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WEIGHTED REGULARITY ESTIMATES IN ORLICZ SPACES
FOR THE PARABOLIC SCHRODINGER OPERATORS

FENGPING YAO

(Communicated by I. Peri¢)

Abstract. In this paper we study regularity estimates in weighted Orlicz spaces for the parabolic
Schrédinger operator

d
P= o = A+V(xi)

with non-negative potentials V (x,7) satisfying certain reverse Holder class. As a corollary we
obtain the classical L7 -type regularity estimates for such operator.

1. Introduction

In this paper we consider regularity estimates in weighted Orlicz spaces for the
following parabolic Schrodinger differential operator
d

PZE—A-FV(Z) in R, (1.1)

n
with V € V.. (see Definition 1), where z = (x,1) = (x',...x" 1) and A= 3 5.
i=1 i

Shen [33] proved the L” boundedness with 1 < p < 2 of the nontangential maxi-
mal function of Vu for the L”-Neumann problem of the elliptic Schrodinger operator

L=—-A+V(x), (1.2)

with V € V., (see Definition 1) in a domain Q C R”. Moreover, Shen [34] obtained the
following L? estimates for (1.2)

/ |D2(—A+V(x))’1f}pdx<C/ 1P dx
R® R~

for 1 < p < g, assuming that V €V, for some g >n/2.
Gao and Jiang [ 18] proved the following L? estimates of the parabolic Schrodinger
operator % —A+V(x)

/l‘%" x(0,T]

Mathematics subject classification (2010): 35K10, 46E30.
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p

-1
D2<3—A+V(x)) f dz<C/ [f|Pdz for 1 <p<gq,
ot R x(0,T]

© M, Zagreb 643

Paper MIA-19-46


http://dx.doi.org/10.7153/mia-19-46

644 F. YAO

n

where z = (x,7) and V €V, for some g > 3 with 0 < < - 2 and n > 3. Recently,
Carbonaro, Metafune and Spina [13] proved

P) -
2
/RM D <£—A+V(z)> f

for the parabolic Schrodinger operator E —A+V(z), assuming that V €V, for 1 <
p < oo.

dzgc/ 1717 dz (1.3)
Rn+1

DEFINITION 1. ([3, 34, 35]) The function V(z) is said to belong to the reverse
Holder class V,, forsome 1 < g < e if V € LZOC (R"“), V > 0 almost everywhere and
there exists a constant C such that

<][Q Vi(z) dz) . < C][Q V(z)dz

for any square cubes Q in R"*!, where

1
][Qv(z)dzz @/Qv(z)dz

If g = oo, then the left hand side is the essential supremum in Q, i.e.,
sup |V (z) C][ V(z

Actually, if V € V.., it clearly implies V €V, for every g > 1.

Sobolev spaces, which are sets of functions with a certain degree of smoothness,
are commonly used and studied in a wide variety of fields of mathematics, and have
turned out to be one of the most powerful tools in analysis created in the 20th century.
Since the 1960s, the need to use wider spaces of functions than Sobolev spaces came
from various practical problems. Orlicz spaces have been studied as the generalization
of Sobolev spaces since they were introduced by Orlicz [31] (see [3, 4, 14, 15, 22]).
The theory of Orlicz spaces plays a crucial role in many fields of mathematics including
geometric, probability, stochastic, Fourier analysis and PDE (see [32]).

We denote © by

® = {¢:[0,+00) — [0,+20) | ¢ are increasing and convex } . (1.4)

DEFINITION 2. A function ¢ € @ is said to be a Young function if

fim 29 L o,
1—0+ 1 t—+eo O (1)
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DEFINITION 3. A Young function ¢ € @ is said to satisfy the global A, condi-
tion, denoted by ¢ € A,, if there exists a positive constant K such that for every ¢ > 0,

¢(21) <Ko(1).

Moreover, a Young function ¢ € @ is said to satisfy the global V, condition, denoted
by ¢ € V,, if there exists a number a > 1 such that for every > 0,

¢ (at)
2a

o(1) <

REMARK 1. We remark that the A, NV, condition makes the function grow mod-
erately. For example, ¢(z) =t and ¢(¢r) = ¢P(1 + |logt|) with p > 1 satisfy the
A, N'V5 condition.

Now we consider

¢(Ap)
hy(A) =sup——= for A >0
o) =SB o)
and loghy (L) loghy (L)
N i 0871e(A) 08y
z(q))—llggr log A Oi‘iﬂl logA (15

If € AyNV,, then from [9, 17] we know that i(¢) > 1 and
lmin{/lo‘17/lo‘2}<})(p) < P(Ap) <cmax{A% A%} ¢(p) forany A,p >0, (1.6)
c

where the constants o, 0 € (1,00), o < o Itis worth pointing out that i(¢) is equal
to the supremum of those o for which (1.6) holds true with A > 1.

We shall give some definitions and properties on the weighted Lebesgue spaces
(see [8, 10, 20, 23, 27, 28, 35, 36]).

DEFINITION 4. A, for some p > 1 is the class of the Muckenhoupt weights:

weA,if welLl (R, w> 0 almost everywhere and there exists a constant C

such that for all square cubes Q in R+

_ -1
<][ w(z) dz) <][ w(z) = dz) <C.
(9] (@)
Moreover, we denote

Ao = U Ap and w(Q)z/Qw(z) dz,

1<p<oo

where Q C R"*!. Furthermore, the corresponding weighted Lebesgue space L% (Q)
consists of all functions 7 which satisfy

1/p
Vil = ( e dz) o
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DEFINITION 5. Let ¢ € A,NV; and w € Ayy). Then the weighted Orlicz class
K:g (Q) is the set of all measurable functions g : Q — R satisfying

| olshwizidz <.
0

The weighted Orlicz space Lﬁ(Q) is the linear hull of K (Q).

We use the Hardy-Littlewood maximal function which controls the local behavior
of a function.

DEFINITION 6. Let v be a locally integrable function. The Hardy-Littlewood
maximal function .Zv(z) is defined as

() = supr [v(y,s)ldyds,

where the sup is taken over all square cubes Q in R"*! containing z = (x,1).

It is well known that the maximal functions satisfy strong p-p estimate for any
1 < p < oo and weak 1-1 estimate (see [35]).

LEMMA 1. (see [8, 10, 23,27, 28, 35, 36]) Assume that w € A, for some p > 1.
Then we have

1. Ay CA) forany 1 <p; < p <oo.

2. w({zeR™ Ag(z) > u}) <CUTP [ |g(2)|"w(z)dz  forany p > 0.

L) o0, (12’
C1<|Qz| Sw) 9o

for any square cubes Q) C Qy C R"™! where 6 >0 and Cy > 1.

3.

LEMMA 2. Assume that ¢ € A,NV, and w € Aj(g)-

1. There exists a small positive constant & < 1 and a constant C > 1 such that

<][Qw(z)1+£“dz) v < c][Qw(z)dz

for any square cube Q C R"t1.
2. There exists a positive constant py € (1,i(¢)) such that

weEA,.
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3. There exists a positive constant q > 1 such that

Lﬁ(Q) CL1(Q) C L (Q) forany square cube Q C R

Proof. The conclusion (1) can follow from Theorem 3.5 in Chapter 9 of [36].
Since w € A;(y), from Definition 4 we have

(][ w(z )dz) <][ Wiz )Wdz)i(d’)l
( - >1 i(¢)dz> (][QW(Z)M)IIdz>i(¢)_l

<C (1.7)

—1
for any square cube Q in R"*!, which implies that w(z)™-T € A ) - Therefore,

from the conclusion (1) we have

-~ l+e(’) ﬁ —1
][ w(z) @-Tdz <C][ w(z) @-Tdz (1.3)
1] o

for some g) € (0,1). Let

po= 14 € (1i(0))

Then from (1.8) and the fact that w € A;(4) we find that

(J[QW(Z)dZ) (][QW(Z) ”Zl'dz> pr-1

) ( ][Qw(z)dz> ( ][ i, ) s
colf i) ]

which implies that w € Aj,,. Thus, the conclusion (2) is true. Recalling that i(¢) >
p2 > 1 and the fact that i(¢) = sup ;> 1, where the supremum is taken over those o
for which (1.6) holds true with A > 1, we can choose a proper constant

(]) 71
=y ) <C. (19)

€ (p2,i(9)) satisfying (1.6). (1.10)
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Let
0
o
g=—Le(1,0). (1.11)
P2
Then, from Holder’s inequality and (1.9) we have

1

J it = [ 11w i) 7

< ( [t dz)% ( [ w(zrﬁdz)l—%
< (/Q<1+|f|>a?w(z>dz>$ <%>_

L
P2

<c(farimtuen)”.

since w € L} (R") and w > 0 almost everywhere. Furthermore, if f € LY(Q), then
from (1.6) and (1.10) we find that

1

éuwagc(é¢u+mw@wﬁ”
<c@+éyumw@&)”<c

This finishes our proof. [l

LEMMA 3. (see [9, 21]) Let ¢ € AyNVa, w € Ayy) and g € L‘?,(R”“). Then we
have

ollehwdz = [ w({zeR™ 1]l > A})alo(2)

R+l

/RM (lgl)w / ¢ (A (|g]))w dz<C/ ¢ (g w(z)dz,

where C=C(n,p,w).

and

Now let us state the main results of this work: Theorem | and Theorem 2. We shall
give the direct proofs of the main results via the maximal function approach which was
employed by [2, 8, 11, 24,27, 28].

THEOREM 1. Assume that ¢ € ApyN\Va, w € Ayy) and [ € LY (R ). If u is the
solution of the heat equation

u(z) — Au(z) = f(z) in R
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then we have

/RHH (e ) w dz+/ 0 (|Du|) w(z)dz < C/Rn+l o (I w(z)dz

REMARK 2. We remark that the condition ¢ € A, NV, is optimal for the type of
regularity results (see [37]). Especially when w(z) = 1 and ¢(z) =¢? with p > 1, the
above estimate is reduced to the classical L” estimate.

Recently, Bramanti, Brandolini, Harboure’s & Viviani [5] proved that

ullwz.p @y + Vel Logny < C (I1f lw ey + Nl ogen))
if u € G5 (R") satisfies
— Qijlhxx; +Vu=f, (1.12)

where V €V, with 1 < p < ¢ and g > n/2. Furthermore, Zhang [38] extended the
result in [5] in the setting of the general Orlicz spaces.

THEOREM 2. Assume that ¢ € AyN\Va, w € Ayy), V € Vo and f € LY(R™).
IfuecCy (R™1) is the solution of the following parabolic Schridinger equation

u(2) — Au(z) +V(Qu(z) = f(z)  in R™, (1.13)

then we have

Lo 0 (Vi w(@) + 6 () wi@) + 0 ([Dul) wiapdz <€ [ 6 (1) w2z

Our approach is much influenced by [8, 9, 10, 25, 27, 28]. The authors [8, 9, 27,
28] obtained the local/global weighted gradient estimates for second-order elliptic and
parabolic equations in the bounded domain, where they used harmonic analysis tools
such as the maximal function operator which is first developed by Caffarelli and Peral
[11]. Moreover, Byun and Ryu [10] proved the global weighted gradient estimates
for nonlinear elliptic equations of p-Laplacian type, in which they used the harmonic
analysis free approach based on the covering/iteration argument (see [1, 6, 7, 29]).

2. Proofs of the main results

In this section we shall finish the proofs of the main results: Theorem 1 and The-
orem 2.
2.1. Proof of Theorem 1

In this subsection we shall prove Theorem 1. We first give the following Calderén-
Zygmund decomposition, which is much influenced by [25].
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LEMMA 4. Let D be a square cube in R"' and A,B C D be measurable sets.
Assume that 0 < w(A) < uw(D) for 0 < u < 1. Then there exists a sequence of disjoint

square cubes {Qy ey satisfying
1. w(A\Uren Ox) =0,

2. w(ANQy) > uw(Qx),
3w (A N ’ka> < uw (@;) if ’ka is the predecessor (father) of Q.
Furthermore, if for any Qy., its predecessor ’Q\; satisfies

W(Bﬁ@{>>aw<@{> for 0< o<1, (2.14)

then we have

N2
Proof. 1. We first divide D into 2"*! (denote by {Q{' }j

) disjoint square
1:1

cubes (daughters) with the same size. Choose those square cubes satisfying w (A N Q{‘)
> uw (Q{‘) and continue to divide every remaining square cube Q{l into 2"! (de-
NV
note by {Qé“”} -
Ja=
sequence of disjoint square cubes {Qx};o Which satisfy (2)-(3) by repeating the pro-

cess above. If z € D\ {Q} . then there is a sequence of square cubes P; containing
z with the diameters of P; converging to 0 and

) disjoint square cubes with the same size. Therefore, we obtain a

w(ANP) < pw(P).
That is to say,

/Ampiw(z)dz < [,L/Piw(z)dz.

From the elementary measure theory and the fact that w(z) > 0 almost everywhere we
can conclude that z € D\ A for almost every z € D\ {Ox };cy» Which implies that

|A \ {Qk}keN| =0.

Thus, from Lemma 1 (3) we conclude that (1) is true.
2. Let Oy be the predecessor (father) of Q. Now we choose a disjoint predecessor

subsequence {ka/ } (still denote by {@} ) such that

UJoc U@

keN keN
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Thus, from (1), (3) and the hypothesis (2.14) we deduce that
w(A) :ZW<AO@> <pyw (/ka> < EX‘W<BO/QVIC> < EW(B),
3 3 % o
which finishes our proof. [J
Next, we shall prove the following important result.

LEMMA 5. (cf. Lemma 9) Assume that ¢ € AyNVy and w € Ay for i(9) >

o) > g > 1, where of ,q are defined in (1.10)«(1.11). For any p € (0,1) there exist
two constants My = M, (n) > 1 and 6 = 6(n,o,u) € (0,1) such that if

~ ~ 1 /~
w({ze Q://<|D2u}q) (2) < l}ﬂ{ze 0: . (f1(z) < 54}) > 5w <Q> :
(2.15)
where é is a so-called predecessor (father) of the square cube Q with ‘é‘ = |20,
then we have

w ({z co:M <|D2u|q> ) >M§}> <uw(0).
Proof. From Lemma 1 (3) and (2.15) we find that

{ze 0 a ()@ <1jrfze 0 a1 (@) < 87}
9

1

w({zera (D) ) <1}n{ze 0 (s <81})]°
e

> (201)77 € (0,1),

since C; > 1 and o > 0. That is to say,

’{ZG O:.M (|D2u|q> (z) < l}ﬂ{ze 0.4 (f]7) (z) < 5‘1}‘ > (2C1)7é

0.
Therefore, there exists zg € é satisfying

4 (I0%]") () <1 and . (|1%) () < 8°.
Since zp € Q C 30, we conclude that

][ ID2u|"dz <1 and ][ If|7dz < 8. (2.16)
40 40

Let f be the zero extention of f from 4Q to R"*! and v, be the solution of

(v), —Avi=f in R"".



652 F. YAO

Then recalling the elementary L? -type estimates, we have

2 |4 7z
/R)Hrl |D Vl’ dZ g C/]R}H»l ‘f|qdz’

which implies that

/ }Dzvl}q dzé/ }D2V1|q ngC/ |‘ﬂquZC/ |f|qdZ
40 Rn+l R+l 40

Therefore, from (2.16) we conclude that
. |phwlfaz<cf |ppdz<cer. (2.17)
40 40

Set hy = u— vy . From the definition of f, we find that /; satisfies the heat equation
(hl);—Ahlzo in 4Q.

It is easy to check that D?h; still satisfies the heat equation in 4Q. Moreover, it follows
from the local bounded estimates (see [16], Theorem 9 in §2.3) that

sup|D2h1\ <My,
30

where M| > 1 only depends on n. The proof is totally similar to the proof of Lemma
9. Here we omit the details. [

COROLLARY 1. (cf. Corollary 3) Assume that p € (0,1) with C,u° <1 and w,d,
q, M, satisfy the same conditions as those in Lemma 5. For any A > 0 we have

w({zeRnH <|D2u}q> )L‘qu}>
<20,u° [w({zeR”“ (|D2”| ) >’lq}>

+w ({ze R™ .z (|f]7) (z) > 2987})] .

Furthermore, we can obtain the following result from Corollary 1.

COROLLARY 2. Assume that y € (0,1) with Ciu°® < 1 and w,8,q,M, satisfy
the same conditions as those in Lemma 5. For any A > 0 we have

w({z R (D7) () > A })
<20,° [ ({ZERnJrl <|D2u|) >)Lq}>
+w({ze R (1f17)(2) > 2987})] .
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Proof. Let z beapointin {z € R"": .7 (|D?ul?) (z) < A9M7 }. Assume that Q'
is any square cube with z € Q’. Then from Holder’s inequality we have

][Q, D2 dz < (fg |D2u|qdz>% < AM, (2.18)
which implies that .# (|D?ul) (z) < AM,. Therefore, we have
{zeR"™ . (ID*u|?) (z) < A9MJ} C {z e R™ ozt (ID?u)) (z) < M}, (2.19)
which implies that
{zeR"™ 7 (|D*u]) (2) =AM} C {z e R (1D*u)?) (z) = AIMS} .
Thus, we can finish the proof. [J

Moreover, we need the following result.

LEMMA 6. Assume that ¢ € NNV, and w € Ay for i(¢) > a) >q> 1, where
Oc?,q are defined in (1.10)—(1.11). Then we have

/Oww({z ER™ L (If19) (x) > A9}) d [p(Ma2)] < C/RM o(|f)w(x)dz.

Proof. Let
_ @, if IfRI> 5
9 {0, if 1/@)I<%,

and f>(z) = f(z) — fi(z). Then it is easy to see that

q
@) <2 (A1) @)+ () @) <207 (///(Ifl‘f) )+ (—) ) |
Therefore, from Lemma 1 (2) we have

w({zeR"™ A (1f19) () > A})

<w<{z€Rn+l A (11119) (2) > (%)?)

—q q — —q q
<Ch /Rn+1 |f117w(z)dz = CA /{zew+1:f>%} | f9w(z)dz.
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Interchanging the order of integration and integrating by parts, we deduce that
| (e R (119 > 29} d oMo )]
<c/w7r4/ 0(2)ded [ (M
A feeretisiod) (17w (z)dzd [¢(MaA)]

e /0 Ol e S CE )

2|11
[ { [ aratpaifa:
n+1 0

2M. 271 o (My A
o ol

R+l

Therefore, we have
/OmW({Z eR"A (|f19) > A7}) d [ (MaA)]
0 2|1
<C [, 00wz +C [ oMl 1wt {/o o d’“}dz

A‘H‘l_al
<c [ oUnm@as,

: 0
since o > g and

A
in view of (1.6) and (1.10). Thus we complete the proof. [

¢ (2Ma|f]) = ¢ (M?L 2f>/c<ﬁ>a'¢(Mza) for 0< A <2|f

Now we are ready to prove the main result: Theorem 1.

Proof. From the fact that |D?u|(z) < .# (|D?ul) (z), Lemma 3, Corollary 2 and
Lemma 6 we have

L. ¢ (0u]) wioye:

< [ o (D)) wiz)dz

= [w({ze R (|0Pu)) @) > Mad}) dlo(020)
2C1u/ ({eerm et (I0%]") () > 41} ) dlo(Ma2)]
120 [Cw({ze R LA (1) @) > 627} o (22,

which implies that

Lo (D) w@dz < [ o (Du)w@dz+Ci [ o () wdz



WEIGHTED REGULARITY ESTIMATES IN ORLICZ SPACES 655

forany p € (0,1) with Ciu° < 1, where C3 = C3(¢,w,n) and C4 = C4(n,¢,,w). In
a standard way via an approximation argument as the one in [1, 37] we can assume that
the integral [pa+1 ¢ (|D?ul) w(z)dz is finite. Now selecting 1t small enough to ensure
that C3u® < 1/2, we have

2 < /
L o0 w@az<c [ o(fhwdz,
for some constant C = C(n,¢,w) > 0. This completes our proof. [

2.2. Proof of Theorem 2

In this subsection we shall finish the proof of Theorem 2. Now let us first recall
the following result.

LEMMA 7. ([35], page 195) Assume that V € V... There exist 1 <t < oo and C >

0 such that
¢ :
gdz < (—/ Vg’dz)
][Q V(Q) Jo

holds for any nonnegative function g and all square cubes Q, where

V(0) = / V.
Q
Let % be the solution of the following homogeneous equation
hi(z) — AR(z) +V(2)h(z) =0, z=(x,1) €20 C R""L (2.20)

Then we have the following local bounded property.

LEMMA 8. Assume that V € Voo, If h(z) satisfies (2.20) in 20, then

c
su hg—/ Vihldz.
Wl < T ag) ho '

Proof. In view of the fact that u € Cj(R"™!) we may as well assume that

supp u C Oy

for some rg > 0. Moreover, since V € V., and u € C5(R"*!) satisfies u,(z) — Au(z) +
V(z)u(z) = f(z), we can suppose that

V(z)=0 inR"\Q, and [V(z)]<C inR"

Using the elementary local bounded property of the second-order parabolic equation
(see [26], Theorem 7.21), we have

1
sup|h| < C (f |h’dz)
0 20
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for any r > 0, which implies that

1 ! C
su th][ h7dz> S—/ VIh| dz
wpltl < (f it az) < 5o | vin

in view of Lemma 7 with r = % . Thus, we finish the proof. [

Next, we shall prove the following important result.

LEMMA 9. Assume that ¢ € Ly NVa, w € Ajyy and V € Voo, Forany [ € (0,1)
there exist two constants N» = N»(n) > 1 and 6 = 6(n,o,u) € (0,1) such that if

w({ze0raviuy @ <1hn{zed: () () <5}) > %w (0). 2

where é is a so-called predecessor (father) of the square cube Q with ‘é‘ = |20,
then we have

w({z€Q: . (Vlu|)(2) =2 No}) < uw(Q).

Proof. 1. We first find that

Q|

‘{ze@:%(V\M)(z)é l}ﬁ{zeé:///(\f\)(z)<5}’ 2(26'1)7é

since

{zeo:mvih@ <ijnfzeo:.ar @) <5
g

v({re@ave <)nfzeawune <sh))’
cr(0)

WV

1
> (2Cy) @ €(0,1),
in view of Lemma 1 (3) and (2.21). Therefore, there exists zg € é such that
M (Vul)(z0) <1 and 4 (|f])(z0) < 9. (2.22)

Since zp € Q C 30, we conclude that
][ Vuldz<1 and ][ fldz < 8. (2.23)
40 40

Let v be the solution of

v —Av+V(v=f, zeR",
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where f is the zero extention of f from 4Q to R"*!. Then recalling the well-known
L' maximal inequality (see [13], Lemma 3.1), we have

/ V\V\dZ</ |f]dz,
R+l R+l

which implies that

/V\v\dzg/ v|v|dz</ \f|dz:/ /| dz.
40 Rn+1 R+l 40

Therefore, from (2.23) we conclude that
][ Vivldz SJ[ |fldz < 6. (2.24)
40 40

Set h = u —v. From the definition of f, we find that & satisfies
hy—Ah+V(z)h=0 in 40.

Moreover, it follows from (2.23) and (2.24) that

][ V\h|dz<][ V\v\dz+][ Viuldz < 2.
40 40 40

Then from the above inequality and Lemma 8 we find that

-1
supV|h| < CsupV [V (4Q)}71/ V|h|dz < CsupV (f de) ;
30 40 40 40 40

which implies that

supV|h| < Ny, (2.25)
30

since V € V.., where N; > 1 only depends on 7.
2. Now we shall prove that

{zeQ: M (V|u|)(2) >N} C{z€Q: 4 (|VV])(z) > Ni}, (2.26)
where N, =: max {2N;,9"!} . To prove this, we fix
ce(eeQ M WVINED <MY,
Case 1: z€ Q1 C 30Q. Then we have

][ V|u\dz<][ Vv|ldz+ Ny < 2N,
01 01

since (2.25) and

V0u| <Vy|+V]|h| <Vy|+N; forany ze€3Q.
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_ Case2: z€ Q) ¢ 3Q. Then we have z € Q C 30 and 3Q C 90Q;. Since z9 €
Q C30C90; and . (V|u|)(z0) < 1, from (2.22) we find that

][ V\u|dy<9"+1][ Vu|dy < 9"
01 90,
Thus, combining Case 1 and Case 2, we conclude that

A (V]ul) () < Na,

which implies that the desired result (2.26) is true. Finally, from (2.24), (2.26) and the
weak (1,1) estimate of the maximal functions we have

{z€ Q: A (VIu]) (z) > No} < {z€ Q: A (|[VV]) (2) > N1}
<c/ |Vv\dz<C/ V| dz < C8140] < C5 Q).
(0] 40

Then Lemma 1 (3) implies that
W({z€Q: A (VIul) (2) 2 N2}) < C87w(Q) < uw (Q)

by choosing & small enough satisfying the last inequality. Thus we complete the
proof. [

Furthermore, we can obtain the following result.

COROLLARY 3. Assume that y € (0,1) with Ciu° < 1 and w,0,N; satisfy the
same conditions as those in Lemma 9. For any A > 0 we have

w({zeR"™ 4 (V]u|) (z) = AN2})
L20u° [w({ze R (Viu]) (2) > A}) +w({ze R .z (|f]) (2) > A6})].

Proof. Without loss of generality, we may as well assume that A = 1. Let
Rn+l _ U E,
i=1

where {D;} is a sequence of disjoint square cubes. Moreover, from weak 1-1 estimate
and the well-known L' maximal inequality (see [13], Lemma 3.1) we conclude that

C C
n+1 .
HzeR™ i (V|u]) (z) = Mo }| < EH"“HU(RHH) < EHfHLl(Rﬂ“)-

We may as well assume that f € Cy (R"*1) via an elementary approximation argument.
So, we can obtain
{z€Di:dl (Vu]) () = N2} < | Dil

by selecting |D;| large enough for i € N. Furthermore, from Lemma 1 (3) we have

w({z€Di: A (V]ul|)(z) = N2}) <Cru°w (D).
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‘We denote
A={zeD;: 4 (V|u|)(z) = N>}

and

B={ze€D;: M4 (Vu|)(z) > 1}U{zeDi: 4 (|f])(z) > 8}.

Then A,B C D; and w(A) < Ciu°w(D;) with Ciu° < 1. Therefore, it follows from
Lemma 4 that there exists a sequence of disjoint square cubes {Q;} satisfying

L w(A\ Uren Q) =0
2. w(ANQL) > Ciu’w(0Qx),

3.w (A N @) <Ciulw (@;) if vak is the predecessor (father) of Q.

If w (Qk ﬂB) 2w <Qk> where @ is the predecessor of Oy, then we obtain

w({ze O i) @) <1} {ze O (1) () < 5})
- (@8) > (@),

Furthermore, it follows from Lemma 9 that
W(ANQY) <w({z€ O (VIul) () > Na}) < Cui®w (Q4)

So, we get a contradiction with (2) and then know that w (vak N B) > %w (vak> . Finally,
we can use Lemma 4 again to get that

w(A) <2C,u%w (B),
which implies that
w({z €Dzl (VIu)) (2) > No})
<201 \w({ze Dyt (VIu)) (2) > 1}) +w({z € Di: .t (|f]) (z) > 5})].
Thus, we obtain the desired estimate by the summation. This finishes our proof. [

Now we are ready to prove the main result: Theorem 2.

Proof. From Lemma 3 and Corollary 3 we have

[ 00 (VIu) Dwi2)dz

= [ w({zeR™ e (VIa) ) > M2 }) dlp (o)

<20 [Cw({ze R (VI () > A})d[p(Na)]
w20 [Cw({ze B (1) @) > A8}) (V)]

<Csu? [ (A (VD) wiadz+Co [ 0 (. (1F)])wia)dz
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forany p € (0,1) with C;u® < 1, where Cs = Cs(n,w, ) and Cs = Co(n,w,0,L,0).
Without loss of generality we may as well assume that f € C7 (R"*1). Then choosing
a suitable u such that Csu® < 1, we obtain

Lot viaphw@dz<c [ o(a(fDwadz<c [ o (fwd:

in view of Lemma 3. From the fact that V |u|(z) < .# (V|u]) (z), we can obtain

o (Vluhw(@)dz<C [ Ifirw(a)d:

R+l

Thus from Theorem 1 and (1.13) we deduce that

/R,,H ¢ (ID%ul) w( (/ & (V]u|)w dz+/ LF1Pw( )dz>

If1Pw(z)dz,

Rn+l

which completes the proof. [
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