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HERMITE’S FORMULA FOR ¢g-GAMMA FUNCTION

MANSOUR MAHMOUD AND RAVI P. AGARWAL

(Communicated by N. Elezovic)

Abstract. In this paper, we presented the Raabe’s integral and Hermite’s formula for g-gamma

function T'y(x), 0 < g < 1. We deduced new proofs of the formulas ;ZEI; and g-Gauss’s

multiplication using the Hermite’s formula of T';(x) and H. Jack’s technique [11]. Also, we
deduced new double inequality of T, (x).

1. Introduction

The g-gamma function was introduced by Thomae [20] and later by Jackson [12]
(see also [18] ) by the infinite product

(4:9)- -
Iyx)=—"—(10—-¢q) % x#0,—1,-2,..., (1)
T (¢hg)-
where ¢ is a fixed real number 0 < g < 1. Here we use the following notation [8]:

(a39)0 =1,
k=1 .

(@:q)=[](1 —aq’); keN.
j=0

This function is a g-analogue of the gamma function since we have

;13} Iy(x) =T(x).

As same as the gamma function is fundamental in the theory of special functions, the
g-gamma function is significant in the study of g-analysis, specially in the theory of
the g-hypergeometric series [2], [8], [9], [13]. There have been a lot of literature about
the g-gamma function, in particular its inequalities, functional equations, monotonicity
and complete monotonicity properties. For more information, please refer to [1], [6],
[71, [10], [14], [19] and the references therein.

Mahmoud [14] use the technique of E. Artin [3] in determining the classical
gamma function by a combination of some functional equations to present the following
Theorem for T'y(x):
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THEOREM 1. The g-gamma function (0 < q < 1) is the only C?-function f,(x)
which is positive for x > 0 and which satisfies the equations

fa(x+1) = [x]gfq(x), (2)
Jar ()T (x) = fo(x)Tgr (x), peN (3)
and
T x/2) fp((x+1)/2) = (2] )HMU— )21y (x) 4)
WX @\ - q (q;q)m q q\X),

where the q-number [x], = =

The Raabe’s integral for the ordinary gamma function is given by
x+1 1
/ log'(¢)dt :xlogx—x+§10g27r, forx >0 5)
X
and the Hermite’s formula is given by

1
/0 (r— 1/2)%logr(x+t)dt =logT'(x)+ (1/2—x)logx+x— %lome forx > 0.
(6)
In 2008, an interesting extension of Raabe’s integral to the p-adic Gamma func-
tion has appeared in [5]. Also, in 2013, Mez§ [15] generalized the Raabe-formula to
the g-log gamma function by giving an integral formula for I, when ¢ > 1.
In this paper, we will present the Raabe’s integral and the Hermite’s formula for
the g-gamma function I';(x), 0 < ¢ < 1. Using the Hermite’s formula of T';(x) and
the facts of the Theorem 1, we will present new proofs of a g-analogy of the relation

elrih) o

and a g-analogy of the Gauss’s multiplication formula

M/ (4 /) (s p=D/p) = ST, pel. ®)

In the following sequel we will consider that the function I';(x) satisfies only the
conditions of Theorem 1.

2. Raabe’s integral and Hermite’s formula for I (x)

For x > 0, consider the function

x+1 1
Gq(x):/x logl"q(t)dt:/o logT'y(x+1)dt, )
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then 1
G,(x) = —Li —xlog(l—¢q)+ 10
q( ) 1 12(qx) g( fI) Cqs (10)

where the polylogarithm function Li,(z) = Y1, ,ﬁ—,,: .As x— 0", we get

2

1
cq:/O logTy(t)dt + (11)

6logg

By integrating the relation (4) from O to 1, we obtain
2 2 1 2 1
2 e —log(q7,q7)- — 5 log(l —q7) | = ¢4 —log(g,q) — 5log(l —q).  (12)

Now if f(q) = ¢4 —1log(q,q)-— % log(1 —gq), we get

2"f(¢*)=flg), neN.

If we put ¢>' = w, we obtain

and hence o
flg) = g €R
Then o
€= ng 7108 ((@.0-vT=4)
and o
Gy(0) = 1o+, (13)
where

712
8, =1log (e_"“’g" (4:9)o/1— q) :

Using the relation [17]
0y = lim (8,4) ,

n—o0

_ gt | Li(1—¢")
5n,q—10g<[n}g ["4(1) Iqu

and [n],! = [1]4!2]4!...[n]4!, n € N. Then

nle"
lim 6, , =1
gt e = (””ﬁ)

nl~2nm(nfe)",

where

and using Stirling’s formula
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we have
lim hm Ong =InV2rm.
n—00 g—s
Hence
lin} 0, =InV2m. (14)
q%

and using the relation (5), we get

lim Gy (0) =Inv/27. (15)
q—)

Now using the relation (13) as ¢ — 1 with the relations (14) and (15), we have o =0

and
¢q=1og [(g.9)=/T—4]. (16)

Hence we obtain the following result:

THEOREM 2. (Raabe’s integral for I';(x)) For x>0 and 0< g <1,

x+1
Gq(X)=/x ' logy(t) dt = log [(q,q)oo(l—q)m”‘} —@le(q") 17)

Now for x > 0, consider the function
1 d
Ry() :/ (= 1/2) 5 TogT (x + 1) (18)
On integrating by parts, then
1
Ry(x) = Elog[x]q +logly(x) — Gy4(x). (19)
Hence we obtain the following result:

THEOREM 3. (Hermite’s formula for I'y(x)) For x>0 and 0 < g <1,

R,() /0 (1_1/z>d log Ty (x + 1)di

——Lir(q"). (20)

= 5 logldl g () ~log [ (g.9)-(1 )" **] +

THEOREM 4. For x>0 and 0 <g< 1,

2

Wlogl"q(x) > 0. (21)
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Proof. Using equation (2), we get

2 2
d
ﬁlogrq(x) > ﬁlogrq(x—l— 1)
and hence
2 d2
Wlogl"q(x) > Wlogl"q(x—i-n); neN.
Then 5
Wlogl"q(x) > h(q), (22)

where

d2
h(g) = lim — logI'y (7).
Using equation (4), we have

2

d d? . d?
lim — e logly (1) = lim n- s logT» (t/2)+}LI£1°W10quz((t+ 1)/2)
1. d? 1 d?
= E}L%d?logr‘iz(t) == ;lggd 5 logl on (2).
Then
1 27!
hig) = 53h(q™)
If we put ¢> = w, we obtain
hq) _ h(w)
Ing Inw
and hence
h(q)=PBlng, PBER.
Now 2 1 g2
d —qxlnq d
ﬁ q(x): l—qx d 2lnr (x+t)dt
and using that the g-gamma function (0 < ¢ < 1) is positive and C?-function for x > 0,
we have 1 5
—q"lnq d
lim s A )}51010 e InT'y(x+1)dt.
Then

! L&
:/0 Wayds = [ lim S5 InT (x1)dr = 0

and using the inequality (22), we obtain the inequality (21). [

Now we will define a (g,n)-analog of Euler’s constant by:

1 n
Ygn = —log[n] Og E[i n=123,.., (23)
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which give us the g-analog of Euler’s constant

. 10 —
Yy = lim 3, = log(1 - g) — Z [q— 24)
given by Bradley [4], where y = lim, .| ¥, is the ordinary Euler’s constant.

THEOREM 5. For x>0 and 0 < g < 1,

I (x) q'logg o[ gt q
T — g+ o +long{l_qi+x— } (25)
i=1

Proof. Using the Hermite’s formula (20), we get

r/ (x) q"logq 1 d
FZ(x) - 2(1—¢Y) +10g[)dq+/0 1/2) logF (x+1)dt

and replace x by x+n+ 1 to obtain

1—~/ (x+n+ 1) qx+n+110gq
q
T (x+n+1)  2(1—gntl) Flogh+n+ 1,

1 d2
+/ (t—l/2)d?logl“q(x+n+t+l)dt (26)
0
Now using the relation (2), we have
Fylxtn+1) = x+nlglr+n—1g..x+ g [x]gTy (x)

then , ) ,
Fq(x) 3 g t'logg Fq(x+n+l)

T,(x) & 1—gt  Tyx+n+1)
Using the relation (23), we get

Iy, (x) q*logq [ g
At + L5
i=1

i+x q I, (x+n+1)
1—¢

Iy I T Ty tnt 1)

(27)
The relations (26) and (27) give us the following formula
(%) q‘logq o[ g™ q g~ logg
T — gy, —1 1 __ .
r,() Y, g+ 5——+ +1lo 612 —gt 1_g +2(1_qx+n+l)
1 d?

—|—10g[x—|—n+1}q+/0 1/2) logF (x+n+1+1)dr. (28)

As n — oo, we obtain

T (x 1 o i+x i
) q'logg Z[ q q ]

(S B T kP | s

+ lim (t—l/2)d logTy(x+n+t+1)dr. (29)

n—oeo /()
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But for 0 < ¢ < 1 and using i—zzlogrq(x+n+t+ 1) >0, we get

1 42 1 7l 42
‘/0 (t—l/Z)ﬁlogl"q(x—kn—f—t—l—l)dt < 5/ d—zlogl“q(x+n+t+l)dt

—logT, 1
2dx/ 7 ogly(x+n+t+1)dr

qx+n+110gq
2(q—1)

— 0 as n— oo,

Then

T (x) q‘logq o[ gt q
q =Y+ g +logq2{l_qi+x— }

(1) =~ (30)

COROLLARY 2. For x>0 and 0 < g < 1,

L, T, (x) = (lo )2iqx7+i 31
22 08tq\x) =logq (=g

When g — 1, we obtain the following relations for the ordinary gamma function:

<x>:‘7"+2[7‘ﬁ]

and
2 < 1
— logT(x) = )
a2 logTt) §)<x+i>z

THEOREM 6. For x>0 and 0 < g< 1,

q'(1+4")(logg)?
81 —qp R

<0 (32)
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Proof. Integrating parts of (18), we get

Ry(x) = 2/ logF (x+1)dt
— / lo F(+t)dt+/ 1,z dzlol"(+t)d
_120dz2gqx o \12 72 a8

1 d° 1 L/ 2 1 d?
B 2/ Oglq(x—l-t)dt—F/ (6 + — ) t3 ogl (x+t)d

_ 1 d2 / (1—1)? 10 Ty(x+1)dt
= Tzl 24 &
—q*logg 1 2 d
_Zqlogg L o e d o anyar,
o, 24" ) g tosTg(x+1) dt

- qx+t+i[1+4qx+t+i+q2(x+t+i)]

But Ry(x) >0 and logF (x+1) = (logq)* (=g , then
—q'logq
R - “-
f]('x) < 12[}6}(1 (33)
Also, for 0 <7 < 1, 2(1-1)2< ($)*(1—1)* = & and
1 d 1 1 d4
2
/0 (1 —1)? d4logF(x+t)dt <16 d410gF(x+t)d
1 d4
——G
< 16 g G
1 ¢*(1+¢")(logg)*
16 (¢—1P
Then
g (1 +¢")(logg)® g¢'logg
R > — . 34
(%) 384(1 —g¥)3 12[x], 34)
COROLLARY 3. Forx>0and 0 < g < 1,
— ) (log 3 X log i * . . 0; i
(4:0)=(1 —q)'™ SO g ) ()< (4:9)=(1—q)' —fere-tgi)
V1—g* 4 T—¢*
(35)

COROLLARY 4. For 0 <g< 1,

lim R, (x) = 0. (36)

X—00
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3. g-Gauss’s multiplication formula

For x > 0 and integers n > 0, consider the function

1 —1
M,(x) =T, (%) T (’%) Ty ()L> . (37)

n

Then
d? o d? Xt
WIOqu(X) = Z{) Wlogl"qn (T)
i an+x+i
1— an+x+i

n+nr)q(r+l)(x+nk)

= (logg)? g

qr+1

(r+1)
_ 2
- (logq) Z 1 _qr+1

r=0

8
%

o oo

_ (logq)2 2 Zq(r+l)(x+p)
p=0r=0

_ 2 q

= (logq) IZ,O T—gr

and hence
2 2

d
6izlogM() e

By solving the equation (38), we obtain

logTy(x). (38)

My(x) = be“Ty(x), (39)

where b and ¢ depend on n. Using the relation (2) for I';(x), we get

Mo 1) = (2] Myt0) = Fov ).
Hence
My(x) = bV [n] Ty (x) (40)

and the comparison between (39) and (40) give us that
c = —log[n],.

Now



850 M. MAHMOUD AND R. P. AGARWAL

then

n—1 x—+r
logh = xlog[n]y+ Y logTy <T>—1ogrq(x) 41)
r=0

Using the relation (20), we have

—1 1
logIy(x) = - log[x], +10g(q,q)e~+ (1/2 —x)log(1 —g) — @Lig(q’“) +Ry(x).
(42)
Also,

n—1 n—1 n—1
x+r -1 xX+r 1 x+r
logl'yn (—) = — log[ } + (— — >log 1-4"
g{) q" 2 Zg) no g 2 2 n ( )
2Ll2 qx+r +2R n <x+r>

. + 1
= > 2 log [x_r} +nlog(q",q" )+ (— —x) log(1—¢")
no g 2

+nlog(q",q")e — nlogq

J R x+r
— ! Ry
nlogqrzo 2 +2 ( )
Then we get
x+r J R xX+r
1 b—— 1 1 g oo — o Ry
og 20 [ p Ln+n0g(c]7q) nlogq; 2(q" +Z ( )
1 Li>(q") 1
+ ) log[x]; —log(q,q)w + logq Ry(x) + ) log(n], (43)

When x — o, we obtain

(44)

logbzlogl(q (1 —q >Tl[n1q].

(q,q)oo

Then we get the following result:

THEOREM 7. (g-Gauss’s multiplication formula) For x >0, 0 < g < 1 and inte-
gers n>0

C (5) (S0 (R2) R
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