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ROUGH SINGULAR INTEGRAL OPERATORS AND ITS
COMMUTATORS ON GENERALIZED WEIGHTED MORREY SPACES

VAGIF S. GULIYEV AND VUGAR H. HAMZAYEV

(Communicated by J. Soria)

Abstract. Let Q € L,,(S"’l) be a homogeneous function of degree zero with ¢ > 1 and have
a mean value zero on $"~!. In this paper, we study the boundedness of the singular integral
operators with rough kernels Tq and their commutators [b, To| on generalized weighted Morrey
spaces M), o (w). We find the sufficient conditions on the pair (@1,¢) with ¢/ < p <eo, p#1

and weA,  or 1 <p<gqand wl=r' e A,y /q Which ensures the boundedness of the operators
Tg, from one generalized weighted Morrey space M), o, (w) to another M), o, (w) for 1 < p < eo.
We find the sufficient conditions on the pair (@1, ;) with b€ BMO(R") and ¢ < p <eo, p#1,
weEA, or1<p<gq, wi=r' e Ap /g Which ensures the boundedness of the operators b, Ta]
from M), o, (W) to My, ¢, (w) for 1 < p <eo. In all cases the conditions for the boundedness of
the operators To, [b,Tq] are given in terms of Zygmund-type integral inequalities on (¢;, (2)
and w, which do not assume any assumption on monotonicity of @;(x,r), @2(x,r) in r.

1. Introduction

It is well-known that the commutator is an important integral operator and it plays
akey role in harmonic analysis. In 1965, Calderon [3, 4] studied a kind of commutators,
appearing in Cauchy integral problems of Lip-line. Let K be a Calder6n-Zygmund sin-
gular integral operator and » € BMO(R"). A well known result of Coifman, Rochberg
and Weiss [7] states that the commutator operator [b,K|f = K(bf) —bKf is bounded
on L,(R") for 1 < p < eo. The commutator of Calderén-Zygmund operators plays
an important role in studying the regularity of solutions of elliptic partial differential
equations of second order (see, for example, [5, 6, 8, 10, 11]).

The classical Morrey spaces were originally introduced by Morrey in [27] to study
the local behavior of solutions to second order elliptic partial differential equations.
For the properties and applications of classical Morrey spaces, we refer the readers to
[10, 11, 14, 27]. Mizuhara [26] introduced generalized Morrey spaces. Later, Guliyev
[14] defined the generalized Morrey spaces M), , with normalized norm. Recently,
Komori and Shirai [23] considered the weighted Morrey spaces L?*(w) and studied
the boundedness of some classical operators such as the Hardy-Littlewood maximal
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operator, the Calderén-Zygmund operator on these spaces. Guliyev [15] gave a concept
of generalized weighted Morrey space M), ,(w) which could be viewed as extension of
both generalized Morrey space M), , and weighted Morrey space L”*(w). In [15]
Guliyev also studied the boundedness of the classical operators and its commutators in
these spaces M), ,(w), see also Guliyev et al. [19, 20, 22].

Watson [30] and independently by Duoandikoetxea [9] established weighted L),
boundedness for the singular integral operators with rough kernels and their commuta-
tors.

Let " ! = {x € R": |x| = 1} the unit sphere of R" (n > 2) equipped with the
normalized Lebesgue measure do = do(x').

Suppose that Q satisfies the following conditions.

(i) € is a homogeneous function of degree zero on R”. That is,

Q(tx) = Q(x) (1.1)

forall # >0 and x € R".
(if) Q has mean zero on §"~!. That is,

1 Qx)do(x') =0, (1.2)
s
where x' = x/|x| for any x # 0.

The singular integral operator with homogeneous kernel Tg is defined by

Qx—y)

Ta()() = pr- [ T3

f(v)dy, (1.3)
where Q is homogeneous of degree zero.
Suppose that Tg is a singular integral operator defined by (1.3). Let Q be a ho-

mogeneous of degree zero on R". Let T, is the truncated operator of T defined
by

Toe(f)(x) = /{ Q=) by, e 0. (1.4)

yeRn:[x—y|ze} [x— Y[

Then the operator of T{; defined by

To(f)(x) = sup

>0

Toe (/) (3] (15)

is called the maximal singular integral operator. Therefore, it will be an interesting thing
to study the property of 75. The main purpose of this paper is to show that singular
integral operators with rough kernels Tg are bounded from one generalized weighted
Morrey space M), y, (w) to another M), o, (W), 1 < p < eo.
The commutator of the singular integral operators with rough kernels Tg, is defined
by
b Tl (1)0) = v [ [b(0) — b)) 2

" x =y

fO)dy. (1.6)
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Let f € LI°¢(R"). The maximal operator with rough kernel Mg is defined by

Mo () =suplBLen)| ! [ j0e )70y

t>0

It is obvious that when Q = 1, Mg, is the Hardy-Littlewood maximal operator M .
For b € LIIOC(R") the commutator of the maximal operator Mg j, is defined by

Mo () = sup B~ [ 1p() —b0)QG=IIf0lds. (A7)

t>0

We find the sufficient conditions on the pair (¢y, ¢;) with b € BMO(R") and ¢’ <
p<e,p#l,weA,  orl<p<gq, wir' e Ay which ensures the boundedness
of the commutator operators [b, To] from M, o, (W) to M, o, (w) for 1 < p < eo. Note
that, in [17] was studied the boundedness of the singular integral operators with rough
kernels Tq and its commutators [b, To] on generalized Morrey spaces M), .

2. Preliminaries

Next we will give the weighted boundedness of singular integral operator To with
rough kernel and the corresponding maximal operator 7 . In the proof of the weighted
boundedness of the Calderon-Zygmund singular integral operator, used the technique
of good- A inequality. For singular integral operators with homogeneous kernel, in the
proof of their weighted boundedness essentially still use this inequality. Since the ker-
nel of singular integral operator with rough kernel does not have any smoothness on the
unit sphere, the good-A inequality is not applicable. In order to deal with this prob-
lem, Duoandikoetxea and Rubio de Francia synthetically used the Fourier transform
estimate, weighted Littlewood-Paley theory and Stein-Weiss interpolation method with
change of measure, then obtained the weighted boundedness of To and 7. In their
proof, the weighted boundedness of the maximal operator Tg with rough kernel (for its
definition, see (1.7)) is needed, while the latter itself is of great significance.

THEOREM 1. ([9]) Suppose that Q satisfies the conditions (1.1) and Q € Lq(S"_l),
1< g<oo. Thenforevery g <p<oo, p#1 and w €A,y or 1 <p<q, p#e and

wl=r' e Ay g there is a constant C independent of f such that

HMQ(f)”LpM < CHf”Lp#w'

THEOREM 2. ([2]) Suppose that Q satisfies the conditions (1.1) and Q € Lq(S"_l),
1 < g< . Let also b € BUO(R"). Then for every ¢ < p <o, p# 1 and w € Apg

or1<p<gq, p# and wli=P' e Ap g there is a constant C independent of f such
that

HMQJ?(f)”LpM g CHf”LpM'
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THEOREM 3. ([9, 30]) Suppose that Q satisfies the conditions (1.1), (1.2) and
Qe L, (S ), 1 <g< oo Then forevery ¢ <p <o, p#1 and w €A,y or

1<p<gq, pFo and wl=r ¢ Ap//qr, there is a constant C independent of f such that
||TQ(f)||Lp‘w g CHf”LpM'

THEOREM 4. ([9, 30]) Suppose that Q satisfies the conditions (1.1), (1.2) and
QeL,(S" ), 1<g< . Letalso b€ BMOR"). Then for every ¢’ < p < oo,

p#landweA,  or 1 <p<gq, p#e and wir' e Ay y, there is a constant C
independent of f such that

H[b’TQ}(f)HLPW < C”fHLpW

We will use the following statements on the boundedness of the weighted Hardy
operators

H,g(r) := /wg(t)w(t)dt, 0<t<oo

and . ,
Heg(r) ;:/ (1+1n2) g(epw()dr, 0 <1 <

where w is a fixed function non-negative and measurable on (0, o).
The following theorem was proved in [17, 18].

THEOREM 5. ([17, 18]) Let vy, vo and w be positive almost everywhere and
measurable functions on (0,0). The inequality

ess supva(t)H,g(t) < Cess supv (t)g(r) (2.1)

t>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0,) if and only

if
° d
B :=ess supvz(t)/ _wis)ds <
>0 ¢+ esssupvi(T)
§ST<o0

Moreover, the value C = B is the best constant for (2.1).

The following theorem was proved in [15].

THEOREM 6. ([15]) Let vi, v and w be positive almost everywhere and mea-
surable functions on (0,e0). The inequality

ess supva(r)H,,g(r) < Cess supvy(r)g(r) (2.2)

r>0 r>0

holds for some C > 0 for all non-negative and non-decreasing g on (0,°) if and only
if
= t w(t)dt
B :=supw(r / 14In-) —————— < co. (2.3)
>0 ") r ( r) SUP; < gceo V1 (8)

Moreover, the value C = B is the best constant for (2.1).
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REMARK 1. In (2.1)-(2.3) it is assumed that 0 - = 0.

By A < D we mean that A < CD with some positive constant C independent of
appropriate quantities. If A <D and D < A, we write A = D and say that A and D are
equivalent.

3. Generalized weighted Morrey spaces

The classical Morrey spaces M), ; were originally introduced by Morrey in [27]
to study the local behavior of solutions to second order elliptic partial differential equa-
tions. For the properties and applications of classical Morrey spaces, we refer the read-
ersto [12, 24].

We denote by M, ; =M,
L?C(R”) with finite quasinorm

2 (R™) the Morrey space, the space of all functions f €

f = sup £y B(x,r
£l = 50 F 1l
where 1 < p<<x>and0 A<n.

Note that M, o = L,(R") and M, = Loo(R"). If A <O or A >n, then M,,; =0,
where © is the set of all functions equivalent to 0 on R”".

We recall that a weight function w is in the Muckenhoupt class A, [28], 1 < p <
oo, if

Wla, : = SI;P[W}A,,(B)

sup<|;|/ (x)dx) (%/Bw(x)lpldx)pl7 3.1)

where the sup is taken with respect to all the balls B and 11; + 1% = 1. Note that, for all
balls B using Holder’s inequality, we have that

1 1 _
[W]A{,p = B |wll,.{ i w2l ) > 1. (3.2)

For p =1, the class A; is defined by the condition Mw(x) < Cw(x) with [w]y, =

(()) and for p=co Aw =Uj<pcedp and [w]s, = 22 Wla, -

sup
xeR?

REMARK 2. Itis known that

W e Ay = P = B I I P )

Moreover, we can write w' 7' € Ay g = wi=r' ¢ A,y because of wi=r ¢ Ay )y C
Ay Therefore, we get

W1 4 cA //q/:>w - EA/
1 1
= 0y = B 1y Pl B3)

But the opposite is not true.
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REMARK 3. Let’s write w! ? €A , /¢ and used the definitions A, classes we get
the following

q(p=1) q(p—1)

_/ —
W e Ay = T = wwmewnq%%W@
1 R it 1 1
= W' = 18] prwpwwgw (3.4)
4

where the following equalities are provided.

l_p/:_p_’ d_ _a d_ap-1) (g)’: q (g’)’:p(q—l)
p’p pleg-1)" p plg-1) N

Then from eq. (3.3) and eq. (3.4) we have

1-p 1-p 1/p'
w EAP//‘I, = [W ]A o d

1 1 1
= B0y Iy IS G

r

DEFINITION 1. ([14]) Let ¢(x,r) be a positive measurable function on R" x
(0,00) and 1 < p < eo. We denote by M, , = M), »,(R") the generalized Morrey space,
the space of all functions f € L};’C (R™) with finite quasinorm

£l = _Sup o(x,r) " |B(xr)|” PHfllL,, B(x.r)-

nr>0

Also by WM, , = WM,, ,(R") we denote the weak generalized Morrey space of all
functions f € WLS(R") for which

I fllwat,o = sup  @(x,r) "' [B(x,r)|” 7 1AW, Ber) <o

x€R™ r>0

where WL,(B(x,r)) denotes the weak L, -space consisting of all measurable functions
f for which

1 WLy Ber) = 1 Xgen Wi, ey <o

Also the spaces L;OC(R") and WL;’C (R") endowed with the natural topology are de-
fined as the sets of all functions f suchthat fy, € L,(R") and fy, € WL,(R") for all
balls B C R", respectively.

According to this definition, we recover the space M,, ; under the choice ¢(x,r) =
A—n

re o
M, 5 =Mpeo —n 5
o(x.r)=r P
WM, , =WM n
pA PPl o) 5

We define the generalized weighed Morrey spaces as follows.
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DEFINITION 2. ([15]) Let 1 < p < oo, ¢ be a positive measurable function on
R" x (0,20) and w be non-negative measurable function on R". We denote by M, ,(w)
the generalized weighted Morrey space, the space of all functions f € Li,oﬁv(R") with
finite norm

1
£ 6ty ) = 5P @)~ w(BO)) 7 £, B

x€R"r>0

where L, (B(x,r)) denotes the weighted L,-space of measurable functions f for
which

7
112 (BGer)) = W Xoger Lo @y = (/B(X , 1f(y) Ipw(y)dy)

Furthermore, by WM,, ,(w) we denote the weak generalized weighted Morrey
space of all functions f € WLi,OjV(R”) for which

_1
Hf”WMp‘(p(W) = sup (p(x,r)71 W(B(x7r)) P ||fHWLp‘W(B(x,r)) <o,

x€R™ r>0

where WL,,,,(B(x,r)) denotes the weak L, -space of measurable functions f for
which

r) ny = supt w(y)d
it = Wt iy =sope ([t

REMARK 4.
(1) If w=1, then M, (1) = M, ¢ is the generalized Morrey space.

(2) If @(x,r) =w(B(x, ))%1 then M, o(w) = L, x(w) is the weighted Morrey
space.

(3) If p(x.r) = v(B(x,r)) P w(B(x,r))
weighted Morrey space.

4) Ifw=1and @(x,r)=r7 with 0 <L <n, then M, 4(w) =L, (R") is
the classical Morrey space and Wll\/1p7(p(w) = WL, 3 (R") is the weak Morrey space.

(5) If @(x,r) =w(B(x,r)) 7 ,then M), o(w) = L,,,(R") is the weighted Lebesgue
space.

1
v, then M), o(w) = Ly x(v,w) is the two

Suppose that Tg represents a linear or a sublinear operator, such that that for any
f € Li(R") with compact support and x ¢ suppf

Q
ITof(x) / | ‘ £y, (3.6)

where ¢ is independent of f and x.
For a function b, suppose that the commutator operator Tg  represents a linear or
a sublinear operator, such that for any f € L;(R") with compact support and x ¢ supp f

ol < [, 1669~ b0) =2 170 67
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where ¢ is independent of f and x.

We point out that the condition (3.6) in the case £ =1 was first introduced by
Soria and Weiss in [29]. The condition (3.6) are satisfied by many interesting operators
in harmonic analysis, such as the Calderén-Zygmund operators, Carleson’s maximal
operator, Hardy-Littlewood maximal operator, C. Fefferman’s singular multipliers, R.
Fefferman’s singular integrals, Ricci-Stein’s oscillatory singular integrals, the Bochner—
Riesz means and so on (see [25], [29] for details).

The following statement, was proved in [22], see also [15, 19].

THEOREM 7. Let 1 < p < oo, w€ Ay, and (@1, @) satisfy the condition

==

w ess inf @y (x, )w(B(x,7))7 ;4

/ =T : — < Cp(x,r), (3.8)
r w(B(x,1))? !

where C does not depend on x and r. Let T = T; be a sublinear operator satisfy-
ing condition (3.6) with Q = 1 bounded on L, ,,(R") for p > 1, and bounded from
Ly, (R") to WLy, (R"). Then the operator T is bounded from M), o, (W) to M), o, (W)
for p>1 and from M o (W) to WM, ¢,(w).

The following statement, was proved in [19], see also [15].

THEOREM 8. Let 1 < p <o, we€ Ay, b € BMO(R") and (¢1,¢,) satisfy the
condition

ess inf @y (x, )w(B(x,7))7

/m (l—l—lnE) S - — < Cp(x,r), (3.9)
’ " w(B(x,1))? !

where C does not depend on x and r. Let T, = T ;, be a sublinear commutator opera-
tor satisfying condition (3.7) with Q =1 bounded on L, ,,(R"). Then the operator T,
is bounded from M, o, (W) to M o, (W).

Note that, in the case w = 1 Theorem 7 was proved in [16] and for the operators
M and K in [1].

4. Singular integral operator with rough kernels 7, in the spaces M), ,(w)

In the following lemma we get local estimate (see, for example, [13, 14] in the
case w=1 and [15] in the case w € A,) for the operator Tg .

LEMMA 1. Suppose that Q be satisfies the conditions (1.1), (1.2) and Q € L, (s,
1 <g<oo.

Ifgd <p<e,p#landweA then the inequality

pld>

dr
t

_1
P

-
1T e300 S WBG PP [ 1300 w(Bl0.0)
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holds for any ball B(xy,r), and for all f € LlOC < (R™).
If1<p<q, p#o and w'~ reA /¢ » then the inequality

I/p ﬂ

< 1/p /
ety SIS et 117

holds for any ball B(xg,r), and for all f € Lloc c (R").

Proof. Let Q be satisfies the conditions (1.1), (1.2) and Q € Lq(S"‘l), 1 <g<eo.
Note that

q
26 imonn =, 190)ay)
X—X05

() Qo) ) @)
B(0,t4|x—x0])

14| x—xp| é
([ [ jeoiaon))

0 sn—1

1
=co ||l (sn-1) [B(0,1 + [x —xol) |,

N

where co = (nv,) "9 and v, = |B(0,1)].
For arbitrary xop € R", set B = B(xo,r) for the ball centered at x( and of radius r,
2B = B(x¢,2r). We represent f as

f=h+rf, h)=r)xsb), fz(y)Zf(y)Xc(zB)(y)» r>0 (4.2)

and have
1Ta Nz, < Ta(flz,.6) + 1 Ta(2) L.
Since fi € L, w(R"), Ta(f1) € Lpw(R") and from the boundedness of Tg in

Lyw(R") forwe A,y and ¢’ < p <eo, p# 1 (see Theorem 3) it follows that

1Ta (fi)llz,..8) < 1T (f1) Iz, ")

1
SRl 51y 5, [f1llz,,,. %)
q/

1
~ €, (sn=1y wlx Hf”L,W(zB)-
q

&
q

C L
It’s clear that x € B, y € '(2B) implies 1|xo —y| < |x—y| < 3[xo —y|. Then by
the Minkowski inequality and conditions on Q, we get

x=IfB)
Talfalx N/2B ooy @

lxo —y|"
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By Fubini’s theorem we have

Qx=y)[If(¥)
fooy Sy [ 0] [ oy
d
=Lhéwhﬂ\mwwmﬂwW;%

S L IOy

By applying Hélder’s inequality for ¢’ < p <o, p#1and w € A, /g » We get

Q= )1/ ) / dt
/= AWV Q(x—
[;(23) |.X()—y‘" || .XI HLq B(xo,t)) Hf”L B(xq,) t"+l
1
<<l ||fH WIWTPIT gy IO x = xol) 4 22
Lq S" l pr (x0.1) L xot 0 thrl
% 1 L, dt
15 007, [ 1ty w(B0.0)) ™ B0 BO.OIT
11
% _1dt
~ 19y 015, [ 1t W (B0 7 5 *3)
11,
Moreover, for all ¢’ < p < e, p # 1 the inequality
; Ldt
1Te (£2) Ny ) S 19151y W], w(B / 171 B30 W(Bx0:,1)) 7 ==

7
is valid. Thus

1Ta(H)lz,..(8)

7 Ldt
S QL 51y WA, <||fHL,,,W(2B)+W / 1L (B0 1) W(B(x0,2)) 7 7>~

q

On the other hand,

< dt
£ 11z, u28) = 1BIILA N 2,0 28) /Qr praa)

oo dt
< |B|/2r L2 B0.)) 7ot
[ oo dt
wB)? Wl @) [ 1l Beon) ot
P 2r t
dt

L[ _
W) [ 1 ey ataos 197l wiag 75T

’ L= _1dt
< Wi W(B)"/z L2807 W(B(x0,2)) 7 == (4.4)

~ P
7
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Thus
1Ta(F)L,.8)

1 1 1
195y 01, WY [yt wB00) 7

l]’

SB[ 1l a0 W <B<x0,t>)—,%7_

Letalso 1 < p<gq, p# oo and w!™¥ €Ay . Since fi € L, w(R"), Ta(f1) €
L, ,(R") and from the boundedness of Tq in Lj,,,(R") for w7’ €A,y and 1 <p<
q (see Theorem 3) it follows that

1

1T () 3 < T (1) iy ey S 1201 51y D91 1_’
1

o
~[1Q g, (51 I - p]/’x 1L, 28)-
/

q

1Al R

Ifl<p<gq, p#e and wi=F e Ap g > then Minkowski theorem and Holder
inequality,

Tty < ([, (], 10nlronar ) o)

dt

< o 1260y
dt

S P e e

» 1 dt
S WE o [ [ 1BO s+l =510y

1 o 1 dt
1@y W1y [ Wl BO.r+0]8 27

1 N dt

S 19l 1917y [, I ot o 1 ) B0 F
q—

< - Lodt

||Q||L,,snl|B|q||wuLi L Mt 97 17 g B0

-P

1
is obtained. By applying (3.3) for ||w1‘l’/||£’; (Blxg)) @nd (3.5) for ||wHL () We have

1)) q

the following inequality N
1

1T (f2) Iz, (8)

) dt
S 119, (1) ! p]X

1

P

q B(xo,t))

7 1

17 ¢y L W Vepatmcon 101

P
q’
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is valid. Thus

1Ta ()L,
1— 5 * -1 dt
P A (5 PR Y NP V4 PO [ P
:7 pL(B) 2r i ot
q-r
On the other hand,
< dt
1l ~ BN patam) [, e
°° dt
swv’wmmgm,;ﬁ
_ 1 1 oo dt
1- / 1
= 0y IB1 Uy IE [ st e
1 1
1=/ 1 7 dt
SO Iy Ut B0 018 1 1 i
H 1 dt
<l | i
SIVIE o [ W patmto IV,
Thus
1Ta ()|,
5 1 > -1 dt
< e [ / v ab
SR L 51y D ]A,L,HW”L%(B) 5 N2y (Broa)) ”WHLﬁ(B(XOJ)) ;

q/

Thus we complete the proof of Lemma 1. [

THEOREM 9. Suppose that Q be satisfies the conditions (1.1), (1.2) and Q €
oo. Let also, for ¢ < p < e, wE€ A,y the pair (¢1,¢) satisfies

Ly(s" "), 1<g<
the condition (3.8) and for 1 < p < gq, w7 €A o'/q the pair (@1,@,) satisfies the

condition
ess 1nf(p1(x T)”WHLI; L
75 B0x0) dt w(B(x,r))?
[ = : SO ) HBEIT )
r wl,” ! ||
bty Loa i)

where C does not depend on x and r.
Then the operator Tq is bounded from M, o, (w) to M, o,(w). Moreover

12() gy gy ) S 1 bty 0
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Proof. When ¢’ < p <o, w€ A, , by Lemma | and Theorem 5 with v,(r) =
1
(et vi(r) = @) w(B(x,r) P, g(r) = |Ifll, .80 and w(r) =
w(B(x, r))_%r‘1 we have

1
||TQ(f)||Mp‘(p2 (w)y = Sup (p2(x7r)71 W(B(x7r)) r ||.LLQ(f)HLp,w(B(x,r))

xeR™ r>0

_1
S swp o)™ [ Al (B0 T

x€R™ r>0

ﬂ
1
S sup QDI(XJ)*IW(B(XH’))*EHf||L,W(B(x,r))

x€R™ r>0

= 11£1131,,0, ) -

For the case of 1 < p < ¢, w!~ r’eA o'/ » by Lemma 1 and Theorem 5 with

va(r) = @a(x,r) " w(B(x,r))” éHw||LL(B(m),vl(r)zwl(x,rflw(B(x,r)) 7, 8(n)=

1
Hf”Lp‘W(B(x,r)) and W( ) ”WHLL(B(”)) r~! we have
P

1
1Ta(f)llm, g0y = sUP @20x,7) " w(B(x,1)) 7 | (F)1, (B

xeR" r>0

_ -1 dt
< s gt ) ] U e LT
P

P
x€R", r>0 ip( (xo:) I
5 sup @ (x7r)71 W(B(x7r>)7; ||fHLp‘W(B(x,r))

x€R™ r>0
= [1£llmy 9, o). O

5. Commutator of singular integral operator with rough kernels
[b,Tq) in the spaces M), ,(w)

REMARK 5. ([21])

(1) The John-Nirenberg inequality: There are constants C;, C, > 0, such that
forall b € BMO(R") and 8 >0

[{x € B : |b(x) —bg| > B} < C1|Ble"CB/IPl- | vB c R".

(2) The John-Nirenberg inequality implies that

b+~ su / —bp(xr
Il xeR"E>O<er| B(x,r) o )

for 1 < p <o,

1
),, (5.1)
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(3) Let b€ BMO(R"). Then there is a constant C > 0 such that
t
|b5er) = bagen | < C||b||*1n; for 0 <2r<t, (5.2)

where C is independent of b, x, r and ¢.

In the following lemma we get local estimate (see, for example, [15] ) for the
commutator operator Tg .

LEMMA 2. Suppose that Q be satisfies the conditions (1.1), (1.2) and Q € L, (s,
I <g<oo.

Ifd <p<eandweA then the inequality

r/d>

1 Tab ()2 (Bo.r)

)
Lo t _1dt
bl w (B0, ) F [ (1)1 o W (B0 5

holds for any ball B(xg,r), and for all f € L}?%(R”)
If 1l<p<gqand wi=F ¢ Ap g » then the inequality

1 Tb ()L (Bxor)

dt
< 1/p / <1+1n ) i -
N Hw”Lﬁ(B(xO.r)) ., Hf”pr B(xp,t)) HW”L qp(B(XOJ)) t

holds for any ball B(xg,r), and for all f € Lloc c (R").

Proof. Let p € (1,0) and b € BMUO(R"). For arbitrary xo € R", set B = B(xy, r)
for the ball centered at xy and of radius r, 2B = B(xo,2r). We represent f as (4.2) and
have

1Tb(F)pd) < 1 Tas(fllz,.6) + 1 Tas(f2)L,.8)

Since fi € L, w(R"), Tap (fi) € Lp,w(R") and from the boundedness of Tg j, in
Lyw(R") for we A,y and ¢’ < p < o (see Theorem 4) it follows that
1Tap (f)llz,..5) < I Tas (f) Iz, @)
1

S Q1) W15, 16111l 0 mm)

Us

1
~ QL s-1y IR, 1Bl 112, 2)-
/

For x € B we have

SOl
|xo — y|

Tap(509) S . 160) =1 )
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Then

1Tas(f2)llL,,.8)

< ([ (o 0 b0 -1 L ) wtiax
S A R e e ) R

+ ( /B ( /B@B) 1b(x) — bp.ul|Q(x— )] |}LJ)‘ (_y;l'n dy)l’w(x)dx>%

=L +5b.

14

p

>1
|

Let us estimate ;.

Ol
lxo — |

— bpw||Q(x—y)|
~bolRU-I O [T Sy
dt
— bp||Q
~/2r<\x0 y\<t B, H ()C y)”f( )| ytn+l

dt
[ s PO =l IO
B(xq,t) t

Set m=p/q’ > 1. Since w € A, from (3.3), we know wl=m A Applying
Holder’s inequality and by (5.2), we get

dt

I S [1bllow(B)? / 19266 Yl 300 116) = Bkl w000

S 19Uy w B [ b =baale,, a0 | o
dt

x |B(xq,t + |x—xo|)|5 prve )

1

1 - 1 1-m’ P
19y 61w [ (14105 (01 (Bx0,0)) 77

dt
XAl B0y 1BGo )]

L[ t _1
S HQHLq(S” 1 [ ]A 5 6]« w(B )”/2r <1+ln;> ||fHLp,W(B(xo,r))W(B(xo,l)) b i
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In order to estimate I, note that

_ P Q- YIIF)]
b ( JICE bB,waoc)dx) gy 22

By (4.3) and (5.2), we get
1Qx—y)|lf )] dy

2B)  |xo—y["

1
B S Iblw(B)? |

1 1
S Qg 51y wlx, 1211 w(B /”fHL,W By W(B(x0,1)) 7

P
7
Summing up I; and I, for all p € (1,e) we get

1T.s(F2)lz,..8)

1dt

1 1 [ t _
19y 5 WIE, 18 0(B)? [ (1102 ) 1o Br0s0)) 2 5

q

Thus
1
T iy 5 19y b, - (112 20
L[ _ldt
+w(B) | (1+1n;)||f\\Lp,w(B(xo,t»w(B(xo,z>> ).
r
On the other hand, by (4.4) we get

1Tas ()L, .3

1 L[ _
S 19Uy 12, 181w(B)7 [ (1102 )l 0000 w(B0,0)

Us

L[ t _1
S bl w (B0 [ (140 D) 1y 0000 w(B0.0) 7 S

With similar techniques for 1 < p < ¢, wi=r e Apq can be achieved and the

proof is finished. [J

THEOREM 10. Suppose that Q be satisfies the conditions (1.1), (1.2) and Q €

L,(S"™1), 1< g< . Let b€ BMO(R"). Let also, for ¢ <p <o, weA

pair (@1, ;) satisfies the condition (3.9) and for 1 < p < q, w'™F € Ay q the pair

(@1,¢2) satisfies the condition

. 1
oo t ?2%_335([)1()677)”“)“ /i ) dt W(B(.X r))%
[ (o) BT e g B
r 4 Wil f l[w][?
7= (B(x.1) L

9 Lp (B(x,r))
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where C does not depend on x and r.
Then the operator Tq, is bounded from M), o, (W) to M), o, (W).

1 Teab (F) 1y, g ) S N 1101, )

Proof. When ¢’ < p <o, w€ A, , by Lemma 2 and Theorem 6 with v,(r) =
1
e~ vi(r) = @) w(B(x,) P, g(r) = |Ifll, .8 and w(r) =
1
w(B(x,r))” 7r~! we have

_1
1 Tas (s gy = Sup @20x,7) " w(B(x,r)) "7 |05 (/)1 (B

x€R™ r>0

_ *° t
Slol sup @i [ (1410 D) 1Al ey wBEeD)

x€R™ r>0

1
SIblle sup @i (x,r) w(B(x, 7)) PN F Mz (B

x€R™ r>0

= [1Bl111£ 111, , ()

For the case of 1 < p < g¢, wi=r e A Pid by Lemma 1| and Theorem 6 with

va(r) = @2, r) " w(B(x, 1) 7 HWIILé Vi) = 010, r) " w(B(xr) 7, g(r) =

Fop (Bler)

~|._‘

Hf”Lp‘W(B(x,r)) and W( ) ”WHL r~" we have

75 (B

_1
1T (£, 0, () = Sup Ow(x,r)’IW(B(x,r)) 7 ()L, . (Bx.r)
xeR™ r>

_1 1
S osup o) w(B(x,r) F |wllf

xeR™ r>0

« [ (1+mt ) -
/r <-|- Hf”pr B(xo,t) HWHL 9 (B(xy) 1

5 sup @ (x7r)71 W(B(x7r))7; ||fHLp‘W(B(x,r))
x€R™ r>0

‘Q
~

= [1£llmy 9, o). O
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