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NEW REFINEMENTS OF GENERALIZED HOLDER’S
INEQUALITY AND THEIR APPLICATIONS

JING-FENG TIAN AND WITOLD PEDRYCZ

(Communicated by S. Varosanec)

Abstract. In this paper, we present a series of sharpened versions of generalized Holder’s in-
equality. As an application in information theory, we give a new refinement of Singh’s inequal-
ity with respect to the ‘useful” information of order ¢ for the power distribution. The Singh’s
inequality include Shannon’s inequality as a special case.

1. Introduction

We begin by recalling here the classical Holder’s inequality [4] as Theorem A
below.

THEOREM A. IfB; >0, A,; >0 (r=1,2,---,n, j:l727---7m),andif2’;‘:1ﬁj:
1, then .

nom B; m n ﬁj
S <T1(Za0) - m
r=1j=1 j=1 \r=1

As is well known, Holder’s inequality plays an important and basic role in different
branches of modern mathematics such as classical real and complex analysis, numerical
analysis, probability and statistics, fuzzy measure theory, qualitative theory of differ-
ential equations and their applications. Due to the importance of Holder’s inequality
(1), it has received considerable attention by many authors, and has motivated a large
number of research papers giving it various generalizations, improvements and appli-
cations. For example, Agahi et al. [3] presented some noteworthy generalizations of
the Holder’s and Minkowski’s inequalities for the pseudo-integral. Liu [9] established
an important Holder-type inequality for fuzzy variables. Nikolova and VaroSanec [14]
obtained some new refinements of the classical Holder inequality by using a convex
function. For more detail expositions, the interested reader may consult [1, 2], [10],
[15], [20, 21] and the references therein.
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As for Holder’s inequality, many generalizations have been obtained so far. Among
various generalizations of (1), the exponential generalization of (1) is an important re-
search subject. In [8], Jensen first derived an exponential extension of Holder’s inequal-
ity. Later, a lot of interesting exponential extensions of Holder’s inequality have been
studied by many researchers, e.g., Carroll et al. [6], Mitrinovi¢ and Pecari¢ [12], Mitri-
novié et al. [13], Vasi¢ and Pecari¢ [22], Wu and Debnath [23], and Tian [19]. The
reader who wants to learn more about the exponential extension of Holder’s inequality
may consult the work [13]. The most important results in the references mentioned
above is derived by Vasi¢ and Pecari¢ [22] as follows.

THEOREM B. Let A;; >0 (r=1,2,---,n, j=1,2,---,m).
(@)If Bj =0, andif T7° B; > 1, then

) m n B
> 147 <] (ZAV./) : @)

SI145> ﬁ (i%)ﬁj. (3)

n

m ) m n ﬁj
> I =11 (ZA,,-) : )
j=1 \r=1

r=1j=1

The above inequalities are called as generalized Holder’s inequalities.

Although Holder’s inequality and generalized Holder’s inequalities play a funda-
mental role in many branches of mathematics and have a wide range of applications in
information science. Some problems can’t be precisely estimated by them. For exam-
ple,ifweset m=2,n=N+1,A11=0,A,1=1,Apn=1,A,=0,r=2,3,--- N+1,
and B; >0, B; + B> =1, then from generalized Holder’s inequality (2) we just obtain
0 < N. So it is of interest to refine Holder’s inequality and generalized Holder’s in-
equalities.

The main purpose of this paper is to establish some new and exquisite refinements
of inequalities (2), (3), (4) and (1). Moreover, a new refinement of Singh’s inequality
which generalized Shannon’s inequality, is given by using the obtained results.
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2. New refinements of generalized Holder’s inequality

In this section we first introduce the following two lemmas, which will be used in
the sequel.

LEMMA 1. [4] Let Ay,Ap,---, Ay be real numbers, and let m be a natural num-
berand m > 2. Then

> (Ai—Ay) —m<2A2> — (iA,-)z. (5)
1<i<j<m i-1
LEMMA 2. [4] If x> —1, oo > 1 or a <0, then
(14+x)% =1+ o (6)
The inequality is reversed for 0 < o < 1.

Next, we prove the following lemmas, which play a crucial role in proving the
main results.

LEMMA 3. Let My =X > - > A, >0, , 1/1
0 (r:1,2,---,n,j:1,2,---,m),andletm 2. Then

>1,let X, >0, 1- 30 X >

n m

[(1-2x7) 7+ 21T

j=1 r=1 r=1j=1

el E 5 GE) ) o

Proof. From the hypotheses of Lemma 3, we obtain

1 1 1
—>0 - =20 (I<i<j<m),
(m—l)li> " (m m ; (Isi<jsm)

s

and

by

I<i<j<m

1 1 1 1 1
= 2 [(m—l)/lﬁr(m—l)/l,} TR L ®

1<i<j<m

- -

[ 1 1 1 _ 1
m—DA  (m—DA ' (m—1DA  (m—1Dk

Then, in virtue of the generalized Holder’s inequality (2) we have

i n 2] T
- (XX - X}L’>] ’
I (22

I<i<j<m

- I {[Bre (-] S (- )]

1<i<j<m r=1
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1 1
L N | DA T DR
X |:2er'j+<l_2xrjj>:| ' }

Xlllz) (mill)l’. (le) W (Xll]]) (mll)l,(mll)%]

[ (3 2\ T (A TR (M TR R
+ JT () 0% (X)) 0% (X)) J

1<i<j<m L

£ I j0-3

1 1 2 1 L s SN -
D (1 _ ZXril) =% (1 _ Z er/) (m=DA;  (m=1)%

»—- ~
L[\:=
>
\_/.

I<i<j<m L r=1 r=1
1 1 1
_ ml m—1 ml m—1 m—1 ym—1
- H X X + H X2l j +ot H Xni an
1<i<j<m I1<i<j<m I<i<j<m
n A 1 n A. 1
i\ (m—1)%; 7\ (m=1)A4;
9 B LU R ke
1<i<j<m r=1 r=1

=TT Tt T+ TT0- 277
f[ +ﬁ( ixrf)%ﬁ ©)

Jj=1

I
i M:

Notmg the fact that there are ( D) product terms in the expression [T <;< j<m [1 —

(Zi’,l -3 X A ) |, and applymg the arithmetic-geometric mean’s inequality, we
find

I (B2

1<i<j<m

i 3G 5)

1<i<j<m

L) R

I1<i<j<m r=1

so that
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2 n A 2 ﬁ
<|1-—— ( X !) } . (11
|: m(m_ 1) 1<1<Zj<m Z rgl "
On the other hand, from Lemma 1 we have
2 2]
l— ——— ( X /) }
|: m(m_ l) 1<l§;<m ; }; "

{empEE)-EE)])

Consequently, from inequalities (9), (11) and (12), we have the desired result. [

LEMMA 4. Let A < 22 < .o < A <0, let X,j >0, 1 =31 X2 >0 (r=
1,2,---,n, j=1,2,---,m), and let m > 2. Then

(1 $0)" 43 11

j=1 r=1 r=1j

A E )G} e

Proof. By the same method as in Lemma 3, using generalized Holder’s inequality
(3) and Lemma 1, we can obtain the desired inequality (13). [

LEMMA 5. Let Ay >0, M <A < ... <Ayt <0, X7, 5= < 1, and let X;j >0,
J
1=S2 XY >0 (1= 1,2, 0, j=1,2,-,m). If m>2, then

>>‘._

f(-2)°

j=1

+ 3 11%
j=1

i=1

(14
If m=2, then
2 L i n 2
H(l—ZXij’> +2HXij
j=1 i=1 i=1j=1

L FEE)-GED o
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5, we find
1 1 1 ..
m—on Y moon ooy S0 (si<ism-b),
and
1 1 1 1
- -
1§i<j2§m71 |:(m_2)a‘l (m_2>z’l (m—Z)?LJ (m—Z)A«l
_ [P D
1<i<j<m—1 (m—Z)JL,- (m_z)lj 2'l 3'2 Am—l
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Proof. We first consider the case where m > 2. From the assumptions in Lemma

Then, by using inequality (4) we get

[1

1<i<j<m—1

P—(ixl

- [0S

}’1 A 2 | 2%
% ;
Z rj ) :|

([Ex0-$u]

1

I1

1<1<J<m 1

[ a-fan] T [Barea- ]

Am

Am 1 _ 1
x| ) () T
<i<j<m—
Am I 1 . 1 L1
+X2’};’1’ . 11 1 (Xz};’) n—2)%; (X;,’) 2% (X;Lj’) (m=2)4;  (m=2)%;
<i<j<m—1L
+ e
+X"m 1<i<]}'_£m—1 (an) l (an) ' (X"j) / '
(1) (1 X T (1 X
1<i<j<m—1L
A o~
x (1- 2})(%2)/1_,- %
o % m— 2 i\ (m 12)7L
+ (1= ™ (1) T (1 xh)°
1<i<j<m—1L
1 _ 1
(1 _ l ) 2% Dk
2j
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+(1—X£¥{)7 H |:(1—an) (1—X _i) = 2)&

1<i<j<m—1

A\ D~ e
m—2)A; mfZI-
x(l—Xn;) i ]

7 [ . U
= 2 (er H XrTZXrn?2>

1<i<j<m—1
l—Xr};i) = 2)& (1_X)L)(m+2)l_/:|}
n m n o m L
=Y [1X%+ X T -x)%. (17)

Noting that there are W product terms in the expression [T« j<m—1 [1 —

(2, X, "X ) |, we then deduce from the arithmetic-geometric mean’s in-
equality that

I [ (2]

1<i<j<m—1

73, 2, - (Bx -2 )

1<i<j<m—1

(m—1)(m—2)

N

(m—1)(m—2)

Z[l—m 2 (ZX gxﬁ’)z] » (%)

1<i<j<m “r=1

so that

1
/! A ” Aj 27 m=2)%;
H |:1_ ZXri ZXFJ/>:|

1<i<j<m—1 r—1 =1

(
(L[ G2
2

r=1

e e I Ot A

1<i<j<m—1

On the other hand, from Lemma 1 we have

[—m 2 (Z éﬁ‘ff’)z |

1<i<j<m—1

~{-am e (B (E9))-(EE) ]}

—_
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Consequently, from (17), (19) and (20), we immediately obtain the inequality (14).

Next, suppose that m = 2. By the same method as in Lemma 3, applying gen-
eralized Holder’s inequality (4) and Lemma 1, we can deduce the desired inequality
(15). O

A

LEMMA 6. Let A1,22,...,Am >0, 3" M >1, let X,; >0, 1 =37 X,] >0
(r=12,---,n, j=1,2,---.m), and let m > 2. Then
1
T n
[(1-2x7) "+ X1
j=1 r=1j=
2 2 i A n Y 2 Zmax{llfr;vzﬁuwlmF
<li-—= ( xhi_ X.f> 1)
m(m—1) 1<i<j<m \r=1 " }gl Y
Proof. After simply rearranging, we write by A;, > 4;, > ... > A;, the com-
ponent of A;,A,,..., 4, in decreasing order, where ji, ja,...,jn iS a permutation of
1,2,....m

Then, from Lemma 3 and Lemma 1 we get

fi(1-$) " S v,

Jj=1 r=1j=1
(1= S ) (1= Exle) 5 (1= S ) 4 Bk
(B (5)) - (£ (300) 1}“
{ )

(G (5)) () T

r=1

2max{Ay, 2 .. Am} 12 AAAAA Am'}

(22)

ey s (B-3a)
m(m_1)1§i<j<m r=1 =Y

The proof of Lemma 6 is completed. [
By the same method as in Lemma 6, we obtain the following two lemmas.

LEMMA 7. Let A, A2,..., A <0, let X,; >0, 1—2;!:1)(:1]? >0 (r=1,2,---,n,
Jj=12,---.m), andlet m > 2. Then

n m

1(1-2x7)" + 2 11

j=1 r=1 r=1j=1

>>|._.

—_m
2min{Ay,Ap,....m }

sy, 2 (S-S

<i<j<

(23)
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LEMMA 8. Let A >0, A, A2, Apy <0, By 4 S L ler Xpj > 1, 1

> 1X >0 (r=1,2,---,n, j=1,2,---,m—1), andlet 0 < Xy < 1, 1 =3"_ X}n >
0. Ifm>2 then

fi(1-$) " S v,

Jj=1 r=1j

S R — X X) 4
(m_ 1)(1’)1 2) 1<i<j<m—1 r=1 /
If m=2, then
1
2 n A i n 2 n A n PR 2 x
H I_Zer +ZHX’j> 1— ZXrl _ZXrZ (25)
j=1 r=1 r=1j=1 r=1 r=1

Finally, we present some new refinements of inequalities (2), (3) and (4).

THEOREM 1. Let A;j >0 (r=1,2,---,n, j=1,2,---,m), andlet | be any given
natural number (1 <1< n).
(@If M2, hn >0, B - > 1, m>2, then

$ fia, < [f1($. yj

—1j=1 =1
Aj

m
Ai 2
xl ¥ (Alil_ Alj}t)
) 1<iTiem N30 A} i1 Ay

[jlf[ (iAr,) ] (26)

1

m
Zmax;ll,lg,...?lmF

—_

(b)lfllaxaa A'm <0 mz= 2 then

m n

S 1a0= [1(545)7]

r=1j=1

Ai Aj 2
X 1—# 2 ( 2 B Alj )
mm—1) S, \sn_ Ak 2%:1“‘2}
m

[H(ZA,J) } 27)

Jj=1

m
2min{A;,A,....Am}
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(c) Let A >0, A, A2, A1 <0, X7 = < 1. If m>2, then
J

r=1j=1 j=1 "r=1
2 A _ m—1
y 1 2 ( All, Aljj )2 2min{Ay,A,....m }
(m=1)(m=2) | ;. 52,1 ZﬁzlAﬁlf 2%:1“‘2}
o AN
J i .
> [H(ZAU) ,}, (28)
j=1 "r=1
If m=2, then
1
n 2 n 1 A ) 2| A
A\ % Al A !
214> H(EAQJHI_( o )
r=1j=1 o T An el
2N A
> lH(ZAr;) I]. (29)
j=1 "r=1
Proof. (a). Consider the following substitution:
Arj .
Xj=—""——F (r=12,---n j=12,--m). (30)

1
A\ &
(ziia0)”

It is easy to see that, for any given natural number / (1 <[ < n), the following inequal-

ities hold
X;>0, 1- ¥ x7>o.

1<r<n,r#l

Consequently, by using the substitution (30) and inequality (21), we have

m Alj 7% m A
rj J rj
() Sy pe
=1 1<r<n A NS AL tsrsnrA LIS (3 AP
2’.
2 Al
G B €
{ m(m_1)1<i<j<m 1<r<n, r#l ZzzlAl}:f
A 2 Ty AT
B ( ') l)} , 31)
1<r<n,r#l ZZ:IAk;
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and thus we have
m m
H/*IAU 21<r<n7rsﬁlnj:1Arj

L+ AT
(S 1Ak,)x H?:I(ZZ=1AI¢;)AJ

A A\ 2] Teel AT
<l 2 Y < Aji _— Ay ”) v . (32
mim—1) S i1 Ay S A
that is
o (T Ar)
1
o (Zhe k,)x’
A A 27 T T
B 5 ( A Aij ») R g
mm—1) S, \ i A} Yio1 Ay

So, we have the desired inequality (26). The proof of inequalities (27), (28) and
(29) are similar to the one of inequality (26) and we omit it. The proof of Theorem 1 is
completed. [

REMARK 1. If I=1, m=2,n=N+1,A;1=0,A,1=1,Ap=1,A,,=0,
r=2,3,---.N+1,andif A;,4; >0, %14—%2 = 1, then from inequality (26) we obtain
0<0.

THEOREM 2. Let A;j 20 (r=1,2,---,n, j=1,2,---,m), and let | be any given
natural number (1 <1< n).
(@)If A1, A2, An >0, 7 % 1, m>2, then

S fas< [T ($47)7]
r=1j=1 j=1 "r=1
A Aj 2
x [1- ! 2(‘411_‘41/)
(m—l)max{lhlz,...,lw%} 1<i<j<m EZ:IAQ; EZ:IAQ;
m n y )LL
< {H(ZM) ,] (34)
j=1"r=1
(b)If A1, A2, ..., A <0, m > 2, then

S {140 [T (E47)"]

A 2
x | 1— ! > ( Al A )
(m—l)m1n{7t1,7tz7...,7tm} 1<i< j<m EZ:IAIQ{ ZZ:IAQ;

> [ﬁ(zﬁ;)ﬂ (35)
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(c) Let A >0, A, A2, A1 <0, X7 = < 1. If m>2, then
J

n m m n 1

A\ 2;
S f1as> [T1(£4)"]
r=1j=1 j=1 “r=1

A‘.

Ai ] 2
% [1— _ > ( Al Ay )
(m=2)min{A1, A2, ..., Am} | ;52,01 2Z=1A£§- 22:1142;

> {ﬁ(ZAff)ﬂ; (36)

. N A A 2
ﬁ ZAAJ klj 1— i All1 _ Al22

rj A no M no Ak
g g | PAYio1An 2em14i

€ (0,1). From Lemma 2 and Theorem 1, we obtain

2 Aj T A g AT
-y A A NPT
m(m—1) ,_~ n Ai n Aj
1<i<j<m zk:lAki 2k=lAkj
1 ( Al AN
< 1_ li _ J )
(m—=1)max{A1,4,.... A} 1<i<j<m ZﬁzlAff ZZ=1A£§
A Aj 2
L 1 ( A A ) (38)
= - A Aj) T
(=) max{A1. A2l 5} | [ \ T4 AL Yi-1 Ay

When max{4,4,...,4,} < %, then this implies m > 1. Noting
that the function f(x) =a* (0 < a < 1) is strictly decreasing on (—eo,4o0), then we
have

A

Ai ] 2
2z v ( Aji Alj )

_ A A
m(m 1)1<i<j<m ZZ=1Ak; ZZ=1Ak';'

m
Zmax;ll,lg,...?lmF

Aj

Ai 2
< l _ # ( All _ lj )
m(m—1) I<i<j<m ZZzlAﬁlf ZzzlAg

Aj

Ai 2
! ( Al Ay ) . (39)
(m=1)max{A1,A2,-...4m, 5 } 1<i<j<m ZZ=1A£I{ ZZ=1A]};;

=1-
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Combining inequalities (38) and (39) leads to the desired inequalty (34). From Lemma
2, inequalities (35), (36) and (37) are valid. The proof of Theorem 2 is completed.

From Theorem 2, the following refinements of (2), (3) and (4) hold.

COROLLARY 1. Let A;; >0 (r=
given natural number (1 <1< n)

--.m), and let | be any
(a)If My 22, ...\ >0, Y

)
(m—1)max{A;,Az,..., 4w, %} 2%:1‘4%11 2Z=1A;}§
<[T1(Za)7]. (40)
j=1 "r=1
and
n o m m n y %
S [Tas < [T1(S4)"
r=1j=1 j=1 "r=
A Am 2
x |1—= 1 < All1 _ Alm )
(m—1)max{A,Az,..., A, %} 22:114%{ i Abn
m nooa )LL
<[T1(z4%)7] (1)
j=1 "r=1 ’
(b)If M, A2,..., A <0, m>=2, then
nom m n y %
3 s> [T1(24%) "]
r=1j=1 j=1 ‘r=1
A A 2
Xll ! ( Al Ap )
(m—1)min{A;,22,..., A} ZﬁzlAﬁ zzzlAI/}%
rm n 17
> T1(2a%)" | @)
Lj=1 "r=1 i
and
nom rm nooa AL_
S 114> (T1(Z47)"
r=1j=1 Lj=1 “r=1 _
A A 2
% [1 o 1 ( All1 o Alm )
(m—1)min{A1,A2,..., An} ZZZIAI/}II i Al

(43)
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(c) Let A >0, A, A2, A1 <0, X7 = < 1. If m>2, then
J

r=1j=1 j=1"r=1
A A 2
-
(m—2)min{A;,A2,..., An} py/ 1A/ll zg:lAlg
o N
] j
. [H(ZAU-) ,}7 (44)
j=1 "r=1
and

l}'i’l
" ll 1 ( Ajl Al((m 11)) 2]
T (m— i A 2
(m—=2)min{A;,A2,..., A} i Al s A (mq))

k(m—1

(g7
r=1

If m=2, then

| )

M A
24k lAkl ZZZIA/(Q

(46)

3. Application

In this section, we present a new refinement of Singh’s inequality with respect to
information of order ¢ for the power distribution and exponential mean length.
Let x be the utility information scheme

X1 X2 X3 -+ Xp

x= P’fpgpg R

up up u3z -+ Up
— ; pB— (P B LB By
where X = (x1,x2,X3,---,X,) is the alphabet; PP = (p|,p5,p5,---,pn) is the power
probability distribution; U = (ul,ug,u3, -+, uy) is the utility distribution u, > 0 for all

r=123---n;B#1, B >0, erlprz
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In [18], Singh et al. defined the ‘useful’ information of order o for the power

distribution PP as
log2< LA ) (47)
1 lpl uj

and defined the exponential ‘useful’ mean lengths of codewords weighted with the func-
tion of power probabilities and utilities as

@ a
—Zpr ——) D (48)
z 1 Pi Ui

r=1

It is obvious that when B =1, u, =1 forall r=1,2,...,n, (47) is a generalization of
Renyi’s [16] entropy of order ¢. It is also very clear that when f =1, o« — 1, and
ur=1forall r=1,2,...,n, (47) reduce to Shannon entropy [17].

Moreover, for every uniquely decipherable code, Singh et al. [18] obtained

ﬁ
B é r(1-a) logzz (7r I,g- >
D@ Py i
gD(EPr r )2 i=1Pi U

A (S plui)e (1-a)log, D

where 0« >0, o #1, D > 2, I, integers, p, >0, r=1,2,3,---.,n and ZLID’IV <1.
The inequality is called as Singh’s inequality.

A fundamental result related to the notion of the Shannon entropy is the following
inequality

—1

= ) (49)

” 1 /! 1
Y prlog— < Y prlog—, (50)
r=1 Pr r=1 qr

which is valid for all positive real numbers p, and ¢, with ¥/, p, =1, ¥, q, =
1. This result, sometimes called the fundamental lemma of information theory, has
extensive applications (see, for example, [11]). Obviously, the inequality (49), which
gives the relation between (47) and (48), generalized Shannon’s inequality (50).

Now, from Corollary 1 we present a refinement of Singh’s inequality (49).

THEOREM 3. Let >0, >0, a, B#1, p, >0, r=1,2,3,---.nand ¥)_ 1Pr
=1, let D (D > 2) is the size of the code alphabet. If Ny, r=1,2,3,--- n are the
lengths of the codewords satisfying the Kraft inequality

Then for every uniquely decipherable code, the ‘useful’ o.-average length of codewords
satisfies

o,
B aD la) IOgZZ:l:l( br ,Br )
(I1—a)log, D

o rUr 2,’-': i Ui
mlOgD (2[7 . T 17 +10gD(1+(Dt2)7 (51)
(i 117, ;)@
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where
L N(-a) a
. p?uf‘D o _ ulplﬁ
0 B A N0 aff
Yo PrufD e r=1 UrDr
1
=1 (a>1)
=

25 0<a<l).

Proof. We consider two cases: ¢« > 1 and O < o < 1. For o > 1, by using

Corollary 1 with a substitution

1
a—1 op a-1
z/l — , AZ =1l-a, An :p;lfl ( Ur ) D_Nr’
o )y

1

n n 1 T—a
o (oe—1)Nr

2D > lng (7% ) Da] l >y < )]

=1 r=1 Z?=1uil?,l-3 py 1”:le3

1 1
x ¢ 11— 2 D~ Zp, D
{ I-a i 1”11’? pyE 1”:1’?

() S (e MJT}-

In view of ¥"_, D~ < 1, and carrying detailed computing, we have

n . 2
So(ty) o
z:l 1 ulpl

1 )N op

ip ( >1a {— 1 plfulD’i _up)
=1 zluzpf3 1-a p M :l=1urp(rxﬁ

r—lpr u"

(a—1)Nr

(52)

)|

(53)

Hence we have the desired inequality (51) in the case of or > 1. Moreover, for the case

0 < o < 1, by the same way, using Corollary 1 with a substitution

1

oa—1 op a1

2,1:—, Az:l—oh Arlzp;xil (714” ﬁ) D—Nr7
o il uip;
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1
o u I—o
_ T« r
Ar2_pr ( n - /3)
leluzpi

in (46) and setting m = 2, we can obtain the desired inequality (51). So, the proof of
Theorem 3 is completed. [

REMARK 2. Ifweset B =1, u,=1 (r=1,2,...,n) in (51), then a new refine-
ment of Campbell’s inequality ([5], Lemma) holds.

o L Ny(1-0) 1 2
1_alogl)<2;7,D a ) > 1_(XlogD(Zp‘,">—|—logD(l—|—a)1t1), (54)
r=1 r=1

where
N (1-a)
; p1D” @ Py
1= (1= - )
Zleper ?:lp(rx
1
=1 (a>1)

w; =
% 0<a<1).
And then, for ov — 1, by using L’Hospital theorem and inequality (54) we obtain
the refinement of the Feinstein’s inequality [7] as follows.

ZNrpr> _zprlogDpr+10gD(l+9*)7 (35)
r=1

r=1

where
—pi(InD—3'_, p,N,InD) (ot >1)
0* =
pi(lnD—3"_ p,N,InD) (0<a<1).
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