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HAUSDORFF OPERATORS ON THE
WEIGHTED HERZ-TYPE HARDY SPACES
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Abstract. In this paper, we study the high-dimensional Hausdorft operators on the weighted
Herz-type Hardy spaces and obtain some substantial extensions from the previous results in [3].
Particularly, for the Hausdorff operators, we establish their sharp boundedness on the power
weighted Herz-type Hardy spaces. Our results reveal that the Housdorff operators have better
performance in the Herz-type Hardy spaces HK;"" (R";w) (hKg" (R";w)) than their perfor-
mance in the Hardy spaces H” (R";w) (h”(R";w)) when 0 < p < 1.

1. Introduction

Fix an integrable function ¢ on the half-line (0,c). The classical Hausdorff op-
erator iy with the kernel function ¢ is defined in the integral form by

ro( = [ 25 (%) ar,

for all Schwartz functions f. By a change of variables, one easily sees that for x > 0,

ro(e = [ 24 fyar,

Thus, many classical operators can be derived from Ay if we choose suitable kernel
functions ¢ (see [4, 5, 8, 29]). These operators include the Hardy operator, the adjoint
Hardy operator [7, 10, 11] and the Cesaro operator [19, 38]. The Hardy-Littlewood-
Pélya operator and the Riemann-Liouville fractional integral can also be derived from
the Hausdorff operator.

For n > 2, a natural n-dimensional extension of 4 is the operator

o) = [, T ().

R [y Iyl
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where @ is a fixed integrable function. Same as &g, in the last 15 years, the operator
Hg and its varieties received extensive studies. By the Minkowski inequality, it is easy
to see that Hg is bounded on the Lebesgue space LP(R") for all 1 < p < oo, provided
that @ satisfies the size condition

[ @)yl dy <.

The same argument can show that Hg is also bounded on the real Hardy space H'!(R")
if we assume that @ is a Lebesgue integrable function on R". The modern systematic
study of Hausdorff operators was started by Liflyand and Méricz in [26]. For more
involved situations about the Hausdorff operator on the Hardy spaces and other spaces,
the reader can see [6, 12, 13, 21, 22, 23, 24, 27, 28, 39, 41, 43], among many others.
However, except in the case n = 1, we can not find any paper in literature about the
research of the Hausdorff operator Hg on the space HP(R") whenn>2 and 0 < p < 1.
Even in the case n = 1, Liflyand and Miyachi [25] proved that there is a bounded
function ¢, whose support is contained in [a,b] C (0, o) such that &y is not bounded
on HP(R) for any 0 < p < 1. Thus, finding a good substitute of H? in which the
Hausdorff operator is bounded becomes an interesting research topic.
In this paper, we will study a more general operator

PO (A (y)x)dy.

Hoa(f)(x) = /

R [y

on the weighted Herz-type Hardy space H K;‘ P(R™;w) and on the weighted local Herz-
type Hardy space hK, " (R";w) for 0 < p < c. Here, in the definition of Hgp 4, A(y)
is an n X n matrix satisfying detA(y) # 0 almost everywhere in the support of ®.

The operator Hp 4 was initially studied by Lerner and Liflyand in [21] to study its
boundedness on the Hardy space H'(R"). It is easy to see that the Hausdorff operator
Hg is a special case of He 4 if one chooses a special matrix A(y). In [21], Lerner and
Liflyand obtained the following theorem.

THEOREM A.

(o n
s ey < (ST 1A O ) Wl

where HA_1 (y) H is an operator norm of A=\ (y) to be specified later on.

Besides the Lebesgue and Hardy spaces, the Herz-type spaces are other important
function spaces raised in the research work from harmonic analysis and its related top-
ics. In 1964, Beurling [2] first introduced some fundamental form of Herz spaces in
order to study some convolution algebras. Four years later, Herz [18] gave versions of
the spaces defined in a slightly different but more convenience setting. Since then, the
theory of Herz spaces has been significantly developed, and these spaces have turned
out to be quite useful in analysis. For example, they were used by Baernstein and
Sawyer [1] to characterize the multipliers on the standard Hardy spaces, and used by
Lu and Yang [35] in the study on certain partial differential equations.
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On the other hand, the theory of Hardy spaces associated with Herz spaces has
been developed in [15, 31]. These new Hardy spaces can be regarded as the local ver-
sion at the origin of the classical Hardy spaces H”(R") and are good substitutes for
HP(R") when we study the boundedness of non-translation invariant operators (see
[32]). For the weighted case, Lu and Yang in 1995 introduced the weighted Herz-type
Hardy spaces HKg P(R";w) and established their atomic decompositions, Fan and
Yang in 1997 introduced weighted local Herz-type Hardy spaces hK,f‘ P(R";w) and
established their atomic decompositions and Lee in 2006 found the molecular char-
acterizations of weighted Herz-type Hardy spaces. We will recall the definitions of
HK;"P(R";w) and hKg"P(R";w) and list their atomic characterizations in the second
section. For proofs of the atomic decompositions and further details about these spaces,
the reader can see the book [37] and the papers [9, 20, 30, 33, 34, 36].

Now, we find that the Herz-type Hardy space is not only a good substitute for
HP(R") when one studies the boundedness of non-translation invariant operators, but
it also plays a quite different role from the Hardy space H”(R"), when 0 < p < 1, in
the study of the boundedness of the Hausdorff operator. In a recent paper, the authors
obtained the following result:

THEOREM B. ([3]) Let 0 < p <1 <g<oo, and n(1—1/q) < o < eo. We have

HH(baA (f)”H['(:;‘J(Rn)

()
< y(y") [A O [aeta™ 0] dy 1]t g

and for 0 < p <1,
1Haa ()] rger ey

< (o TS A ol et )11+ hog [~ 1% ) W e

with o > l;pp.

The theorem reveals that, unlike its performance in the Hardy space H?, the Haus-
dorff operator He,4 is indeed bounded on the spaces HK;‘ P forall 0 < p < 1, under
only some size condition assumption on the kernel function ®.

The main purpose of this paper is to further extend Theorem B to the weighted
Herz type Hardy space H K;‘ P(R™;w), as well as the weighted local Herz type Hardy
space hKJP(R";w). Also, in the case p =1 and w(x) = |x[P, —n < B <0, we obtain
the sharp size condition on @ for the boundedness of Hg,4 on the space HKy' (R ||’3 ),
under some reasonable assumption on the matrix A.

For an invertible matrix B = (b;;)uxn, set

. 1/2
Bl = (2 bij2> :
ij=1
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It is easy to see that ||B|| is the norm of B and
1B < [det (B | < [[B|I" (1)

Here and throughout this paper, we use the notation A < B to denote that there is
a constant C > 0 independent of all essential values and variables such that A < CB.
We use the notation A ~ B, if there exist positive constants C and c, independent of all
essential values and variables, such that ¢B <A < CB. Also, we use A, to denote the
set of all A, weights whose definitions can be found in the next section.

Now we are in a position to state our results. Our first result is about the bounded-
ness of Hgp 4 on the Herz type Hardy space.

THEOREM 1. Let 1 <g; <o, n(1—1/q;) <04 <o, i=1,2and 1/q + 0 /n=
1/q2+ on/n. Suppose that w € Ay with the critical index r,, for the reverse Holder
condition and qy > qary/(rw —1).

(i) If 1 < p < oo, then we have

”HQAfHHK;;z”’(R";w) = Cle”HK;CI"p(R”;w)’

where

(o} _ _
a=[ 00N aeagagat)ea
(OIS

o et ety
la-tm)l<t [yl

(ii) If0< p <1, then we have, forany ¢ > (1 —p)/p,
”HQAfHHK;;z”’(R";w) = Csz”HK;Cl"p(R";W)’

where

O] _ _ _
o= [ O e a0y (1 410847 0)1) 7y
la-t =1yl

o ) ) B
e OO e pa ) (1 t0g 4 0)1)
a-tll<t |yl

Our second result is about the boundedness of Hg 4 on the local Herz type Hardy
space.

THEOREM 2. Let 1 <g; <o, n(1—1/q;) <04 <oo, i=1,2and 1/q + 0 /n=
1/q2+ on/n. Suppose that w € Ay with the critical index r,, for the reverse Holder
condition and qy > qary/(rw —1).

(i) If 1 < p < oo, then we have

[Ho.a ) = Coll g ey
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where

o - _
CF/, PO, deta1 ()1 [ )y
ZSOIEIIY

+f P et a1 (y)] aray.
i<t

y|"

(ii) If0< p <1, then we have, forany ¢ > (1 —p)/p,
||H¢7Af||hK,?‘22"p(R";w) j C4Hf||hl'(,?ll‘p(R”;w)’

where

() _ _ _
c=[ (i"mem L) A7 ()| (14 TogllA~ D)) dy
A=t )=t [yl

o) ! ) )
+/ 9Mmax<{1.|A- 2902/91 ||oe ||A
g i 144 O (LI ol [log||
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! y)H|G}dy

When the weight is reduced to the power function, we have the following results.

THEOREM 3. Let 1 <g<oo, n(l—1/q) <o <ooand —n<f <
(i) If 1 < p < oo, then we have

HH(I)7Af||HKg‘p(R";‘.‘ﬁ) j CSHf||HKgp(R”,||/3)7

where

D(y _ _ Vg ;
Gs= [, SO0 (1A Plaeta ) a1«

(ii) If0< p <1, then we have, forany ¢ > (1 —p)/p,
HH‘I%Af||HK§“'"(R";\.\ﬁ) = C6Hf||HKg~P(Rn;|.|ﬁ),

where

Cs= [ 120N ()P aeta 1) " ha~ )P (14 1ogha~'

|y|"

THEOREM 4. Let 1 <g<eo, n(l—1/q) < a <eoand —n < f <
(i) If 1 < p < oo, then we have

1Ho afllnker g8y = Crllflger g6y

where

‘q)(y)| _ _ 1/q
C7:/HA’1(y)H<1 (HA(y)H ﬁ|detA 1()’)|> dy

|y|"

1) dy

) _ _ g "
+/ ) [@0)] (IIA( )| 7P| detA 1(y)|> I~ )| P/ ay.
[A=1()][=1

bt
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(ii) If 0 < p < 1, then we have, for any ¢ > (1 —p)/p,

||H<I>,Af||h1'<,‘;‘>"(Rn;\.\ﬁ) = C8Hf||h1'(};‘>”(1en;|.|/3)a

where
Cg =
[ OO (agy-tlaeta o)) a0 “0#0) (14 flog J4 1))
lA=1)=t [y)”
PO (11 etV L
+/HA*'(y)H<1 NG (HA(}’)H BldetA l(y)|> max{l,HA L(yy|| @B/ )|10g||A 1(y)||} }dy

Especially in the case p = 1, if ||A~!(y)|| and ||A(y)||~! are comparable, we can
obtain the following sharp result.

THEOREM 5. Let 1 < g< oo, n(l—1/g) < ax <o, —n< B <0 and ® be a
nonnegative function. Suppose that all entries of the same row of A(y) are nonnegative
uniformly on y € supp(®) or non positive uniformly on y € supp(®) and there is a
constant C independent of y such that ||[A~'(y)|| < C||[A()||~" for all y € supp(®).
Then Hg 4 is bounded on HI'(,}X’I(R";\ -|B) if and only if

¢ - n n
S, T At gy <

For the local space hK,' 1 (R™;|-|B), we are able to obtain the following necessity
for the boundedness of Hp 4 on hK;"l(R”; |-B).

THEOREM 6. Let 1 < g< oo, n(l—1/g) < ax <o, —n <P <0 and ® be a
nonnegative function. Suppose that there is a constant C independent of y such that
1A= )l < CAW)]I =" for all y € supp(®).

(i) If Hoa is bounded on hK,f"l(R”;| By with ou(14 B/n) + (n+B)/q #n,
then we have

q) - n)+(n (I) — n
Lo TR Oty [ DA ) Py <o
[CIEAY i<t Bl

(ii) If Ho A is bounded on th’l(R”;\ |BY with (14 B/n)+ (n+B)/q=n,
then we have

Js s [ ST I (1ol )y <o

W= [y Wil<t "

Finally in this section, we want to make a few remarks about our main theorems.
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REMARK 1. Suppose A(y) = diag[1/A;(y),...,1/A,(y)] with A;(y) # 0, for i =
1,...,n. Denote

M(y) = max{[2 ()], [Aa ()]}, m(y) = min{|21 ()], [Aa (V)] }-

If there is a constant C > 1 independent of y such that M(y) < Cm(y), then it is easy
to check that A(y) satisfies the assumptions of Theorem 6. Furthermore, if we assume
that, for all i =1,...,n, A;(y) > 0 uniformly on y € R" or 4;(y) < O uniformly on
y € R", then A(y) also satisfies the conditions of Theorem 5.

REMARK 2. Let a,f and ¢ be as in Theorem 6. It is clear that ||[A=!(y)||" >
A= (v)||"+B)/4 if |A=1(y)|| < 1. Therefore, comparing with Theorem 4 (i) and The-
orem 6, we raise an open question: Is the assumption in Theorem 4 sharp at the critical
index p=1?

In the second section, we will introduce some necessary notation and definitions,
as well as some known results to be used later in the paper. We will prove the main
theorems in Section 3.

2. Notation and Definitions

We start this section by recalling some standard definitions and notation. The
theory of A, weight was first introduced by Muckenhoupt in study of weighted L?
boundedness of Hardy-Littlewood maximal functions in [40]. A weight is a nonnega-
tive, locally integrable function on R".

DEFINITION 1. Let 1 < p < oo. We say that a weight w € A, if there exists a
constant C such that for all balls B,

(o) ) <

We say that a weight w € A if there is a constant C such that for all balls B,

1
H/w(x) dx < Cessinfw (x).
B

X€B
We define Ao = Uigpcoodp.

It is known that A, C A, for all » > p, and thatif w € A, with 1 < p < oo then
w € A, for some 1 < g < p. Therefore, we may use g, :=inf{g>1:w €A} to
denote the critical index of w. Obviously,if w €A,, ¢ > 1, then we have 1 < ¢, <gq.
A close relation to A.. is the reverse Holder condition. If there exist » > 1 and a fixed

constant C such that
1 U ¢
— [ w'(x)dx S—/wxdx
(@1 forras) < g fowto
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for all balls B C R", we then say that w satisfies the reverse Holder condition of order
r and write w € RH,. It is well known that w € A., if and only if there exists some
r > 1 such that w € RH,. Moreover, if w € RH,, r > 1, then w € RH,, for some
€ > 0. We thus write r,, = sup{r > 1 : w € RH,} to denote the critical index of w for
the reverse Holder condition.

An important example of A, weight is the power function |x|*. It is known that
|x|* is an Ay weight if and only if —n < & < 0. Also, [x|% € N p0)/nepesp if
0 < a < oo, where (n+ a)/n is called the critical index of |x|*.

We denote by B(x,R) the Euclidean ball centered at x with radius R. For any
w € Ao, and any Lebesgue measurable set E, write w(E) = [ w(x)dx and the Lebesgue
measure of E by |E|. We have the following standard characterization of A, weights
(see [17] or [42]).

PROPOSITION 1. Let wE€ A,NRH,, p > 1 and r > 1. Then there exist constants

C1,Cy > 0 such that
p (r=1)/r
C (E) < wE) <G (B)
|B| w(B) |B|

for any measurable subset E of a ball B. Especially, for any A > 1,
w (B (x0,AR)) < CA"w (B (x0,R)).
PROPOSITION 2. Let f be a nonnegative locally integrable function. If w € Ap,

p =1, then

! 1 1/p
B 9 < (T O 0)

Given a weight function w on R”, as usual we denote by L}, (R") the weighted
Lebesgue space of all functions satisfying

1fllp = (/R f(x)|Pw(x)dx) 1/p .

We denote L;; = L™ and || fl|zz = || f||z~ for p = eo.
Let By = {x € R": |x| <2},Dy = B;\ By_; and Xp, be the characteristic function
of Dy for k€ Z.

DEFINITION 2. Suppose ot € R, 0 < p, g < oo. Let w be a weight on R". The
homogeneous weighted Herz space K; 7 (R";w) is defined by

KPR w) = { 1 € L, (R™ {0} w): 1 g oy < =}

where

1/p
Hf”K;‘”’(R";W) = { 2 W(Bk)ap/anXDkiq(R",w)} .

=—o0
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Let ¢ be a function in S (R") (the class of Schwartz functions) satisfying

/Rn(p(x)dx;éo.

Set
f**(X)=§)up|¢s*f(X)l,f+(X)= sup |@s* f(x)[,

0<s<1
where ¢, (x) = Lo (%).

DEFINITION 3. Let t € R, 0 < p < oo, 1 <g <o and w € A;. The homoge-
neous weighted Herz-type Hardy space H K,f‘ P(R™;w) and the homogeneous weighted
local Herz-type Hardy space hl'(,?C P(R™;w) are defined, respectively, by

HEP (R w) = {f € S'(R) 1 € KD (R}
BRET(R"w) = {f € S'(R") - /€ KEP(R'5w)},

where

||fHHII(:]X‘p(R";W) = H‘f++||i(g‘p(R";w)’ Hf”hl'(gﬁ(Rn;w) == ||f+HK:;‘~P(Rn;W)~

Itis known that the definitions of weighted (local) Herz-type Hardy spaces are flex-
ible on the choice of the function ¢. If w = 1, we denote these spaces by HK, " (R")
and hKZP(R"), respectively. Obviously, Ky’ (R") = LP(R"), HKy” (R") = H?(R")
and hKy"(R") = hP(R") for all 0 < p < oo, where HP(R") and h?(R") are the real
Hardy space and the real local Hardy space (see [16]), respectively.

When o > n(1—1/q), the Herz-type Hardy space is an ideal space in place of
the Herz space. If 0 < p < oo, 1 < g <eo,and w € A, Lu and Yang [34] showed that

HEZP(R";w) LY (R"\ {0};w) = K& (R";w)

loc

for0<a<n(l—1/q),while
HKP(R";w) N L]

loc

(R"\ {0};w) C K7 (R";w)
for n(1 —1/q) < o < oo, and the inclusion is proper.

DEFINITION 4. Suppose 0 < p < oo, y< 1< g<oo, n(l—1/q) < ot <eo, and
T2 [oe+n(1/q—1)], where [s] denotes the maximal integer less than s.
(i) A function a(x) on R” is said to be a central (¢, g;w)-atom if it satisfies

supp(a) C B(0,r) ={x € R": x| < r}, 2)
lallLawrw) < w(B(0,r))"*/", 3)
/ a(x)xPdx=0 “4)

for all multi-indices 3 with || < 7.
(ii) A function a(x) on R” is said to be a central (a,q;w)- block if it satisfies
(2) and (3).
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Similar to the real Hardy spaces, the space HK; " (R";w) and hK; " (R";w) have
atomic decompositions.

PROPOSITION 3. Ler 0 < p<eo, 1 <g<eo, n(1—1/q) < x <ooandwecA.
(i) f€HKST(RYw) if and only if

o0
= Mha
f—

in Schwartz’s distributional sense, where ¥, = _ |M|P < oo, and each ay is a central
(o, q;w) -atom with support in By.. Moreover,

too 1/p
Hf”HK"‘P R~ mf{ ( 2 xk|p> } )
k=——oo

where the infimum is taken over all decompositions of f as above.
(ii) f€hKy"(RYw) if and only if

o0
= Mha
f—

in Schwartz’s distributional sense, where Y,/ _ ||V < oo and each a; (k <0) is a
central (o, q;w)-atom and each ay (k> 0) is a central (ot,q;w)-block with support

in By. Moreover,
Joo 1/p
||thI.(g‘p(R";w) ~ lnf{ ( 2 |A’kp> } )
k= —oo

where the infimum is taken over all decompositions of f as above.

3. Proof of the Theorems

3.1. Proof of Theorem 1

Firstly, we prove (i). According to part (i) of Proposition 3, any f € H K a"p (R w)
has an atomic decomposition

oo

=2 ha,

f=—o0

where (ZZ":_NM]C‘P)I/P < ||fHH1'(§'ll”’(R";w) and each q is a central (ay,q1;w)-atom

with support in B;. Now

Hoa(f) = i MHeo 4 (ay) .
p——
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To prove the theorem, it suffices to show that

Heo 4 (ax) 2 Ak/H<I>A(akJ)

Jj=—o0

where each Ho 4 (ay;) is a central (0,g2;w)-atom and

> (Al =1
j:—oo
uniformly on k € Z.
‘We rewrite
D(y)
Hoa(a / ay(A(y)x)d
DA k j_z_w 2/<HA H<2I+1 |y|n ( (y) ) y
= Z byj(x). (5)

It is easy to check that each by; satisfies the same cancellation condition as a;. With-
out loss of generality, we may assume that supp (a;) C B(0,p). Hence we have

supp (ax(A(y)-)) € B(0,[|A~'(y)[|p) and
supp(bi;) C B(0,27"'p).

Also, the size of by; is

D(y
Jouslism oy < [ 0N o (46)) Iy ®

2ig)a-1(y)ll<2itt |y]?

Since q1 > gary/(rw — 1), there is 1 < r < r,, such that q; = qor’ = qor/(r—1). By
virtue of the reverse Holder condition and Proposition 2, we obtain

llax (A(y)) Il o2 (rr)

. 1/q1 1/(rq2)
=< / ar(A(y)x 'dx) (/ w’xdx)
( A’l(y)B(QP)‘ KAl A~1(y)B(0,p) )

1/q 1/(rq2)
<|detA™! (y)|//o (/ |lag(2)|"! dz) (/ w’(x)dx)
B(0,p) B(0,[A~1(y)llp)

1/q1
<l ) 180.p)0 (s [ i wicia:)

-1 1/(rq2)
|B(O7HA (y)||p)| 4 W(B(0,||A71(y)||[))l/q2.

B0, |4~ (y)l|p)| !/
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Hence

la (AG)) [l (o)
Lo IA1 )72 w (B(O, A~ () 1p))
A )7 w(B(0,p))V/an

wg”mwww,Awwm»Wz
Ww(B(0,p)) /7

detA—! 1/q B(0.27+! 1/qr+an/n '
< <| et y2|) (W(W((Ba(o p)l;))) W(B(0,2J+lp))7a2/n, (8)

where the last inequality is due to 1/g2 + o /n=1/q;+ oy /n.
When j > 0, (8) shows that

| detA™! (y)|

k| L (R™;w)

w(B(0,p))” %/ (7

o . detA_l y 1/q1 ) B )
llax (A(y)-) HLqZ(R”;w) =<2/ (1/q2+01 /n) (HAli(y)(”y) w(B(072/+1p)) o/

=|detA™" ()1 A7 ()| w(B (0,27 p)) =", ©)

When j = —1, we have

|detA~!(y)|

1/q1 )
B(0,p))"%/". 10
o) o) o

%@@wam<<

When j < —1, by Proposition 1, (8) yields that

-1
e (A)-) o2 () = (%@;ﬁzl

=<[detA™" ()| A7 ()| 2R 1 w(B(0,27 p)) (1)

1/q
) l 2jn(1/q2+0€2/n)/f'w(3(0’ 2j+1p))—oc2/n

From (6)—(11), we have

kuj”LqZ(R";w) = )ij W(B(O,2j+1p))—0‘2/"’

where
DY |q)()’)| —1 1 -1 e
A -2/ detA /0| A “dy, if j=0
) ST T | WA ) [H dy, it j
and
~ o)
xkj:/_ . | ();”|detA_1(y)|l/‘“HA_I(y)HO‘Zq2/‘71dy, if j<O.
2ga-ip<2+t [yl
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Let

bkj = lkjakj.

577

It is easy to check that each a;; is a central (05,q2;w)-atom. Next we will show that

oo \ik ;|7 is uniformly bounded on k € Z.
When 1 < p < oo,

)y %k,-|P<< > mk,)p

j:—oo j__°<’

(o} _ _
([ Todeta Gl 4 )y
A= (y)]1>1

1yl

14
+/ i ‘ ( )||d tA™ ( )l/qlA—l(y)”azl]z/‘Ildy) .
A=t ()<t

|y["

(i) of Theorem 1 now is proved.
It remains to prove part (ii). When 0 < p < 1,

=3

S l? = zm,|f’+ 2 21 + gl

J=—e J=1 jE—ee
=1+11+ |7Lk0\1’.
Then
- - 1/(1-p)
J=1 Jj=1
=

P 1/(1-p)
> il° lk,) (E j(l”)/(“”)>
—— oo j:—oo

(2
(
(2

o (/ |d)( )|| (y)‘l/ql HA*l(y)Hazqz/m ’logHA’l(y)

i<t [y
(13)—(15) yield that,if 0 < p < 1,

Jj=—00

j</ 1y O et WM AT )1 (1+ [log A ()

=1 [yl

)| lav|| A~ o _ c
/Al H>2 e |detA™! ()[4 |A7  (y) |1 (log[|A~ ()] dy) .

p

1) dy

p
|"dy).

12)

(13)

(14)

15)

(16)

ol - - B p
+/HA ( | ()||detA 1(y)|1/111HA l(y)Hazqz/ql (1+|10g||A 1(y)|)6dy>,

“iy)<t "

The proof of theorem is completed. []



578 J. RUAN AND D. FAN

3.2. Proof of Theorem 2

Firstly, we prove (i). According to part (ii) of Proposition 3, any f € hKg"" (R";w)
has an atomic decomposition

=Y Meay,

where (3| 4/P)"/? < ”thKffl”’(R";w) and each a; (k< 0) isacentral (o,q1;w)-atom

and a; (k> 0) is a central (oq,q1;w)-block with support in By. By Theorem 1 (i), it
suffices to show that, for any k > 1,

Heo 4 (ax) 2 Ak/H<I>A(akJ)

]—_°°

where each Ho 4 (ay;) is a central (0,g2;w)-block and

oo

> (hlr =1
jzfoo
uniformly on k € Z+.
We rewrite
(Ho pay) (x)
D(y ) D(y)
= x)dy + / ar(A(y)x)dy
/H i<t DI 2 2i<)a-1(y) <2+t |y[? “ok)
= b+ 2 by (x). (17)
=k

When j > —k, by the proof of Theorem 1 (i), it is easy to check that by ; can be rewritten
as

brj = Mjagj,

where each ay; is an (05, ¢;w)-block supported in B(0,2/7%1) with lagjllgor
4
=<1, and

R";w)

T — {f2f<A1<y><zj+1 [0 | et~ (y) V|~ () |4y, iz0 e

M .
hicja1))<2it 12 S 2 detA™! (y)| Y [|A Y (y) | 2/ dy, —k < j < 0.

Next we turn to estimate Zk. It is easy to see that the support of Zk isin B(0,1)
and the size of it is

= |D(y)|
b ey j/ . neyy d . 19
[ Dxl a2 (R o<t D lax(A() )| 2oz (rrw) Y (19)
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Let r be as in the proof of Theorem 1 such that g; = g># . By (7), we have

”ak(A(y)')”LqZ(R”;w)
(MMA“(H)M“WQWMA1U)ﬁ»U”W@wJD%“Ww@J»—mm

w(B(0,29))aran

A=)
A1 Var 21p0 1A=L) 126\ (@2
IO (y)|| |B(0,24)]
= [detA™! ()| w(B(0, 1))/, (20)
where the second inequality is due to k > 1, |A~!(y)|| < 27* and Proposition 1.
(19) and (20) imply that
= ()| I ) -
b noy) = / detA™ /1 qy ) w(B(0, 1))~ %/
it = ([ P et )]y (0, 1)
21

= )Lk(fkfl)w( (0, 1))/,

Letzk( )= 7Lk —k—1)@x(—k—1)(x). (21) yields that a1y is a central (0,q2;w)-block

and

(k1) ke oy 2 1-

Let

ikao,j:_k_z,—k—&.... (22)

From (18), (20) and (22), we have that, for 1 < p < oo,

- . \?
> lkj|p<< > lkj)
j— j=—k—1

(), »
j(/ . |detA™! ()| a1y

|<2-k  |y|”

()| attaet fon o
+A " |detA=!(y)[ /1 A~ (y)][ @ dy

12 "

_‘q)(y” “Leypy [ a1 042 /q1 :
+ = [detA™" (y)|/ 1 [|[AT (v dy (23)
kA 1)<2 [yl

()| »
f(/1u<1 |detA™! ()| a1y

"
q) B P
Lo or S e ) 0 )y )

[
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and, for 0<p<1and 6> p/(1—p),

Z Al = Z 217

Jj=—o0 Jj=—k—1

[D(y)| 1
5/ detA~ a1y
( JA-te)l<2k |y]? | gl

() _ _ _
Ly et a ) A ) (1 g 471 5)])

“e)l<z Iyl
- _ p
+/ | (n)|\ )M AT ()| (log]|A l(y)ll)gdy)
lA-tp)l=2
- —
ﬁ(/ ) | (n)|| ()’)|1/q1max{l,||A 1(y)Hoczqz/q1 |10g||A I(Y)H|G}dy
lA-tol<t [yl

1)) B B B P
o o e ) A ) (14 togA 1) )

[
This completes the proof of Theorem 2. [

3.3. Proof of Theorem 3

Similar to the proof of Theorem 1, it suffices to show that, for every central (¢, g;
|- |B)-atom a; supported in B(0,p),

Ho 4 (ar) 2 )ijH(bA(akj)

]__°°
where each Ho 4 (ax;) is again a central (ot,g;|-|P)-atom and
X Ayl <1
j:—nx)

uniformly on k € Z.
Let by; be asin (5). Lt is easy to see that it satisfies the same cancellation condition
as ag, supp(by;) C B(0,2/7p) and the size of by; satisfies

, |D(y)|
Hb"’””(“";"'”j/zfguA*(y)quﬂ o A0 a(ogpydy- 29

Since
et (AG)) g ey )
< (140691 014~ 0)1) " ) e )

1/q
=< (A0 I Pldeta " )])  petreA)/n 25)

—a/n

_ _ /g n
< (a0 Hlaea o)) a1 par) L o)
B(0,2/+1p)
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the last inequality is due to 2/ < [|[A~1(y)|| < 2/,
By (24) and (26), we have

”bijLq(R";\.\ﬁ)

—a/n
= (/ xﬁdx>
B(027%1p)

[@()] Bldeta () AT () <04/
L, (1401 P1aena o)1) a0 B ay)

<2+t |y|"

_ —a/n
= Mg /  |x|Pax . 27)
B(0,27%1p)

Let

bkj = lkjakj.
It is easy to check that each a;; is a central (e, ;|- |P)-atom. By a similar discussion
as in (12) and (16) respectively, we have

=3

~ P
S ol = ([, TN (o Plaeato) a1y ) oo

|y|"

J=—

if 1 <p<eoand

=3

> AP 9)
fentt

p

: (mq)yb:')' (A(y>ﬁ|detAI(Y)|>1/QIIAl(y)"‘(1+ﬁ/">(1+llog||Al(y)||’)"dy> ,

if0<p<land (1-p)/p<o.
The proof of Theorem 3 is completed. [

3.4. Proof of Theorem 4

Since the proof is similar to the proofs of Theorem 2 and 3, we just sketch the
outline of the proof. Let b;; and by be as in (17). According to (26), we have, for
k>1and j> —k,

||bkj(')||Lq(R";|.|/3)

—a/n
([, )
B(027+1p)

: (/2/@1( 0 (a0l jaeca ) q||A—1<y>||a“+ﬁ/n>dy).

<2+t [y
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By (25), we have

. . () Byt ) VA
be(- wp gy < 27 ketB)/n / | A Bldeta™! d
1B ey ) = et DT (IMIP deta™ )])

: </ <1|q|)y(|n)| (”A( )”_ﬁdetA_l(y)>l/q) </B(0,1)Xﬁdx> 70(/".

This completes the proof of the theorem. [

3.5. Proof of Theorem 5
If A~ ()I| < A" then (1) gives that
AT )" ~ A" ~ [detA™" ()] (30)

The “if” part (i) of Theorem 3 is easily obtained from Theorem 1. Next we will show
the “only if” part. For simplicity, we show the case n = 2, since the proof of case
n > 3 is only notation difference and it does not require new idea.

Set A(y) = (cij(y))2x2. Since for any given i € {1,2}, ¢;1(y)ci2(y) = 0 for all
y € R?, without loss of generality, we assume ¢ 1(y), c12(y) =0 and ¢2.1(y), c22(y) <
0. Then, for all vectors x = (x1,xp) with x; >0, i =1, 2, we have

A(y)x € {(z1.22) €R? | 21 = 0,2, < 0}.
Let a be a function with support on B(0, 1) and satisfying

1, x1x2 >0,
alxp,x) =4 0, xjxp =0,
—1, x1x0 < 0.

It is easy to check that « is a central (o, ;|- |)-atom and a satisfies
||a(.)HHK°‘ I(RZ E ‘ﬁ =L

Suppose

Az y(z) ||A ( )“a(l+ﬁ/2)+(2+ﬁ)/‘1dy — oo,

If He 4 is bounded on HKS"' (R?;|-|P), we have
Hch,A(a)||Hkg‘l(R2;‘.\ﬁ) = ||a||HKg‘1(R2;|.|ﬁ) =L
On the other hand,

HHfD,A(a)”H]'(gJ(RZ;‘.‘ﬁ = ”H‘IZA(Q) HKU‘J(RZ;‘.‘/?)

. Z (2P| (Ho )2l ooy ) - BD)
e oo
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Since
1/q 1/q
el = ([ leolPax) ([ 1wbax)
k
< 2D gy oy )0 (32)
(31) and (32) imply that
”fﬁhA(a)HHKgJ(R%LW)
T ’
= X (2D (B s e ) (33)

k—=—oco

0} R
-/ (/ b a(A(y>x>|dy) PRI
x120,x0>0 R? ‘y‘

= ([, @l PP a0 )2 )

2 |y
q) o R 1 R
t/ (2)|d (AL ()[4~ () [BHE+B)@2 1/q></0 (BB (0)2 1/q>+1dy> dy
- [ %Meml@)m1<y>ﬁ+<2+ﬂ><°‘/“/q’>dy
:/ q)(y)HA*l(y)“a(l+ﬁ/2)+(2+ﬁ)/qdy:oo,
R [y[?

This leads to a contradiction. [J

3.6. Proof of Theorem 6

First, we prove (i). Suppose

D(y _ n)+(n
/ (n) H l( )Ha(lJrﬁ/ )+( +ﬁ)/‘1dy:oo,
a1z [yl

Let ¢(x) = e~ and b(x) = xB(0,1/2)(x) . An easy computation shows
||b(x)Hth~l(Rn;|x|/3) =1
By a similar discussion of the proof of “only if” part of Theorem 5, we have

U= Hoab(9)l,

D(y - - n n—1/q
= [ T geta il ) s e

e<1/2]

e / |(| )IIA (y)|| (B a+e(1+B/n) (/ Y 2,,(n+ﬁ>/q+oc<n+/3>/n—1dy)ary:m,
R" |y|" 0

B +rB)@/n-1/) dz) dy
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which leads to a contradiction.
Next, suppose
PO =1y
| A7 o) =
A-t)l<t [yl

|Ho ab(x) ||h1g;11~1 (R”:]x|B)

By (33), we have

~+oo

= 3 (1P B (Hoab)* 2l oo )
k=—o0

0
= 3 (2o | sup (0. (Fo.16) (9 e

o 21y <2k 0<s<1
i/Ix|<1 | (91 * (Ho.ab)) ()] 1x[P* (n+B)(a/n=1/d) gy

Here

|y * (Hop 4b)) ()] = / P deta1(y) ( /‘ Lo (M) du)dy.

R |y[" ul<1/4 |x|" x|

Therefore, we obtain

1Hoab ()], gt (o g8

®
- [ Y geta~! )
A=t )<t [yl

A ,
y / (/ L, (M) |x|ﬁ+<n+ﬁ>(a/n—1/q>dx> dudy
ju<1/8 \JJxl<1/2 |x] ||

‘D - n n
z/ O)) 41y et p/m
la-t)l<t Y]

( |detA~!(y)|
></ / —1 nl-n
lul<1/8 \Jz1<1/2la=1 o)) 1A~z

A 0= W | sB)o/n-1/g)
<o (“ o) A

>/ Dy )|| —1( )||(n+ﬁ)/q+a(l+l3/n)
“Jiatp<r Iyl

—1
X/ </ 0 <|A (_yl)(z—u)|) |Z|ﬁ+(n+ﬁ)(a/nl/q’)ndz) dudy.
lul<1/8 \J1/8<[z|<1/(2)|A-L (7)Il) |A=1(y)z]

For any |u| < 1/8 and 1/8 < |z| < 1/(2||A~'(y)||)., we have

AW JA Ole—u] _ J<l+Ju]
A S AelE SR

<2C.
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This implies that

1 Hooab ()], gt (o g5

@ - n n
>/ ) ({,)HA L(y) || B ato(iB /n)
lAa-tel<t [yl
></ (/ Z|ﬁ+("+ﬁ)(0¢/n1/f/)ndz) dudy (34)
ul<1/8 \J1/8<[z|<1/(2A~1(y)])
D) .- n n
>/ ) (n)HA L) (B a8 /)
lAa-tel<t [yl
-1
y /1/(2\\A (y)H)p[3+(n+/3)(a/n—1/q’)—1dp o
1/(41A=1)ll)
DO | a1 (y((+B)/ 1
— A n q+a(1+/3/n) d
’/HAfl(y)Hd ly[" A=l |A=1(y) B +(tB)(e/n=1/q) q
D(y _ N
= [ Tty =
lA-tel<t [yl

We now complete the proof of part (i) of Theorem 6.
It remains to prove (ii). From (34), if a(1+ B/n)+ (n+ B)/q=n, we have

o)y, o UCATOD
Hoab(Ol e gy = | a1 (/1 p ldp) dy

At )l<t [y]? /8
D(y _ n _
t/ B (n)HA ")) (1-log||A™ () [ dy="=.
a1 l<t [yl

The proof of the theorem is completed. [J
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