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Abstract. For an analytic selfmap ¢ of the open unit disc D and an analytic function g on D,
the Li-Stevic integral type operator Cg is given by
(€8) @) = [ F(0©)e(E)dt.

We give essential norm estimates of the operator between Zygmund type spaces. We also apply
our approach in the case of Bloch type spaces.

1. Introduction and preliminaries

Let D denote the open unit disc of the complex plane C. By a weight function v
we mean a continuous, strictly positive and bounded function v : D — R, . Let H(D)
denote the space of all analytic functions on . Then, for a weight v, the weighted-type
space H:;, consists of all functions f € H (D) for which

1f1lv =SUPV( If(@)] < oo

For a weight v, the associated weight V is defined by

v(2) = (sup{lf(@)|: f€ HYIIf v <1})7', z€D.

It is known that for standard weights vy (0 < o0 < o) given by
VOC(Z) = (l - |Z|2)av zeD,

associated weights and weights are the same, i.e. Vo = V. For each 0 < o < oo, we
simply denote Hy by H .
For each 0 < a < oo, the Bloch type space 9* consists of all functions f € H (D)
with
sup(1 — [2[)*|f'(2)] < ee.

z€eD
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The Bloch type space #* is a Banach space equipped with the norm

£l = |£(0)| +51€1]g(1 ~ [ @I, fe B

If @ =1, we get the classic Bloch space % = A . For each 0 < a < oo, the Bloch
type space modulo constant functions B is the closed subspace of 2% consisting of
all functions f € #* for which f(0) = 0. For each 0 < o < oo, the little Bloch type
space F consists of those functions f € %% for which

lim (1~ |2[*)%|f'(2)| = 0.

|z —1
The Zygmund space % is the class of all functions f € H(D)NC(D) with

‘f (ei(9+h)> ny <ei(9—h)> _of (eie)‘
h

sup < eo,

e%coD
h>0

Based on a Zygmund’s result (see, for example, [1, Theorem 5.3]), which says that the
above condition is equivalent to

sup(1 — [2[*)[£" (2)] < oo,
zeD

in [5], Li and Stevi¢ introduced the notions of Zygmund space and little Zygmund space
and studied them, their extensions and operators from or to them considerably (see, for
example, [5, 6,7, 8,9, 10, 11, 18, 19, 20] and references therein).
For each 0 < o < oo the Zygmund type space Z* consists of all functions f €
H(D) satisfying
sup(1—[2*) %] /" (2)] < .
z€eD

The Zygmund type space Z°* is a Banach space equipped with the norm

£l zec = | £(0)[+1f'(0)] +Sgﬂ1§(1 — 2@, fez®.

Similar to the case %7“, for each 0 < o < oo, the space Z% is defined to be the closed
subspace of Z°* consisting of all functions f € 2% for which f(0) = f’(0) =0. Also,
for each 0 < & < oo, the little Zygmund type space Z,* consists of those functions
f € Z* for which

lim (1= )1 (2)] = 0.

2|

Recall that for Banach spaces X and Y, a linear operator T : X — Y is bounded

if it takes bounded sets to bounded sets, and T is compact if it takes bounded sets to
sets with compact closure. The space of all bounded operators and compact operators
T :X —Y are denoted by B(X,Y) and K(X,Y), respectively. The operator norm of
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T € B(X,Y) is denoted by ||T||x—y. The essential norm of T € B(X,Y), denoted by
| T||ex—y , is defined as the distance from T to K(X,Y), that is
||T“67X_>YZdiSt(T,K(X7Y))= inf HT—SHX_Q/.
SeK(X,Y)
Clearly, an operator T € B(X,Y) is compact if and only if ||T||.x—y = 0. Therefore,
essential norm estimates of bounded operators also give necessary and/or sufficient
conditions for the compactness of such operators.

Essential norm estimates of different types of operators between certain classes of
Banach spaces have been investigated by many authors. See, for example, [13, 14, 17,
21] and references therein. In this paper, we investigate the essential norms of certain
types of operators, called the Li-Stevic integral type operator, defined as follows.

Let v € H(D) and ¢ be an analytic selfmap of D. The weighted composition
operator YCy, on H(ID), is the operator given by

(WCof) (2) = w(2)f(9(z)).

In the special case of ¢ =1 we get the composition operator

(Cof) (2) = f0(2)).

Boundedness and compactness of weighted composition operators between Bloch type
spaces are studied in [16]. Also, essential norms of weighted composition operators
between Bloch type spaces are given in [13, 14]. Characterizations for bounded and
compact weighted composition operators between Zygmund type spaces and Bloch
type spaces and essential norms of such operators are investigated in [2, 17].

For g € H(D) and an analytic selfmap ¢ of I, Li and Stevic in [6] introduced the
following operator

(C81) (2 /f (€)de.

If g = ¢’ then Cfﬁ/ is the composition operator Cy, up to a point evaluation operator.
The operator is nowadays known as Li-Stevic¢ integral type operator (see, e.g., [21]).
An n-dimensional extension of the operator was given in [18]. In [6], Li and Stevié
investigated boundedness and compactness of the operator between Bloch type spaces
and Zygmund type spaces. Boundedness and compactness of the operator between
different spaces of analytic functions have been investigated by many authors. See,
for example, recent papers [12, 18, 19, 22, 23] and references therein. Essential norm
estimates of the operator between weighted Bergman spaces and Zygmund type spaces
are investigated in [21]. In this paper, we give essential norm estimates of the operator
between Zygmund type spaces and Bloch type spaces.

2. Main results

In this section, we first give essential norm estimates of the Li-Stevi¢ integral type
operator between Zygmund type spaces. Then, we also apply our approach in the case
of Bloch type spaces.
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In order to get the upper estimate, for the essential norm of the operator Cé :
7% — B we decompose the operator Cé using operators Dy, and S, defined as
follows:

o Z%—B% (Dof)(2) =f(2),
a:%a_)gfa7 Socf / f

Note that operators Dy : 2% — A% and Sy : B* — Z* are bounded operators satis-

fying
HDOCfHe@O‘ < fe {@O(’

1Secfll zec = If | 5o, f € 2.

Moreover, we have

DySo = idgo : B* — B, (D)
while

SaDa#id:f&:ga_)ga.
Indeed,

(SaDof) (2) = f(2) = f(0), feZ*zeD, 2)
where f(0) is the constant function z — f(0) in Z°%. About the operator S, : B* —
Z*, it is worth mentioning that Sy, (#%) C Z°*. Also, if we restrict domain of the
operator Dy, : % — B* to Z%*, by (2), we have

So (Dol 7o) =id o+ % — Z°. 3)

Regarding (3), in the next theorem we show that for an arbitrary bounded oper-
ator U : 2% — 2P in order to get estimates for |U||, y« ., one can focus on

Ul zall, 7 26 -

THEOREM 1. Let 0 < a0 < o0, 0 < B < oo and U : Z* — %P be a bounded

operator. Then, HU“e,fa_)gfﬁ = Ul za_ 8-

Proof. We also denote the operator U| Fa ' Fo . B by U. Itis easy to see that

U]l ||U||e a4 - Indeed, for every compact operator T : 2% — ZP,

LR
7% — P isalso compact and therefore

”U”eja_,jﬁ \”U T‘ja”ja_)jﬁ
— s UF=Tf
FEF | fl| ya<l
< sup [Uf=TFfll 48

Fe2 | fl ya<l
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which implies that
”U”eja_,jﬁ HUHeJU‘—mZ’.B “)

In order to prove the converse of (4), consider an arbitrary compact operator T: 2%
ZPB Let T: 2% — %P be the (compact) extension of T to 2% defined by

T(f) =T (f—f(0) = f'(0)z) + f(0) + f'(0)z,
foreach f € Z*. Also, regarding operators U and T, consider related operators
Up: % — 2P,
To: 2% — 2P,
defined by
Uo(f) = U (£(0)+f'(0)z) = f(0O)U1+f'(0)Uz,
To(f) =T (£(0)+ f'(0)z) = f(0O)T 1+ f(0)Tz,
for each f € 2°*. Note that Ty : 2% — 2P and Uy : 2% — 2P are compact opera-
tors. Therefore,
1Ulle za— 28 <INU—=(T = To+ Vo) e,

= sup (U —Uo)f — (T —To) f|| 58
feZ%| fll ga<l

= sup U(f=£(0)=f(0)2) =T (f = £(0) = f'(0)2)l] 25

JeZ% Sl ya<l

< sup [[UGR)—T(8)ll 48
8EZ% [lgll o<1
= sup  |[U(g)—T(g)ll»s
8eZ% |8l ya <l
=NU=Tlza_pp- &)

Since the compact operator T: 2% 2P was arbitrary, (5) implies that

||U||ej05—>jﬁ HUHe]a_)ﬂafﬁa

and completes the proof. [

REMARK 1. The result of Theorem 1 is proved in [2, Lemma 3.1] for (bounded)
weighted composition operators between Zygmund type spaces. But note that Theorem
1, besides revising the proof of [2, Lemma 3.1] on page 481, generalizes its result to an
arbitrary (bounded) operator between Zygmund type spaces.

It is worth mentioning that the result of Theorem 1 is also valid if we replace z
with the closed subspace of all functions f € 2’ for which f(0) =
In the next theorem, we state the result of Theorem 1 for Bloch type spaces.
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THEOREM 2. Let 0 < 00 < oo, 0 < B < oo and U : B* — %BP be a bounded
operator. Then, HUHeJZ’a—»Jﬁ U, 0.8 -

Proof. The proof is similar to the proof of Theorem | with minor modifications.
We next sketch an outline of the proof.

Let U also denote the restriction operator U| Gt B — BB Then, as in the
proof of Theorem 1, one can see that

||U||e7pja_>@/3 < HUHe,gaa_;ﬂﬁ' (6)

In order to prove the converse of (6), let T:%%— BP ‘be an arbitrary compact opera-
tor. Define T : 8% — %P, the (compact) extension of T to A%, by

T(f)=T(f—f(0))+£(0),
for each f € %. Also, consider related compact operators
U : B* — %P,
Ty: B — BP,

defined b
o Uo(f) = U (£(0)) = F(O)UT,

To(f) =T (f(0)) = F(O)TT,

for each f € $*. Then, as in the proof of Theorem 1, one can see that
U1, a8 <NV =T o 0
and since T : 8% — %P was an arbitrary compact operator, we get

1UNle.p0 8 <NUl, .58
which completes the proof. [

In the next theorem we give the upper estimate for the essential norm of the op-
erator C : % — 2P, B, in the general case of 0 < o < oo and 0 < B < eo. Applying
Theorems 1 and 2, in order to get the desired upper estimate, we focus on the essential
norms of C§, : Fo P and gCo : B — BP

THEOREM 3. Let 0 < ot <o, 0 < < oo and C§: Z* — 2P be a bounded
p ||e,.”f‘1—>.”fﬁ < ||gC(PHe%’O‘—>@rB .

Proof. By Theorems | and 2, it is enough to show that

”CéHe’gfa_)gfﬁ < HngJ”e”ajaﬁr%ﬁ'
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Foreach 0 < ot < oo and 0 < B < o, if C{’; : 7% —, #P is a well-defined (bounded)
operator, then

DpC8Sq = gCp : B* — BP,
is also a well-defined (bounded) operator. Note that, by (2), we have
SuDaf = f. f€Z* )
Also, since (C§f) (0) =0, we have
SgDgChf =Cof, [feZ?,
which along (7) implies that

SpDpCsSuDof =Cof, fe Z°. (8)

Now, let T : @‘Lﬁ %ﬁ~be an arbitrary compact operator. Then, boundedness of the
operators Dy : 2°% — %% and Sg : AP — 2B implies that

K=S4TDg: 2% — 2P,
is also a compact operator. Therefore, by applying (8), for each f € T we get

165 =K fl| 5 = [|SpDpCoSaDaf ~ SpTDarf

B
= [|Sp (DpCSe = T) Darf|| 5
=||(8Cp = T) Daf BB
<||8Co =T 5u_ 8 |1Derf || e
< |[8Cop =T || jo_, 8 I | -
This implies that
ICo 1, 72— p <1ICo =Kl 7 s < [[8C0 = T o 38 - ©)

Since the compact operator T : $°% — %P in (9) was arbitrary, we conclude that

[tey 0

e, X B < HgC<P||e7p§aH,%ﬁ~

In the following theorem we give the lower estimate for the essential norm of the
operator C{’; 1 Z% — #PB | in the general case of 0 < o < o0 and 0 < 8 < eo. Note that,
as mentioned in (1), for each 0 < o < e we have

D(xS(x = id%a . %(X — %(X.

As a consequence of this fact, unlike Theorem 3, proof of the next theorem is indepen-
dent of focusing on Z* or using Theorems 1 and 2.
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THEOREM 4. Let 0 < 00 < oo, 0 < < oo and Cjy: Z* — P be a bounded
operator. Then, |gCol|, za .z < ICol, 20 5

Proof. For each 0 < o < o0 and 0 < B < oo, boundedness of the operators Dg:
B — 2P and S, : B* — 2 implies that

DpCSo =gCy: B* — P,
is also a well-defined (bounded) operator. Moreover, we have
SpgCoDy = Ch: 2% — 2P,
For any compact operator T : 2% — 2B the operator
K=DgTSy: B* — BP,
is also a compact operator and for each f € % we have

lsCor — K1

2 = ||PpSp8CoDaSof — DT Sef

= ||Dp (Sp8CoDe = T) Suf
H (Cé - T) Saf
Ic6—T
=|lcg -1

BB

BB

g B
<

a8 |Saf || za

a8 |fllza-

This implies that
I1€Coll. 5028 < 18Co — Kl go .38 < ||Co — T || ya__ p8
and since the compact operator 7 : % — % B was arbitrary, we get
||gC<PHe,gaa_>@/3 < “C§o||e7ya_>yﬁ~ u

As a consequence of Theorems 3 and 4, by applying [13, Theorems 3 and 4] and
the proof of [14, Theorem 8], we get the following estimates for the essential norm of
the operator Cjy : 2% — & B in different cases of 0 < &t < o0 and 0 < B < oo.

Before stating the next theorem we note that, for real scalars A and B, the notation
A =< B means that ¢B < A < CB for some positive constants ¢ and C. Also, in order to
simplify the notation in the statement of our results, we use the following simplifications
(see, for example, [13]):

ey (=12
A(gv(p7avﬁ)_‘l¢1(lzlﬁ_g (1—|(P(Z)|2)a‘g(Z)|7

1
Bg:waﬂ :hmsup 1— ZzﬁgZ logi
( : \w(z)lﬂl( ) le(a) 1—|o(z)]?
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THEOREM 5. Let 0 < 00 < oo, 0 < B < oo and Cjy: Z* — P be a bounded
operator. Then, ||Coll, yo_, 58 = 18Coll, pa_.zp and consequently

(i) if 0< o <1, then

ICo|

e, 2% %P = A(g(plv o, (X,ﬁ),

(ii)
ICo|

o rop = max {A(g9 0. 1.B).B("¢.B) }.

(iii) if 1 < ot < oo, then
“C§||e7f‘x—>fﬁ = max {A(g§0/7§0»a7ﬁ)7A(8/7(P»05— laﬁ)}

REMARK 2. In order to get lower estimates in different parts of Theorem 5, in-
stead of using Theorem 4, one can also use the classical approach of using test functions
in different cases of 0 < o < oo and 0 < B < = (see, for example, [2, 17, 21] for such
classic approach). It is worth mentioning that, in order to apply test function approach
and deal with limsup-terms of Theorem 5, for an arbitrary sequence (z,) in D with
|@(z)| — 1, one can consider sequences of functions (g¢(,,)) and (hg(,,)) described
below, as suitable test functions in Q%O‘ :

(i) T0<a<1,then
8a(2) = fa(2) = ka(2),

(T, SE

@\ (1-a)* (1—az)*!

where,

and ,
12 1—
@@z:/——jiﬁw
o (

a 1 —aw)®

(ii) If o =1, then

Cf@ N (s ] LY
=M (=) (=) (nie)

and
ha(z):f(;z)<ln ! )1’

I —af?

f(2)=(z—1) <<1+1n1iz)2+1>.

where,
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(iif) If 1 < o < oo, then the function g, is as described in part (i) and

—lal?2
ha(e) =

We next show that the given approach for obtaining essential norm estimates of
Cf;, : 2% — P can also be applied to get the essential norm of Cf;, - B* — PP | for
any 0 < o0 < oo and 0 < B < eo.

Indeed, in the case of Bloch type spaces, the operators D, and Sy, are defined as
follows:

o B = Hy,  (Daf)(2)=f(2),
SutHy = 3% (Saf)(@) = [ £(E)dE
Operators Dy, : 8% — H; and Sy, : Hy — 2% are bounded operators and
IDaflltz < [l ze,  f € B,

[Sofllze = | fllug, f€Hg-

Using Theorem 2 and applying a similar approach as in the case of Cé X —

%P | one can show that the essential norm of Cé : B* — 7P is equal to the essential
norm of gCy : Hy — HE’. This, along with [15, Theorem 2.1], leads to the following
result.

THEOREM 6. Let 0 < o < oo, 0 < 8 < o and Cﬁ : B — BP be a bounded

operator. Then, ||Coll, za .25 = ”gC‘PHE’H‘?HHE and consequently

(1—|z2)P
ICE 1o sper g = limsup (&) ——— <.
ol i (1= [p@)P)®

REMARK 3. Since differentiation operator D, and integration operator Sy, lead
to a natural isometry 2°* ~ 2% satisfying D,;Cf;,Sa =gCy and SpgCyDy = Cﬁ, one
can immediately conclude that

[[e

ol wo_ B — HgC(P” BB

The same argument is valid for the equality
151, e 56 = 18Cplenz -1

It is worth mentioning that, this argument is not valid for obtaining the essential norms
of such operators on the original spaces, that is ||C§ le.zva_, 5 and ||C§ lo.co0 .8 - See
for example [15, Theorem 2.3] where the author, in order to apply this argument, con-
sidered “Bloch type spaces modulo constant functions” instead of “Bloch type spaces”.
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But the approach given in this paper, leading to Theorems 5 and 6, gives the equality of
essential norms on the original spaces, that is

ICH e, 2o 28 = [18C0 |l 00 .8

and
IC e, 0.8 = 118C0lle.trg -
REMARK 4. The approach leading to Theorems 5 and 6, can also be applied to
show that essential norms of Cjy : 27 — P and Co:B*—Z B are equal to essential

norms of gCy : A% — Hl‘;" and gCp : Hy — BB | respectively.

Recently, there has been growing interest in stating essential norm estimates of the
type A(g,¢,0,) (or B(g,9,B)) in terms of g and @". See, for example, [3, 14, 17]
for such new estimates. Essential norm estimates of the operators Cé given in this
paper, can also be stated in terms of g and ¢@”" using Theorems 5 and 6 and applying
related estimates for the essential norms of weighted composition operators gCyp in
terms of g and @".

Finally, it is worth mentioning that, as a consequence of essential norm estimates
of the operators Cé given in this paper, one can get necessary and sufficient conditions
for the compactness of such operators [6].
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