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Abstract. In this paper, we present a series of sharpened versions of generalized Hölder’s in-
equality. As an application in information theory, we give a new refinement of Singh’s inequal-
ity with respect to the ‘useful’ information of order α for the power distribution. The Singh’s
inequality include Shannon’s inequality as a special case.

1. Introduction

We begin by recalling here the classical Hölder’s inequality [4] as Theorem A
below.

THEOREM A. If β j � 0 , Ar j � 0 (r = 1,2, · · · ,n, j = 1,2, · · · ,m) , and if ∑m
j=1 β j =

1 , then
n

∑
r=1

m

∏
j=1

A
β j
r j �

m

∏
j=1

( n

∑
r=1

Ar j

)β j

. (1)

As is well known, Hölder’s inequality plays an important and basic role in different
branches of modern mathematics such as classical real and complex analysis, numerical
analysis, probability and statistics, fuzzy measure theory, qualitative theory of differ-
ential equations and their applications. Due to the importance of Hölder’s inequality
(1), it has received considerable attention by many authors, and has motivated a large
number of research papers giving it various generalizations, improvements and appli-
cations. For example, Agahi et al. [3] presented some noteworthy generalizations of
the Hölder’s and Minkowski’s inequalities for the pseudo-integral. Liu [9] established
an important Hölder-type inequality for fuzzy variables. Nikolova and Varošanec [14]
obtained some new refinements of the classical Hölder inequality by using a convex
function. For more detail expositions, the interested reader may consult [1, 2], [10],
[15], [20, 21] and the references therein.
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Keywords and phrases: Hölder’s inequality, information theory, Singh’s inequality, Shannon’s inequal-

ity, information measure.
This work was supported by the NNSF of China (No. 61073121), the Fundamental Research Funds for the Central

Universities (No. 2015ZD29, 13ZD19) and the Higher School Science Research Funds of Hebei Province of China (No.
Z2015137).

c© � � , Zagreb
Paper MIA-19-59

805

http://dx.doi.org/10.7153/mia-19-59


806 J.-F. TIAN AND W. PEDRYCZ

As for Hölder’s inequality, many generalizations have been obtained so far. Among
various generalizations of (1), the exponential generalization of (1) is an important re-
search subject. In [8], Jensen first derived an exponential extension of Hölder’s inequal-
ity. Later, a lot of interesting exponential extensions of Hölder’s inequality have been
studied by many researchers, e.g., Carroll et al. [6], Mitrinović and Pečarić [12], Mitri-
nović et al. [13], Vasić and Pečarić [22], Wu and Debnath [23], and Tian [19]. The
reader who wants to learn more about the exponential extension of Hölder’s inequality
may consult the work [13]. The most important results in the references mentioned
above is derived by Vasić and Pečarić [22] as follows.

THEOREM B. Let Ar j > 0 (r = 1,2, · · · ,n, j = 1,2, · · · ,m) .

(a) If β j � 0 , and if ∑m
j=1 β j � 1 , then

n

∑
r=1

m

∏
j=1

A
β j
r j �

m

∏
j=1

( n

∑
r=1

Ar j

)β j

. (2)

(b) If β j � 0 ( j = 1,2, · · · ,m) , then

n

∑
r=1

m

∏
j=1

A
β j
r j �

m

∏
j=1

( n

∑
r=1

Ar j

)β j

. (3)

(c) If β1 > 0 , β j � 0 ( j = 2,3, · · · ,m) , and if ∑m
j=1 β j � 1 , then

n

∑
r=1

m

∏
j=1

A
β j
r j �

m

∏
j=1

( n

∑
r=1

Ar j

)β j

. (4)

The above inequalities are called as generalized Hölder’s inequalities.

Although Hölder’s inequality and generalized Hölder’s inequalities play a funda-
mental role in many branches of mathematics and have a wide range of applications in
information science. Some problems can’t be precisely estimated by them. For exam-
ple, if we set m = 2, n= N+1, A11 = 0, Ar1 = 1, A12 = 1, Ar2 = 0, r = 2,3, · · · ,N+1,
and β j > 0, β1 + β2 = 1, then from generalized Hölder’s inequality (2) we just obtain
0 � N . So it is of interest to refine Hölder’s inequality and generalized Hölder’s in-
equalities.

The main purpose of this paper is to establish some new and exquisite refinements
of inequalities (2), (3), (4) and (1). Moreover, a new refinement of Singh’s inequality
which generalized Shannon’s inequality, is given by using the obtained results.
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2. New refinements of generalized Hölder’s inequality

In this section we first introduce the following two lemmas, which will be used in
the sequel.

LEMMA 1. [4] Let A1,A2, · · · ,Am be real numbers, and let m be a natural num-
ber and m � 2 . Then

∑
1�i< j�m

(Ai −Aj)2 = m

( m

∑
i=1

A2
i

)
−
( m

∑
i=1

Ai

)2

. (5)

LEMMA 2. [4] If x > −1 , α > 1 or α < 0 , then

(1+ x)α � 1+ αx. (6)

The inequality is reversed for 0 < α < 1.

Next, we prove the following lemmas, which play a crucial role in proving the
main results.

LEMMA 3. Let λ1 � λ2 � · · ·� λm > 0 , ∑m
j=1

1
λ j

� 1 , let Xr j > 0 , 1−∑n
r=1 X

λ j
r j >

0 (r = 1,2, · · · ,n, j = 1,2, · · · ,m) , and let m � 2 . Then

m

∏
j=1

(
1−

n

∑
r=1

X
λ j
r j

) 1
λ j

+
n

∑
r=1

m

∏
j=1

Xr j

�
{

1− 2
m(m−1)

[
m

( m

∑
j=1

( n

∑
r=1

X
λ j
r j

)2)
−
( m

∑
j=1

( n

∑
r=1

X
λ j
r j

))2
]} m

2λ1

. (7)

Proof. From the hypotheses of Lemma 3, we obtain

1
(m−1)λi

> 0,
1

(m−1)λ j
− 1

(m−1)λi
� 0 (1 � i < j � m),

and

∑
1�i< j�m

[
1

(m−1)λi
+

1
(m−1)λi

+
1

(m−1)λ j
− 1

(m−1)λi

]

= ∑
1�i< j�m

[
1

(m−1)λi
+

1
(m−1)λ j

]
=

1
λ1

+
1
λ2

+ · · ·+ 1
λm

. (8)

Then, in virtue of the generalized Hölder’s inequality (2) we have

∏
1�i< j�m

[
1−
( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
] 1

(m−1)λi

= ∏
1�i< j�m

{[ n

∑
r=1

Xλi
ri +

(
1−

n

∑
r=1

X
λ j
r j

)] 1
(m−1)λi

[ n

∑
r=1

X
λ j
r j +

(
1−

n

∑
r=1

Xλi
ri

)] 1
(m−1)λi
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×
[ n

∑
r=1

X
λ j
r j +

(
1−

n

∑
r=1

X
λ j
r j

)] 1
(m−1)λ j

− 1
(m−1)λi

}

� ∏
1�i< j�m

[(
Xλi

1i

) 1
(m−1)λi

(
X

λ j
1 j

) 1
(m−1)λi

(
X

λ j
1 j

) 1
(m−1)λ j

− 1
(m−1)λi

]

+ ∏
1�i< j�m

[(
Xλi

2i

) 1
(m−1)λi

(
X

λ j
2 j

) 1
(m−1)λi

(
X

λ j
2 j

) 1
(m−1)λ j

− 1
(m−1)λi

]

+ · · ·

+ ∏
1�i< j�m

[(
Xλi

ni

) 1
(m−1)λi

(
X

λ j
n j

) 1
(m−1)λi

(
X

λ j
n j

) 1
(m−1)λ j

− 1
(m−1)λi

]

+ ∏
1�i< j�m

[(
1−

n

∑
r=1

X
λ j
r j

) 1
(m−1)λi

(
1−

n

∑
r=1

Xλi
ri

) 1
(m−1)λi

(
1−

n

∑
r=1

X
λ j
r j

) 1
(m−1)λ j

− 1
(m−1)λi

]

= ∏
1�i< j�m

X
1

m−1
1i X

1
m−1
1 j + ∏

1�i< j�m

X
1

m−1
2i X

1
m−1
2 j + . . .+ ∏

1�i< j�m

X
1

m−1
ni X

1
m−1
n j

+ ∏
1�i< j�m

[(
1−

n

∑
r=1

Xλi
ri

) 1
(m−1)λi

(
1−

n

∑
r=1

X
λ j
r j

) 1
(m−1)λ j

]

=
m

∏
j=1

X1 j +
m

∏
j=1

X1 j + . . .+
m

∏
j=1

X1 j +
m

∏
j=1

(
1−

n

∑
r=1

X
λ j
r j

) 1
λ j

=
n

∑
r=1

m

∏
j=1

Xr j +
m

∏
j=1

(
1−

n

∑
r=1

X
λ j
r j

) 1
λ j . (9)

Noting the fact that there are m(m−1)
2 product terms in the expression ∏1�i< j�m

[
1−(

∑n
r=1 Xλi

ri −∑n
r=1 X

λ j
r j

)2]
, and applying the arithmetic-geometric mean’s inequality, we

find

∏
1�i< j�m

[
1−
( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
]

�
{

2
m(m−1) ∑

1�i< j�m

[
1−
( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
]}m(m−1)

2

=
[
1− 2

m(m−1) ∑
1�i< j�m

( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
]m(m−1)

2

, (10)

so that

∏
1�i< j�m

[
1−
( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
] 1

(m−1)λi

�
{

∏
1�i< j�m

[
1−
( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
]} 1

(m−1)λ1
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�
[
1− 2

m(m−1) ∑
1�i< j�m

( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
] m

2λ1
. (11)

On the other hand, from Lemma 1 we have[
1− 2

m(m−1) ∑
1�i< j�m

( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
] m

2λ1

=

{
1− 2

m(m−1)

[
m

( m

∑
j=1

( n

∑
r=1

X
λ j
r j

)2)
−
( m

∑
j=1

( n

∑
r=1

X
λ j
r j

))2
]} m

2λ1

. (12)

Consequently, from inequalities (9), (11) and (12), we have the desired result. �

LEMMA 4. Let λ1 � λ2 � . . . � λm < 0 , let Xr j > 0 , 1−∑n
r=1 X

λ j
r j > 0 (r =

1,2, · · · ,n, j = 1,2, · · · ,m) , and let m � 2 . Then

m

∏
j=1

(
1−

n

∑
r=1

X
λ j
r j

) 1
λ j

+
n

∑
r=1

m

∏
j=1

Xr j

�
{

1− 2
m(m−1)

[
m

( m

∑
j=1

( n

∑
r=1

X
λ j
r j

)2)
−
( m

∑
j=1

( n

∑
r=1

X
λ j
r j

))2
]} m

2λ1

. (13)

Proof. By the same method as in Lemma 3, using generalized Holder’s inequality
(3) and Lemma 1, we can obtain the desired inequality (13). �

LEMMA 5. Let λm > 0 , λ1 � λ2 � . . . � λm−1 < 0 , ∑m
j=1

1
λ j

� 1 , and let Xi j > 0 ,

1−∑n
i=1 X

λ j
i j > 0 (i = 1,2, · · · ,n, j = 1,2, · · · ,m) . If m > 2 , then

m

∏
j=1

(
1−

n

∑
i=1

X
λ j
i j

) 1
λ j

+
n

∑
i=1

m

∏
j=1

Xi j

�
{

1− 2
(m−1)(m−2)

[
(m−1)

(m−1

∑
j=1

( n

∑
r=1

X
λ j
r j

)2)
−
(m−1

∑
j=1

( n

∑
r=1

X
λ j
r j

))2
]}m−1

2λ1

;

(14)

If m = 2 , then

2

∏
j=1

(
1−

n

∑
i=1

X
λ j
i j

) 1
λ j

+
n

∑
i=1

2

∏
j=1

Xi j

�
{

1−
[
2

( 2

∑
j=1

( n

∑
r=1

X
λ j
r j

)2)
−
( 2

∑
j=1

( n

∑
r=1

X
λ j
r j

))2
]} 1

λ1

. (15)
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Proof. We first consider the case where m > 2. From the assumptions in Lemma
5, we find

1
(m−2)λi

< 0,
1

(m−2)λ j
− 1

(m−2)λi
� 0 (1 � i < j � m−1),

and

∑
1�i< j�m−1

[
1

(m−2)λi
+

1
(m−2)λi

+
1

(m−2)λ j
− 1

(m−2)λi

]

= ∑
1�i< j�m−1

[
1

(m−2)λi
+

1
(m−2)λ j

]
=

1
λ1

+
1
λ2

+ · · ·+ 1
λm−1

. (16)

Then, by using inequality (4) we get

∏
1�i< j�m−1

[
1−
( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
] 1

(m−2)λi

=
[ n

∑
r=1

Xλm
rm +

(
1−

n

∑
r=1

Xλm
rm

)] 1
λm

∏
1�i< j�m−1

{[ n

∑
r=1

Xλi
ri +

(
1−

n

∑
r=1

X
λ j
r j

)] 1
(m−2)λi

×
[ n

∑
r=1

X
λ j
r j +

(
1−

n

∑
r=1

Xλi
ri

)] 1
(m−2)λi

[ n

∑
r=1

X
λ j
r j +

(
1−

n

∑
r=1

X
λ j
r j

)] 1
(m−2)λ j

− 1
(m−2)λi

}

� X
λm
λm
1m ∏

1�i< j�m−1

[(
Xλi

1i

) 1
(m−2)λi

(
X

λ j
1 j

) 1
(m−2)λi

(
X

λ j
1 j

) 1
(m−2)λ j

− 1
(m−2)λi

]

+X
λm
λm
2m ∏

1�i< j�m−1

[(
Xλi

2i

) 1
(m−2)λi

(
X

λ j
2 j

) 1
(m−2)λi

(
X

λ j
2 j

) 1
(m−2)λ j

− 1
(m−2)λi

]

+ · · ·

+X
λm
λm
nm ∏

1�i< j�m−1

[(
Xλi

ni

) 1
(m−2)λi

(
X

λ j
n j

) 1
(m−2)λi

(
X

λ j
n j

) 1
(m−2)λ j

− 1
(m−2)λi

]

+
(
1−Xλm

1m

) 1
λm ∏

1�i< j�m−1

[(
1−X

λ j
1 j

) 1
(m−2)λi

(
1−Xλi

1i

) 1
(m−2)λi

× (1−X
λ j
2 j

) 1
(m−2)λ j

− 1
(m−2)λi

]

+
(
1−Xλm

2m

) 1
λm ∏

1�i< j�m−1

[(
1−X

λ j
2 j

) 1
(m−2)λi

(
1−Xλi

2i

) 1
(m−2)λi

× (1−X
λ j
2 j

) 1
(m−2)λ j

− 1
(m−2)λi

]
+ · · ·
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+
(
1−Xλm

nm

) 1
λm ∏

1�i< j�m−1

[(
1−X

λ j
n j

) 1
(m−2)λi

(
1−Xλi

ni

) 1
(m−2)λi

× (1−X
λ j
n j

) 1
(m−2)λ j

− 1
(m−2)λi

]

=
n

∑
r=1

(
Xrm ∏

1�i< j�m−1
X

1
m−2
ri X

1
m−2
r j

)

+
n

∑
r=1

{(
1−Xλm

rm

) 1
λm ∏

1�i< j�m−1

[(
1−Xλi

ri

) 1
(m−2)λi

(
1−X

λ j
r j

) 1
(m−2)λ j

]}

=
n

∑
r=1

m

∏
j=1

Xr j +
n

∑
r=1

m

∏
j=1

(
1−X

λ j
r j

) 1
λ j . (17)

Noting that there are (m−1)(m−2)
2 product terms in the expression ∏1�i< j�m−1

[
1−(

∑n
r=1 Xλi

ri −∑n
r=1 X

λ j
r j

)2]
, we then deduce from the arithmetic-geometric mean’s in-

equality that

∏
1�i< j�m−1

[
1−
( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
]

�
{

2
(m−1)(m−2) ∑

1�i< j�m−1

[
1−
( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
]} (m−1)(m−2)

2

=
[
1− 2

(m−1)(m−2) ∑
1�i< j�m

( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
] (m−1)(m−2)

2

, (18)

so that

∏
1�i< j�m−1

[
1−
( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
] 1

(m−2)λi

�
{

∏
1�i< j�m−1

[
1−
( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
]} 1

(m−2)λ1

�
[
1− 2

(m−1)(m−2) ∑
1�i< j�m−1

( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
]m−1

2λ1
. (19)

On the other hand, from Lemma 1 we have[
1− 2

(m−1)(m−2) ∑
1�i< j�m−1

( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
]m−1

2λ1

=

{
1− 2

(m−1)(m−2

[
(m−1)

(m−1

∑
j=1

( n

∑
r=1

X
λ j
r j

)2)
−
(m−1

∑
j=1

( n

∑
r=1

X
λ j
r j

))2
]}m−1

2λ1

.

(20)
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Consequently, from (17), (19) and (20), we immediately obtain the inequality (14).
Next, suppose that m = 2. By the same method as in Lemma 3, applying gen-

eralized Hölder’s inequality (4) and Lemma 1, we can deduce the desired inequality
(15). �

LEMMA 6. Let λ1,λ2, . . . ,λm > 0 , ∑m
j=1

1
λ j

� 1 , let Xr j > 0 , 1−∑n
r=1 X

λ j
r j > 0

(r = 1,2, · · · ,n, j = 1,2, · · · ,m) , and let m � 2 . Then

m

∏
j=1

(
1−

n

∑
r=1

X
λ j
r j

) 1
λ j

+
n

∑
r=1

m

∏
j=1

Xr j

�
[
1− 2

m(m−1) ∑
1�i< j�m

( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
] m

2max{λ1,λ2,...,λm}
. (21)

Proof. After simply rearranging, we write by λ j1 � λ j2 � . . . � λ jm the com-
ponent of λ1,λ2, . . . ,λm in decreasing order, where j1, j2, . . . , jm is a permutation of
1,2, . . . ,m .

Then, from Lemma 3 and Lemma 1 we get

m

∏
j=1

(
1−

n

∑
r=1

X
λ j
r j

) 1
λ j

+
n

∑
r=1

m

∏
j=1

Xr j

=
(
1−

n

∑
r=1

X
λ j1
r j1

) 1
λ j1

(
1−

n

∑
r=1

X
λ j2
r j2

) 1
λ j2 . . .

(
1−

n

∑
r=1

X
λ jm
r jm

) 1
λ jm +

n

∑
r=1

Xr j1Xr j2 . . .Xr jm

�
{

1− 2
m(m−1)

[
m

( m

∑
k=1

( n

∑
r=1

X
λ jk
r jk

)2)
−
( m

∑
k=1

( n

∑
r=1

X
λ jk
r jk

))2
]} m

2λ j1

=

{
1− 2

m(m−1)

[
m

( m

∑
j=1

( n

∑
r=1

X
λ j
r j

)2)
−
( m

∑
j=1

( n

∑
r=1

X
λ j
r j

))2
]} m

2max{λ1,λ2,...,λm}

=

[
1− 2

m(m−1) ∑
1�i< j�m

( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
] m

2max{λ1,λ2 ,...,λm}
. (22)

The proof of Lemma 6 is completed. �
By the same method as in Lemma 6, we obtain the following two lemmas.

LEMMA 7. Let λ1,λ2, . . . ,λm < 0 , let Xr j > 0 , 1−∑n
r=1 X

λ j
r j > 0 (r = 1,2, · · · ,n,

j = 1,2, · · · ,m) , and let m � 2 . Then

m

∏
j=1

(
1−

n

∑
r=1

X
λ j
r j

) 1
λ j

+
n

∑
r=1

m

∏
j=1

Xr j

�
[
1− 2

m(m−1) ∑
1�i< j�m

( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
] m

2min{λ1,λ2,...,λm}
. (23)
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LEMMA 8. Let λm > 0 , λ1,λ2, . . . ,λm−1 < 0 , ∑m
j=1

1
λ j

� 1 , let Xr j > 1 , 1−
∑n

r=1 X
λ j
r j > 0 (r = 1,2, · · · ,n, j = 1,2, · · · ,m−1) , and let 0 < Xrm < 1 , 1−∑n

r=1 Xλm
rm >

0 . If m > 2 , then

m

∏
j=1

(
1−

n

∑
r=1

X
λ j
r j

) 1
λ j

+
n

∑
r=1

m

∏
j=1

Xr j

�
[
1− 2

(m−1)(m−2) ∑
1�i< j�m−1

( n

∑
r=1

Xλi
ri −

n

∑
r=1

X
λ j
r j

)2
] m−1

2min{λ1,λ2,...,λm}
; (24)

If m = 2 , then

2

∏
j=1

(
1−

n

∑
r=1

X
λ j
r j

) 1
λ j

+
n

∑
r=1

2

∏
j=1

Xr j �
[
1−
( n

∑
r=1

Xλ1
r1 −

n

∑
r=1

Xλ2
r2

)2
] 1

λ1

. (25)

Finally, we present some new refinements of inequalities (2), (3) and (4).

THEOREM 1. Let Ar j � 0 (r = 1,2, · · · ,n, j = 1,2, · · · ,m) , and let l be any given
natural number (1 � l � n) .

(a) If λ1,λ2, . . . ,λm > 0 , ∑m
j=1

1
λ j

� 1 , m � 2 , then

n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 2

m(m−1) ∑
1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

−
A

λ j
l j

∑n
k=1 A

λ j
k j

)2
] m

2max{λ1,λ2,...,λm}
.

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
. (26)

(b) If λ1,λ2, . . . ,λm < 0 , m � 2 , then

n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 2

m(m−1) ∑
1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

− A
λ j
l j

∑n
k=1 A

λ j
k j

)2
] m

2min{λ1,λ2,...,λm}

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
. (27)
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(c) Let λm > 0 , λ1,λ2, . . . ,λm−1 < 0 , ∑m
j=1

1
λ j

� 1 . If m > 2 , then

n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 2

(m−1)(m−2) ∑
1�i< j�m−1

(
Aλi

li

∑n
k=1 Aλi

ki

− A
λ j
l j

∑n
k=1 A

λ j
k j

)2
] m−1

2min{λ1,λ2,...,λm}

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
; (28)

If m = 2 , then

n

∑
r=1

2

∏
j=1

Ar j �
[

2

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

][
1−
(

Aλ1
l1

∑n
k=1 Aλ1

k1

− Aλ2
l2

∑n
k=1 Aλ2

k2

)2
] 1

λ1

�
[

2

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
. (29)

Proof. (a). Consider the following substitution:

Xr j =
Ar j(

∑n
k=1 A

λ j
k j

) 1
λ j

(r = 1,2, · · · ,n, j = 1,2, · · · ,m). (30)

It is easy to see that, for any given natural number l (1 � l � n) , the following inequal-
ities hold

Xr j > 0, 1− ∑
1�r�n,r �=l

X
λ j
r j > 0.

Consequently, by using the substitution (30) and inequality (21), we have

m

∏
j=1

[
1− ∑

1�r�n,r �=l

(
A

λ j
r j

∑n
k=1 A

λ j
k j

)] 1
λ j

+ ∑
1�r�n,r �=l

[ m

∏
j=1

Ar j(
∑n

k=1 A
λ j
k j

) 1
λ j

]

�
{

1− 2
m(m−1) ∑

1�i< j�m

[
∑

1�r�n, r �=l

(
Aλi

ri

∑n
k=1 Aλi

ki

)

− ∑
1�r�n,r �=l

(
A

λ j
r j

∑n
k=1 A

λ j
k j

)]2
} m

2max{λ1,λ2,...,λm}
, (31)
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and thus we have

∏m
j=1 Al j

∏m
j=1

(
∑n

k=1 A
λ j
k j

) 1
λ j

+
∑1�r�n,r �=l ∏m

j=1 Ar j

∏m
j=1

(
∑n

k=1 A
λ j
k j

) 1
λ j

�
[
1− 2

m(m−1) ∑
1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

− A
λ j
l j

∑n
k=1 A

λ j
k j

)2
] m

2max{λ1,λ2,...,λm}
, (32)

that is

∑n
r=1

(
∏m

j=1 Ar j
)

∏m
j=1

(
∑n

k=1 A
λ j
k j

) 1
λ j

�
[
1− 2

m(m−1) ∑
1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

− A
λ j
l j

∑n
k=1 A

λ j
k j

)2
] m

2max{λ1,λ2,...,λm}
. (33)

So, we have the desired inequality (26). The proof of inequalities (27), (28) and
(29) are similar to the one of inequality (26) and we omit it. The proof of Theorem 1 is
completed. �

REMARK 1. If l = 1, m = 2, n = N + 1, A11 = 0, Ar1 = 1, A12 = 1, Ar2 = 0,
r = 2,3, · · · ,N +1, and if λ1,λ2 > 0, 1

λ1
+ 1

λ2
= 1, then from inequality (26) we obtain

0 � 0.

THEOREM 2. Let Ar j � 0 (r = 1,2, · · · ,n, j = 1,2, · · · ,m) , and let l be any given
natural number (1 � l � n) .

(a) If λ1,λ2, . . . ,λm > 0 , ∑m
j=1

1
λ j

� 1 , m � 2 , then

n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 1

(m−1)max{λ1,λ2, . . . ,λm, m
2 } ∑

1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

− A
λ j
l j

∑n
k=1 A

λ j
k j

)2
]

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
. (34)

(b) If λ1,λ2, . . . ,λm < 0 , m � 2 , then
n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 1

(m−1)min{λ1,λ2, . . . ,λm} ∑
1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

− A
λ j
l j

∑n
k=1 A

λ j
k j

)2
]

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
. (35)
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(c) Let λm > 0 , λ1,λ2, . . . ,λm−1 < 0 , ∑m
j=1

1
λ j

� 1 . If m > 2 , then

n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 1

(m−2)min{λ1,λ2, . . . ,λm} ∑
1�i< j�m−1

(
Aλi

li

∑n
k=1 Aλi

ki

− A
λ j
l j

∑n
k=1 A

λ j
k j

)2
]

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
; (36)

If m = 2 , then

n

∑
r=1

2

∏
j=1

Ar j �
[

2

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

][
1− 1

λ1

(
Aλ1

l1

∑n
k=1 Aλ1

k1

− Aλ2
l2

∑n
k=1 Aλ2

k2

)2
]

�
[

2

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
. (37)

Proof. Case (a). When max{λ1,λ2, . . . ,λm} > m
2 , which implies m

2max{λ1,λ2,...,λm}
∈ (0,1) . From Lemma 2 and Theorem 1, we obtain[

1− 2
m(m−1) ∑

1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

− A
λ j
l j

∑n
k=1 A

λ j
k j

)2
] m

2max{λ1,λ2,...,λm}

� 1− 1
(m−1)max{λ1,λ2,...,λm} ∑

1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

− A
λ j
l j

∑n
k=1 A

λ j
k j

)2

= 1− 1
(m−1)max{λ1,λ2,...,λm, m

2 }
∑

1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

− A
λ j
l j

∑n
k=1 A

λ j
k j

)2

. (38)

When max{λ1,λ2, . . . ,λm} � m
2 , then this implies m

2max{λ1,λ2,...,λm} � 1. Noting
that the function f (x) = ax (0 < a < 1) is strictly decreasing on (−∞,+∞) , then we
have [

1− 2
m(m−1) ∑

1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

−
A

λ j
l j

∑n
k=1 A

λ j
k j

)2
] m

2max{λ1,λ2,...,λm}

� 1− 2
m(m−1) ∑

1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

−
A

λ j
l j

∑n
k=1 A

λ j
k j

)2

= 1− 1
(m−1)max{λ1,λ2,...,λm, m

2 }
∑

1�i< j�m

(
Aλi

li

∑n
k=1 Aλi

ki

−
A

λ j
l j

∑n
k=1 A

λ j
k j

)2

. (39)



REFINEMENTS OF HÖLDER’S INEQUALITY AND THEIR APPLICATIONS 817

Combining inequalities (38) and (39) leads to the desired inequalty (34). From Lemma
2, inequalities (35), (36) and (37) are valid. The proof of Theorem 2 is completed. �

From Theorem 2, the following refinements of (2), (3) and (4) hold.

COROLLARY 1. Let Ar j � 0 (r = 1,2, · · · ,n, j = 1,2, · · · ,m) , and let l be any
given natural number (1 � l � n) .

(a) If λ1,λ2, . . . ,λm > 0 , ∑m
j=1

1
λ j

� 1 , m � 2 , then

n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 1

(m−1)max{λ1,λ2, . . . ,λm, m
2 }
(

Aλ1
l1

∑n
k=1 Aλ1

k1

− Aλ2
l2

∑n
k=1 Aλ2

k2

)2
]

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
, (40)

and
n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 1

(m−1)max{λ1,λ2, . . . ,λm, m
2 }
(

Aλ1
l1

∑n
k=1 Aλ1

k1

− Aλm
lm

∑n
k=1 Aλm

km

)2
]

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
. (41)

(b) If λ1,λ2, . . . ,λm < 0 , m � 2 , then

n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 1

(m−1)min{λ1,λ2, . . . ,λm}
(

Aλ1
l1

∑n
k=1 Aλ1

k1

− Aλ2
l2

∑n
k=1 Aλ2

k2

)2
]

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
, (42)

and
n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 1

(m−1)min{λ1,λ2, . . . ,λm}
(

Aλ1
l1

∑n
k=1 Aλ1

k1

− Aλm
lm

∑n
k=1 Aλm

km

)2
]

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
. (43)
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(c) Let λm > 0 , λ1,λ2, . . . ,λm−1 < 0 , ∑m
j=1

1
λ j

� 1 . If m > 2 , then

n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 1

(m−2)min{λ1,λ2, . . . ,λm}
(

Aλ1
l1

∑n
k=1 Aλ1

k1

− Aλ2
l2

∑n
k=1 Aλ2

k2

)2
]

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
, (44)

and

n

∑
r=1

m

∏
j=1

Ar j �
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]

×
[
1− 1

(m−2)min{λ1,λ2, . . . ,λm}
(

Aλ1
l1

∑n
k=1 Aλ1

k1

−
A

λ(m−1)
l(m−1)

∑n
k=1 A

λ(m−1)
k(m−1)

)2
]

�
[ m

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
; (45)

If m = 2 , then

n

∑
r=1

2

∏
j=1

Ar j �
[

2

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

][
1− 1

λ1

(
Aλ1

l1

∑n
k=1 Aλ1

k1

− Aλ2
l2

∑n
k=1 Aλ2

k2

)2
]

�
[

2

∏
j=1

( n

∑
r=1

A
λ j
r j

) 1
λ j

]
. (46)

3. Application

In this section, we present a new refinement of Singh’s inequality with respect to
information of order α for the power distribution and exponential mean length.

Let χ be the utility information scheme

χ =

⎡
⎣ x1 x2 x3 · · · xn

pβ
1 pβ

2 pβ
3 · · · pβ

n

u1 u2 u3 · · · un

⎤
⎦

where X = (x1,x2,x3, · · · ,xn) is the alphabet; Pβ = (pβ
1 , pβ

2 , pβ
3 , · · · , pβ

n ) is the power
probability distribution; U = (u1,u2,u3, · · · ,un) is the utility distribution ur > 0 for all

r = 1,2,3, · · · ,n ; β �= 1, β > 0, ∑n
r=1 pβ

r = 1.
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In [18], Singh et al. defined the ‘useful’ information of order α for the power
distribution Pβ as

1
1−α

log
n

∑
r=1

(
pβ α

r ur

∑n
i=1 pβ

i ui

)
, (47)

and defined the exponential ‘useful’ mean lengths of codewords weighted with the func-
tion of power probabilities and utilities as

α
1−α

n

∑
r=1

pβ
r

(
ur

∑n
i=1 pβ

i ui

) 1
α
D

(1−α)lr
α . (48)

It is obvious that when β = 1, ur = 1 for all r = 1,2, . . . ,n , (47) is a generalization of
Renyi’s [16] entropy of order α . It is also very clear that when β = 1, α → 1, and
ur = 1 for all r = 1,2, . . . ,n , (47) reduce to Shannon entropy [17].

Moreover, for every uniquely decipherable code, Singh et al. [18] obtained

α
1−α

logD

(
n

∑
r=1

pβ
r u

1
α
r D

lr(1−α)
α

(∑n
i=1 pβ

i ui)
1
α

)
�

log2 ∑n
r=1

(
pβα
r ur

∑n
i=1 pβ

i ui

)
(1−α) log2 D

, (49)

where α > 0, α �= 1, D � 2, lr , integers, pr � 0, r = 1,2,3, · · · ,n and ∑n
r=1 D−lr � 1.

The inequality is called as Singh’s inequality.
A fundamental result related to the notion of the Shannon entropy is the following

inequality
n

∑
r=1

pr log
1
pr

�
n

∑
r=1

pr log
1
qr

, (50)

which is valid for all positive real numbers pr and qr with ∑n
r=1 pr = 1, ∑n

r=1 qr =
1. This result, sometimes called the fundamental lemma of information theory, has
extensive applications (see, for example, [11]). Obviously, the inequality (49), which
gives the relation between (47) and (48), generalized Shannon’s inequality (50).

Now, from Corollary 1 we present a refinement of Singh’s inequality (49).

THEOREM 3. Let α > 0 , β > 0 , α , β �= 1 , pr � 0 , r = 1,2,3, · · · ,n and ∑n
r=1 pβ

r

= 1 , let D (D � 2) is the size of the code alphabet. If Nr , r = 1,2,3, · · · ,n are the
lengths of the codewords satisfying the Kraft inequality

n

∑
r=1

D−Nr � 1.

Then for every uniquely decipherable code, the ‘useful’ α -average length of codewords
satisfies

α
1−α

logD

(
n

∑
r=1

pβ
r u

1
α
r D

Nr(1−α)
α

(∑n
i=1 pβ

i ui)
1
α

)
�

log2 ∑n
r=1(

pβα
r ur

∑n
i=1 pβ

i ui
)

(1−α) log2 D
+ logD(1+ ωt2), (51)
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where

t =
pβ

1 u
1
α
1 D

N1(1−α)
α

∑n
r=1 pβ

r u
1
α
r D

Nr(1−α)
α

− u1pαβ
1

∑n
r=1 urp

αβ
r

,

ω =

⎧⎨
⎩

1
α−1 (α > 1)

α
1−α (0 < α < 1).

Proof. We consider two cases: α > 1 and 0 < α < 1. For α > 1, by using
Corollary 1 with a substitution

λ1 =
α −1

α
, λ2 = 1−α, Ar1 = p

αβ
α−1
r

(
ur

∑n
i=1 uip

β
i

) 1
α−1

D−Nr ,

Ar2 = p
αβ
1−α
r

(
ur

∑n
i=1 uip

β
i

) 1
1−α

in (41), and setting m = 2. we have

n

∑
r=1

D−Nr �
[

n

∑
r=1

pβ
r

(
ur

∑n
i=1 uip

β
i

) 1
α
D− (α−1)Nr

α

] α
α−1
[

n

∑
r=1

pαβ
r

(
ur

∑n
i=1 uip

β
i

)] 1
1−α

×
{

1− 1
1−α

[
pβ

1

(
u1

∑n
i=1 uip

β
i

) 1
α
D− (α−1)N1

α

/ n

∑
r=1

pβ
r

(
ur

∑n
i=1 uip

β
i

) 1
α
D− (α−1)Nr

α

−
(

u1pαβ
1

∑n
i=1 uip

β
i

)/ n

∑
r=1

pαβ
r

(
ur

∑n
i=1 uip

β
i

)]2
}

. (52)

In view of ∑n
r=1 D−Nr � 1, and carrying detailed computing, we have

[
n

∑
r=1

pβ
r

(
ur

∑n
i=1 uip

β
i

) 1
α
D− (α−1)Nr

α

] α
1−α

�
[

n

∑
r=1

pαβ
r

(
ur

∑n
i=1 uip

β
i

)] 1
1−α
[
1− 1

1−α

(
pβ

1 u
1
α
1 D− (α−1)N1

α

∑n
r=1 pβ

r u
1
α
r D− (α−1)Nr

α

− u1pαβ
1

∑n
r=1 urp

αβ
r

)2]
.

(53)

Hence we have the desired inequality (51) in the case of α > 1. Moreover, for the case
0 < α < 1, by the same way, using Corollary 1 with a substitution

λ1 =
α −1

α
, λ2 = 1−α, Ar1 = p

αβ
α−1
r

(
ur

∑n
i=1 uip

β
i

) 1
α−1

D−Nr ,
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Ar2 = p
αβ
1−α
r

(
ur

∑n
i=1 uip

β
i

) 1
1−α

in (46) and setting m = 2, we can obtain the desired inequality (51). So, the proof of
Theorem 3 is completed. �

REMARK 2. If we set β = 1, ur = 1 (r = 1,2, . . . ,n) in (51), then a new refine-
ment of Campbell’s inequality ([5], Lemma) holds.

α
1−α

logD

( n

∑
r=1

prD
Nr(1−α)

α

)
� 1

1−α
logD

( n

∑
r=1

pα
r

)
+ logD(1+ ω1t1), (54)

where

t1 =
p1D

N1(1−α)
α

∑n
r=1 prD

Nr(1−α)
α

− pα
1

∑n
r=1 pα

r
,

ω1 =

⎧⎨
⎩

1
α−1 (α > 1)

α
1−α (0 < α < 1).

And then, for α → 1, by using L’Hospital theorem and inequality (54) we obtain
the refinement of the Feinstein’s inequality [7] as follows.

n

∑
r=1

Nr pr � −
n

∑
r=1

pr logD pr + logD(1+ θ ∗), (55)

where

θ ∗ =

⎧⎨
⎩

−p1
(
lnD−∑n

r=1 prNr lnD
)

(α > 1)

p1
(
lnD−∑n

r=1 prNr lnD
)

(0 < α < 1).
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Math., 30, 1 (1906), 175–193.
[9] B. LIU, Random fuzzy dependent-chance programming and its hybrid intelligent algorithm, Inform.

Sciences, 141, 3 (2002), 259–271.
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