2.3) we see that in our case x; 1 < 2X;, x;2 < 2X;, in other words al,ll <

ai(an+a;_1—a;)

an - < 2 i when a, > 2(a,—1 —a,—») but as it is given that a, —a,_; >

ay—1 — an—y, therefore a, >2a,_1 —a,—» >2(ay,—1 —a,—2). Hence, the conditions to
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use Lemma 5 are satisfied and therefore for n > 2,

(o) () (Gs) ()
ay anp—1 dap ap—1 An

> (ai(an+ail_ai)> (ﬂ) (an—ai> (ai_ail>2
andn—1 ay an Aan—1
> ﬂ]C((an_ai)(ai_ail)) +an—aif<ai(ai—ai1)>
an andp—1 an andn—1
_ ai(an_a;) (ai—ai-1) ((p (ai(ai—ai1)> +o ((am—ai) (ai—ai1)>)
a,an—1 anpdn—1 apdp—1
> 0.

Now summing up for i = 1,...,n— 1 and dividing by a, 1, we get that all the inequali-
ties stated in Theorem 3 hold. The proof is complete. [

Up to now we have dealt with and compared the lower bounds derived for the
differences defined by (1.6). By using similar arguments analogous results for the dif-
ferences defined by (1.7) can be derived too. Here we just use Lemma 6 instead of
Lemma 7. Hence instead of giving these results in three new theorems we sum up them
in the following more comprehensive form:

THEOREM 4. Let ¢ :[0,b) — Ry, 0 < b < oo be a differentiable convex increas-
ing function and let f = x@. Let the sequence {a;}, i = 1,..., be increasing and such
that {a;y1 — a;} is decreasing and let ay = 0. Then, for n > 2

Api1 (f) —An(f) (2.9)
- n—1 (aiJr] — ai)zai (an - ai) (p/ (a,- (an +ajt1 — a,-))
Pt an_la,%aﬁﬂ An@n 11
n— 1 2
(aiy1 — ai(an—a;) [ a;
> 2 ¢ (a_> 2 0.
= an— 1anan+l n

If @ satisfies also that ¢ (0) =0= 1ir(§1+x(p, (x), then
Api1 (f) —An(f) (2.10)
" ai — ai)ai (an — ay) ((p ((an —a;) (aiy1 —aj) ) Lo (ai (air1—a;) ) )

An 1050011 Anln i1 an (@nt1)

o 2(aiy1—ai)ai(an—a;) (a1 —ai
> 5 (0]
Ap—10;0n 41 20,41

=

—_ =

=

3
|
_ -

. >0.
An—1a5an+1 0 2ay1 (@i — ai) ai (an — a;)

Il
-

> 2(aiy1 —ai)ai(an — a;) 0 ( Z:’ (T a)? ai (an — a;) )
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Moreover, the inequalities above can be compared. In fact,

— 2 . 7 . . — .
An+1 ( 2 aH—l al 2(an al) (P a; (an + ai+1 al) (211)
= a,-1aia; | Ayt

i ait1 — aj az( a, — a;) <(P<(an—ai)(ai+1—ai)>+(p<ai(ai+1—ai)>) >0
= Ap—1a20n 41 Anln 1 an (ans1)

hold.
!
Further, if ¢ is also convex, then

An+1 (f) = An(f) (212
2 az+1_az 2 (an_ai)(P < zln 11 az( ai) (aiJrl_ai); ) = 0.

2.2 2
an—1a;4, 1 ay 2;;1 ai(an — a;) (aiv1 — ai

Proof. Using (1.8) in Lemma 6, the 1-quasiconvexity of f, and Lemma 2 and
denoting

a; an —a; i1 a;
ai,l = ai,2 = ) xi,l = ) xi,z = ) (213)
an an ap+1 ap+1
_ ai(ap+aip1—a;)
Xi = 01X+ 0ioxip=—"—""—""—>, i=1,.,n—1,
andn+1

we get from (1.3) and (2.13) that the inequalities

Avet () = A (f) LZl(f<M —f(Z—)) (2.14)
(

WV
Q

n—1 ;—1 Andn+1

i1 ay— 161 a anQp+1

n+1

n—

(aiv1 — ai) 2 ai(ay—a;) 1 ( a

i=1 an— 161 nnt1

o (a1 —a) ailan—a) o+ (ai(an+ a1 —a;)
2 ) ?
a

antajy1—a;

hold. The second inequality in (2.14) holds since f and (p/ are increasing and ——, "

>1,i=1,...,n—1. Hence, (2.9) holds.
According to Lemma 4 when ¢ (0) =0 = lim+xqo (x) it yields that f is su-
x—0

perquadratic. Therefore we get from (1.2) in Lemma 1 and from (2.13) that

Aps1 (f) —An(f) (2.15)
s () () ()

an—1 ;=1 \4n An+1 dn Ap+1 an

1 ai(an+ajy1 — a;) ai
a5 (i)~ (3)

n—1
a; (an — ai) (@it —ai)) ay—a; (ai (aiv1 —ai)>)
- -
Z{ Gp—1an <f< AnQp 1 an—lanf an (ans1)
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> 5t (1 (=) s oy (=)
> ”21 <(p ((an — ai) (@it —ai)> +o (a,- (@it —;li)>) (dit1 _af)‘zli (an — ai)

pGp i an (aps1 Qp G50, 11

Using (1.5) in Lemma 5, we get from a; 1 —a; < a; —a;—1 < a; that a’“ < 20,31
holds and therefore the bound in the first inequality in (2.9) obtained by usmg the
1-quasiconvexity of f is better that the bound obtained in (2.15) by using the su-
perquadracity of f. This means that inequalities (2.11) hold.

Further, if (p/ is also convex, then from (2.9) by Jensen’s inequality we get that
(2.12) holds.

Finally since ¢ is convex we get from (2.15) and Jensen’s inequality that (2.10)

holds. The proof is complete. [

3. Examples
In our first example we give the announced refinement of (1.10):

EXAMPLE 2. For a;=1i, i=0,1,... we getfrom Theorem 1 by the 1-quasiconvexity
of f where f = x¢@, under the conditions there on ¢ and f that

5 () ()
. 1 2§i(n—i)(p/ (%)20.

(n+1)n2(n—1)" 3

If ¢’ is also convex on [0,e0) we get that

2 (75) - 5 () e ()

because Y 'i(n—i) = % and Y2 (n—i) =" 2(n— 11)(n+1)

From Theorem 2 we get by the superquadrac1ty of f where f = x¢ and by
Jensen’s inequality for the convex function ¢ that

1nzlf<n—1) _n-IH : f(%)

> w2000 () 2 520 () =0

The first inequality is obtained in this special case because

—1
nzia,,—aizzf (n—1i) Ez—ria,
i=1 i=1
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From Theorem 3 we get that the bounds obtained by the 1-quasiconvexity of f is better

that by its superquadracity.

12 ()
! > i(n—i)e (Z)

>
(n+1)nt(n—1)" 5

2 . . i
Z D=1 izzil(n_l)q)((n—l)n) >0

Now we will see that when qo, is also convex and ¢ is defined on [0,0), the lower
bound that we can derive from the convexity of (p/ is again better than the lower bound

we get from the convexity of ¢ which means that we get
1 (1 < 1 1 S0
onn-1’\2)7 3% \2-1) 7"

To see that this inequality holds, we use the inequalities xqo, > ¢ (see Lemma 3) and
X10 xil < X20 ( x%) , 0 <x» <x1, which are satisfied under our conditions on ¢ and

we find that
v (o2t 1 (L
-7 \2) " enn-02%\2) 7 -1 % \2

Hence,
SRS P Y
-1’ \2)7 3%\ 2-1) 7"

Therefore, from the inequalities derived in our case and in view of the 1-quasiconvexity
of f and the superquadracity of f we can deduce that the bound obtained by the 1-

quasiconvexity of f = x¢ is better than by its superquadracity
1 Hf i 1 i f i
= \n—1 n+15" \n

Zl‘
S Sy L BN I G N
-0’ \2)7%% 20"

We also present one example with another natural choice of the basic sequence.
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EXAMPLE 3. Let us choose now in Theorems 1,2 and 3 ¢ (0) =0, a9 =0 and
aj=2i—1, i=1,.... Then, by the 1-quasiconvexity of f = x¢ the inequalities

o (mos) mn s (30)

8 n_l . ~ [ 2i—1
2 it D @n— 12 2n_3) 2, 2i=n=ie <2n—1>

. dn(n—1) [ 2n% —dn—1 =0
Z 3t nen-nei—32 " \ ey )7

hold, where the last inequality is derived if (p/ is convex. By the superquadracity of
f =x¢@ we obtain also that since ¢ is convex

2n1—li;f<22rlz:l3> _2n1+121f<22:z:11)
Sy e sen) o (m seen)

dn(n—1) 1
-3 <2n—1) = 0.

\
HM

In this case the requirement a, > 2 (a,_1 — a,—») holds for n > 3 and we get that the
lower bound obtained by the quasiconvexity of f = x¢ is better than the lower bound
obtained by its superquadracity which means that

w12/ (s) ws ()
(2n+ l)(2nfl)2 (2n—3)2}:2'11(2i_ Din-e (22;1:11>
1

S e 7o Emsm)  (e-sen)

dn(n—1) 1
z (2n+1)(2n—1)(2n—3)(p(211—1) 20

=

\\/

I

In our next example we give a similar application of Theorem 4.

EXAMPLE 4. In this example we use Theorem 4 to see that also in this case all the
lower bounds obtained by the 1-quasiconvexity of f are better that those obtained by
its superquadracity, for the sequence a; =i, i =0, 1,...n. In this case A, (f) becomes

an=rge ()

1
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and because a;+1 —a; =1, i=0,1,..., we get instead of inequality the equality

Coet () = Ca(f) = nil';if (%szJ—rkll) ] (ni1> _f@)

and we obtain the following
Let @ and f be as 1n Lemma 2. Then, since f is 1-quasiconvex we find, because

/ :
o =1 xl_}’;l, vi= 1> and ogpxi+ (1 — o) yi =% = 4, i =0,..., that

cn+1(f)—cn(f>=n11}:211(£f<2111)+n f<n+1> fG))
e () (el >
and since f is superquadratic (see Lemma 4) we get from Lemma 1 that
Gt ()~ Ca(f) =’§§f(;111)+n;if<nil>
5 (e () - e ()

1
1 "L 2i(n—i) i
= > 0.
1A’ (n<n+1>> =0

1 n—1 - — ’
-5 1 52 (1
1l 2i(n—i) i
= n—145 nz(n—l—l)(P(”(n"‘l)) .

Further, if (p/ is also convex, for instance when f(x) =x?, x > 0, p > 3, then
i(n—1i)
C, Cu( _
+l)= "—1Z(p ( )(nz(n—i-l)z)
—1 . o n— 11 n— l
> i(n—i) 2(/) Y,
PRI S

1 A
- o (=)=
6n(n—|—l)(p (2) >0,

and since @ is convex we get that

=

il \g!
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n+1 nn+1)
n—1 l’l—l) zn 11 n—i
222 e n+1>"’< (n+ D)3 ll<n—z>>

1 1
——o(— ) >
n? (2(n+l)) 0

Moreover, when ¢ is defined on x > 0 we obtain by Lemma 3 using that %(p/ (%) >
@(3)and2(n+1)¢ ( (n+1)> 2¢ (%) that

S A 1
— = (=)= —) >
nnr1)? (2) ” 3n‘p<2(n+1)> 20

Therefore, again, the bound obtained by using the 1-quasiconvexity of f is better than
the bound we get using its superquadracity, that is,

Cos1 () = Ca(f) = md (%) > %(p (ﬁ) >0

We also remark that by taking in A, the sequence {a;} where a; =2i+1, i=1,...
and ag = 0 the bounds of 2n LS8 f(35) — 55 205 £ (32) obtained by using
the 1-quasiconvexity of f is better that the bounds obtained by using supequadracity
(c.f. Example 3).

Finally, we present our announced refinements of (1.11)

1 " 2i(n—i) i
Cr (D=6l > 715 S oo ()

EXAMPLE 5. The functions f(x) =xP, p > 2, x >0, are the basic cases of
1-quasiconvex functions as well as superquadratic functions. Therefore we obtain

1
. (n+1)377] Lip \ P n 1
from Example 2 that the ratio T is not only bounded below by ==

but by strictly better lower bounds when p > 2 instead of p > 1. Indeed, from the 1-
quasiconvexity of f(x) =xP, x >0, p > 2 we find from Example 2 that when n > 2
the first inequality in (3.1) holds

((n+ Yl

~|—

>0, 3.1)

nyp P

where A is defined by (3.2). ‘
The second inequality in (3.1) holds since 0 < £ <1, i=1,..,n, 31, (1)’ <

1
P on—1 1 _n—1
) > - (1+A1)f’/ (1+A2)

ol 1( ) when p > 2 and therefore

(p—1(n+1) p—1

— > A = >0 3.2
T Zn (- )3, () T 2 (- ) (2nt 1) 3-2)
is satisfied. The first inequality in (3.1) follows from Example 2. Therefore (3.1)holds
as a result of (3.2) and Example 2 and the proof of the example is complete.
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Similarly from Example 4 we obtain that:

EXAMPLE 6. For p > 2 when n > 2

1
—1)3* P \7? 1 1
P LT S P g agr s T agaizo. 69)
nzlrle 174 n n
holds where
(p—1)(n—1) pol
A = > A= >0.
YT 6t )Y () T T 22 (nr 1) (20— 1)

From the superquadracity of f(x) =x? p >2, x >0, we obtain similar inequal-
ities to (3.1) and (3.3), but because of Theorems 3 and 4 we know that (3.1) and (3.3)
are better inequalities than those derived by superquadracity.

Examples 5 and 6 can be generalized by replacing f (x) =x?, x>0, p>2 bya
general 1-quasiconvex function f(x) =x¢ (x) where ¢ is a convex increasing func-
tion satisfying ¢ (0) =0= lir(r)1+x(p/ (x).

x—

FINAL REMARK. Another reason that motivated us to deal with the lower bounds
of the differences of averages is that to use Lemma 5 in order to compare a bound
obtained by the 1-quasiconvexity of a function with its bound obtained by the su-
perquadracity we need that the conditions

m m
0<x<2% 0<b<e, 0<e<l, 1=1,..m, Yo=1 X=) o
i=1 i

hold. In this paper we see that this condition is very natural and automatically holds
when dealing with bounds of differences of averages as seen in Theorems 1, 2, 3, 4 and
in Examples 2, 3 and 4.
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