athematical
nequalities
& Papplications
Volume 19, Number 3 (2016), 909-922 “doi:10.7153/mia-19-66

MEAN VALUE BOUNDED VARIATION CONCEPT
IN REAL SENSE: AN APPLICATION WITH NEW
TECHNIQUES TO WEIGHTED INTEGRABILITY

SONGPING ZHOU

(Communicated by J. Pecaric)

Abstract. In this paper, we consider numerical and trigonometric series with a very general
monotonicity condition. A necessary and sufficient condition for the weighted integrability of
sine and cosine series is proved generalizing a classical theorem of Boas and Heywood. We
also remark here the inequality established in Lemma 2.7 does reflex some essential property of
MVBYV concept in real sense.

1. Introduction

A real sequence A = {a,} is said to satisfy the mean value bounded variation
condition (in real sense) if there is a A > 2 and a positive constant M depending upon
the sequence A and A only such that for all n we have

2n 2n M An
DlAa] =Yl — | < = Y, il (1
k=n k=n n k=n/A
An
where Y means y .
k=n/A n/A<k<An

We denote the set of real sequences satisfying (1) as MVBVS (Mean Value Bounded
Variation Sequences).

The MVBYV concept is generalized from positive sense (see [20]) to real sense in
[3].

In Fourier analysis, in many important classical results which play fundamental
roles in the field, positivity and monotonicity are two key conditions.

To generalize monotonicity, people spent more than 90 years. Under positive con-
dition, monotonicity was generalized to various quasimonotone conditions and various
bounded variation conditions while still keep most important classical results alive. See
the papers [7]-[9], [15]-[18] and [20] for various variations, of which (1) in the positive
case is the most general one. For positive sequences property (1) was first introduced
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ity.
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in [20], where it was called the Mean Value Bounded Variation (MVBYV) condition,
and the papers [2], [12]-[13], [15]-[17], [20] show that (1) in the positive case allows
one to derive necessary and sufficient conditions for various properties of trigonometric
sums in terms of their coefficient sequences. In the papers [20], [17] etc., it was also
shown that from this point of view condition (1) cannot be further weakened. There-
fore we can say that MVBYV concept in positive sense is the ultimate generalization to
monotonicity.

It is ever harder to generalize or remove the positivity to some stage. This kind of
work first initiated by Telyakovskii [10] (in 1993) and [ 1] considering the convergence
of series with rarely changing coefficients (piecewisely keeping sign and constant, not
necessarily to be nonnegative) and recently by Zhou etc. [19] initially using the piece-
wise mean value bounded variation concept.

Very recently, our work [3] surprisingly shows that in many situations the positiv-
ity assumption can be dropped. In particular, for sine series condition (1) allows us to
derive necessary and sufficient conditions for uniform convergence, thereby obtaining
a very general extension of the classical result of Jolliffe and Chaundy (see e.g. [21,
Theorem V.1.3]).

It possibly displays that condition (1)(MVBYV concept in real sense) is not only an
ultimate generalization to monotonicity, but also a natural replacement of positivity.

Clearly, classical results which holds for condition (1) are no longer needed to be
discussed piecewisely.

After applications in other cases such as L! -convergence ([5]) and trigonometric
inequalities ([4]) were successfully produced, it is of great interest to investigate further
whether condition (1) is natural to replace positivity and monotonicity in most classical
results or just occasional?

This paper shows that condition (1) can also be applied in weighted integrability
case, in which the necessary and sufficient condition has the series form, different from
the limit form in uniform and L! -convergence we already solved successfully.

Let Ly, be the space of integrable functions of period 2. We will prove the
following theorem:

THEOREM 1.1. Suppose that a real sequence {ay} satisfies condition (1), and
consider the trigonometric series

S(x) =Y aysinnx

n=1

or

oo

S(x)= Y ancosnx,

n=1

and its sum function is denoted by f(x). Let 0 <y < 1. Then x”Vf(x) € Loz and {an}
is the Fourier coefficients of f(x) if and only if

S 0¥ Hay| < oo

n=1
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The claim for nonnegative sequences is in [ 14] which generalizes a classical result
of Boas [1] and Heywood [6].

Note that if {a,} satisfies (1), then {|a,|} satisfies (1) too. We have the following
corollary:

COROLLARY 1.2. Suppose that a real sequence {a,} satisfies condition (1), and
consider the trigonometric series

oo

Z a, sinnx
n=1

or

oo

Y aycosnx,
n=1

and its sum function is denoted by f(x), also the trigonometric series

> |an|sinnx
n=1

or

=

Y [an| cosnx,

n=1
and its sum function is denoted by g(x). Let 0 <y < 1. Then x~7f(x) € Loz and {an}
is the Fourier coefficients of f(x) if and only if x Vg(x) € Loy and {|ay|} is the Fourier

coefficients of g(x).

Throughout the paper, we always use M to stand for the positive constant appear-
ing in (1), and M; denotes a positive constant that may not be necessarily the same
at each occurrence. Sometimes, to avoid confusion, we also use M|, M>,--- to denote
different constants.

2. Preliminaries and proofs

If condition (1) is true for a A then it is true for any larger A, therefore we may
assume that A > 8 is an integer and M > 1 in (1). For a real sequence {a,} set

1 An
bn = - Z |ak\.
Ly -7y
LEMMA 2.1. For all n we have
|an| < 2Mb,.

This is a fundamental inequality. See [3, Lemma 2.2], for example.
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THEOREM 2.2. Let a real sequence {a,} satisfy condition (1), 0 <y < 1. Then,
for any n,

n
Y ax sinkx‘ =0(x")
k=1

holds if and only if
n'Va, = 0(1). )
REMARK. Theorem 2.2 also holds for cosine series.

Proof. This is an important inequality and is already mentioned and sketched in
[4]. As a very useful tool, it will be applied twice in this paper. Here we will give a
detailed proof for the sufficient part.

The cases x =0 or x = & are trivial. Let x € (0,7), set N = [1/x]. Write

N-1
Zaksmkx— Z aysinkx + Z aysinkx =: I (x) + L (x).

For the first part, we have, by (2),
N-1
L) < X K | = 0(NT) = O(x77).
k=1
On the other hand, by using Abel’s transformation we see that
n—1
L) < Mix" | an|+ [an| + Y, [Aai] | -
k=N

Take a natural number m such that 2”~!N < n < 2"N, we calculate that, by condition
(1) and (2),

A2IN m A2IN

n—1 m
S Ay < zi S lal<mN Y20 S
k=N = Nz 2iIN/A j=0 I=2IN/2

Thus

m ) A2IN
L) <M [N Nt Y 27 Y !
J=0  1=2iN/A

—o|nNY 2 27701 ) = o(x77).
j=0
Altogether, we have proved the required result. [
Define, for convenience, that

)Lj+2
=@M Y g, 0<y<l, jneN,
I=MAin
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. . (n) (A7 ~Fn)
where n € N means that n is a natural number. It is easy to see that 7, = T; .

logn—logng

For any n, by taking j = { Tog 4

} — 1, we also easily see that

& (m0) , (o)
nUN la] < My(T + T30,
k=n/A ’

so that the following lemma is straightforward.

LEMMA 2.3. If a real sequence {ay} satisfies that limsup Tj("O) < oo for a given

J—oo

An
fixed integer ng € N, then limsupn?~! Y |ai| < oo.

n—oo k=n/A

LEMMA 2.4. Let a real sequence {a,} satisfy lim a, =0 and
n—>00

An
limsupn?™' Y |ay| = oo,
n—eo k=n/A

then for any given ny € N, there exists a subsequence of natural numbers {ji} such
that
7m0) 4 7o) O(T("O))

Jk Jt2 T Jetl
and o)
. ny)
khl?o TJ’k+1 -
hold.

Proof. First assume that {Tj("O)};f’: | has only o as its accumulation point. Then

lim 7" = co, 3)
e
Suppose to the contrary, the conclusion of Lemma 2.4 does not hold, then it holds that
(no) (no)
lim Ltz
j—o0 (}’1 )
e
Hence there exists a J € N such for all j > J that

(no) (no)
# S
Ti

Note that j > J, Tj("‘)) cannot be a decreasing sequence for j, otherwise it makes a

contradiction to (3). Therefore we assume now for some jo > J it holds that Tj(onﬂ)l >
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7}(0"0) . With A > 2, and writing two roots of the equation x> —2A%*x+1 =0 as x; and
Xy, where 0 < x1 < % <A< x;, by Viete’s formulas, we have

T =T, > o0 - aT), w1,

in particular,

T~ T > x (T —xaTi) >0

no
Jot+2 o+ Jo
by the assumption. Therefore,

. o
T >y (T2~ ) o 0 b 247

for j > jo, hence

(no) 4j—yj—4jo+4 i i
max a —T > MAH TR0 > Jo.
Aj+2n0<kglj+4n0‘ Kl = iy it2 v =0

However it contradicts to the condition that lim a,, = 0.

n—o0

Altogether, the conclusion of Lemma 2.4 holds in this case.
Next, in case {Tj("‘)) -1 has at least one finite accumulation point, then, there

exists a number L and a subsequence of natural numbers {]ﬁ',(c1> b, satisfying

lim T& 0) — =L

——— ’

hence {Tx(rll?) }_, has anupper bound S. Applying Lemma 2.3, we see that lim sup Tj("O)
Jk

Jj—oo

= oo, and thus select a subsequence {f,(f)} such for all k € N that T&Z?) > S, and

lim T(ng’) oo,
koo j

Set jgl) :f( ) , take

jlgz) :min{}f) >jl(I) ckeN}, i=1,2,--,
SO =min) > K eN), 1= 12,0,

and define fzk,l = j,(:), while define fzk as the number satisfying

TN(nO)

Jok

max_ 7).

Tk 1<J<12k+1

(no) _

It is clear that Tf("O) > T‘(( 0) . Furthermore, lim T( 0) — oo since lim T 2) = oo, Setting
2k Jk

k—oo 2k k—soo
Jk = Jjok — 1, we get

(no) _ (no) _
fim 7%= fim T~
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At the same time, by noting fzk 1< Jr < jr+2< ]2k+1 with T( 0) >85> T&rf())) , We
Jk
deduce that
(no) (n0)  Hp(n0)
T T < 2T,

we also prove the conclusion in this case.
Altogether, Lemma 2.4 is completed. [

LEMMA 2.5. Under the conditions and symbols of Lemma 2.4, set n; = ljk+2n0,
and define

1 lnk
Agkz l:|al‘2a 2 \aj|, m /A <L Ang p.

j=ng/ A

Then, taking a sufficiently large oy, there is a constant My > 0 such that \A,?Z’\ > Mony,
where |Aj) | indicates the number of the elements in Ay,

Proof. By Lemma 2.4, for fixed ng, we already know that, there is a natural sub-
sequence {ji} such that

Jerl = k+2 = il
By Lemma 2.1,
lnk 1 lnk Ml lznk
Y al < Y o Y lajl+ Y — Y ajl- 4)
I=n/A lelne /A AmNAR T j=ne/ A teag Tk jen /22
‘We note that,
lznk )ij+4n0 h (n0) (n0) (n0) Any
— n n
> lajl= Y laj| <Min (T +Tk+2)<M1nk T <MY, ayl.
j=ni /A2 j=Adkng Jj=ng/ A
(5)
Therefore, with the above symbols, from (4) and (5) it is deduced that
(o) ~ M1 A - o
T < S (= - A ) T+ S T
i.e.,
e I_Mllz
A | > — — & 6

With (6), taking sufficiently large ¢, we can find a constant My > 0 such that \A,‘ZZ’ >
M()nk .U



916 S. ZHOU

THEOREM 2.6. Suppose that a real sequence {ay} satisfies condition (1), and
consider the trigonometric series

S(x) =Y apsinnx

n=1

or

oo

S(x) =Y ancosnx,

n=1

and its sum function is denoted by f(x). Let 0 <y < 1. If x Vf(x) € Lyr and {a,} is
the Fourier coefficients of f(x), then

An
limsupn?™' Y |ay| < oo
n—ee k=n/A

Proof. Now the Fourier coefficients {a,} satisfy lim a,, = 0. Suppose that
n—soo

An
limsupn?™' Y |ay| = oo
n—eo k=n/A

With the same symbols (e. g., ny = A% 2ng), applying Lemma 2.3 and Lemma 2.4, we
have
coo(o)

lim 7,0} ==, ()
and there is a natural subsequence {n;} and a sufficiently large o as well as a constant
My > 0 such that |A;°| > Myny .

(k)

We select disjoint subsets Uy,...,Uy, of [ng/A,Any] as follows. Set m;’ =
minAff,? , and select v; according to the following procedure:
() Iffor j=0,1,---,jo, m/A < mgk) +j < Any the numbers am,; have the same
1
(ng) (ng)

sign, and for j =0,1,---, jo—1, |a ,>j"7“whilea ) <¢,
g J=Y L 500 | m(lk)ﬂ‘ Z 2o mP 1)) | m(lk)+Jo| 200 (mP 1 7)1

then let vi = jj.
(ii) If case (i) is not satisfied for any jgy, then let v; = ko for which a ., is
1 0

the first element with mgk) +ko € [nr/A, Ang] to become zero or of opposite sign than

amsk) .

(iii) If neither (i) and (ii) happen, then simply let v; = [y for which mgk) + 1 is the
first number greater than Any . Define now

U = {m&k)7 m(lk)+1,---,m(1k)+v1—l}.
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k . o . .
Next, set mg ) = mln(A,’f,? \ U)) if this latter set is not empty, and using the same proce-
dure we select v, and define

Uy = {mg’“>, mgk>+1,...,mgk>+v2_1}.

We continue this procedure until we reach an Uy, for which A,?Z,’ (U U---UUy,) =0.

Next we show that the number ki of {U;} is bounded as k — .
2

An An
Indeed, since Y, |Agj| < % Y laj|, applying Lemma 2.1 and Lemma 2.4

j=n/A j=n/A?%
we get
An Ki (no) (n )
M (no) y s MyT; 11K
— T 1> 2 1Aa > Z D lAaj| > Z . > —k
g =g/ i=1jey; oco(ml(k>+v,-)7’ oon;,

Therefore x; < M30y), i.e., the number k. is bounded independent of 7.
Denote Sy(x) the nth sum of sine series S (the same method also holds for cosine
series). Write

m m
Gum(x) =Y, (1" sin(n+1)x— 1" 'sin(n —I)x) = 2sinnx Y, 17 ' sinlx
=1 =1

~

for m < n. We know from Theorem 2.2 that |@, ,,(x)| = O(x~7). Define
1 2n—1
PG
ri= n1in{m§-k),vj}7 J=12, K,
then it is easy to verify that, there is a constant ry > 0 only depending upon A such that

k
rongrjgm;).

Therefore, for j =1,2,---, K, in view of that {m(,»k),m;k) + 1,~~~,m5-k) +rj—1} CUj,

a7 (10 -V,0,0) 0., (as

m.
J

%ZW !
k +ll

=1

v >
Zl amﬁk)Jrlfl =

so, since x~ 7 f(x) € Ly, for arbitrary j, 1 < j < Ky, with the definition of U;, we have

(n0) +1
EJ ZYT kn+01 M3V )
I=1 b 1)Y n,iﬂ/ Skl
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that is,
1y < M1 07,
In other words,
2|U\_ Ev, Mg (T)"0)) /057,

which contradicts the fact that
Z Uj| > > Mony

by Lemma 2.5 and (7). The proof is therefore completed. [

Write [, = {2%,2F+ 1,---,2%*1 — 1}, and select disjoint subsets Sy, ...,Sx, of I
according to the property of the sequence {a,} as follows. Set

=min{m € Iy : a, #0}.

Without loss of generality, we may assume that m; = 2. If {a,,} does not change sign
in I, let vi = 2k+1 _ 1. Otherwise let Vi1 = ko for which a,,, 1, is the first element
with m; + ko € Iy of opposite sign than a,,, . Define now

S1 :{mh m1+1,---,m1+v1—1}.

Next, set mp = min(f; \ S1) if this latter set is not empty, and using the same procedure
we select v, and define

SQZ{mz, m2—|—1,---,m2+\/2—1}.

We continue this procedure until we reach an Sy, for which I \ (S;U---U Sy, ) = 0.
Set I,:r to be the union of all subsets {S;} whose elements a, keep positive sign, and
I, the union of all subsets {S;} whose elements a, keep negative sign. Also, define

= {US;: 18| > 25/(322°M), 1 < j < i},

={us;:|5;| <2F/(324°M),1 < j < i},
and write
lay;| = 216%7;|am‘~

With all the above symbols, we have

LEMMA 2.7. Suppose that a real sequence {a,} satisfies condition (1), and let
0 <y < 1. Then, for sufficiently large k we have

2k—1 A2k

7 1 - 1 -
2 m" VN a,| < 2 2 1|am\—i-4)L2 z n’ l\an\—l- z n"Vay|.
mes® e n=2%/2 n=2k+1

(1)

Furthermore, the number of sets S;j in J;* is bounded independent of k.
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Proof. 1t is easy to see that, by condition (1),

1 1 Ki 2k+l M 12/\
3 D, layl < 3 D law | < ) [Aan| < " Y lanl,
SJQJIEZ) Jj=1 n=2k n=2k/2
or in other words,
k k
1 M M 28—1 A2
) Z |al~1j‘ < oK Z ‘SjHaﬂ_,-“" Z |an| +? Z |an| + Z |an|
5,2 5,1 nes) n=2k/A n=2k+1
A direct calculation yields that
1 1
7 2 ol <3 3 gl - M2}
S./QA@ S./EJIEZ)
2k A2k
2k Z \an\+ Y lanl+ Y anl (8)
neJ (1) n=2k/2 n=2k+1
by noticing that |S;| < 2%/(3242M) for S; C J,Ez). At the same time,
2k
Do lanl < Y ISillayl < 5 YL lawl,
(2) (2) 324°M (2)
nEJk Sjg.]k Sjg.]k
with (8), we have
2k A2k
Z lan| < )LQ Z |an|+812 Z |an| + Z |an]
VIGJ]EZ) HGJ() n:2/‘/7L n= 2k+1

From this the required result of Lemma 2.7 immediately follows. Furthermore, since
15| = 2%/(32A2M) for §; C J1Y € {252k 4 1,--- 2K+1 — 1} the number of §; € J{"
is definitely bounded 1ndependent of k. O

We also remark here the inequality established in Lemma 2.7 does reflex some es-

sential property of MVBYV concept in real sense, although it needs further investigation
in the future.

COROLLARY 2.8. Let 0<y<1,{a,} satisfy condition (1). For sufficiently large
ko and arbitrary N we have

2ko—1 A2V

2 2 m" Va,| <2 2 2 m" Yap| + z n" Ya,| + z n" Yay|

k= kO EJ (2) k= kO EJ (1) n= 2k0/l n=2N+1
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Proof. The number of repeat points of {240, 2k 41 ... 2N —1} with {m:2;/A <
m<2¥}, k=ko+1,---,N and {m:2* <m < A2}, k=ko, --,N—1 is surely bounded
by 2A. Therefore, we can easily have the conclusion of Corollary 2.8 by a simple
calculation. [

By using the symbols of Lemma 2.7, for sufficiently large ko and k = kq,ko +

1,---, set
mY~1, mEJ,EI)ﬂI,:“,
dm = —m”’l,meJél)ﬂI;,
0, mEJ,Ez).

LEMMA 2.9. Under the above symbols, {d,} satisfies condition (1).

Proof. Since the number of sets S; in J,El) is bounded independent of k, [S;| >

2k/(322°M) forall S; C J,El), and d,, ~ d,, for every m > ko and d,, # 0, da, # 0,
the fact that {d,,} satisfies condition (1) can be easily verified. O

LEMMA 2.10. Suppose that a real sequence {a,} satisfies condition (1) and
consider the trigonometric series

S(x) =Y apsinnx

n=1

or

oo

S(x) =Y ancosnx,

n=1

and its sum function is denoted by f(x). Let 0 <y <1.If x Vf(x) € Log and {ay} is
the Fourier coefficients of f(x), then for any N > ko, we have

N

> % ) <o [

k=ko mGJI((l)

Proof. We need only prove the conclusion for sine series, the other case can be
treated in the same manner. It is clear to see that f € L,;. Hence

N N
Z 2 my_1|am‘: 2 Z my_lam+ Z my_l(_am)

k=Ko e (M k=ko \ mesM gt mel g

-2 i > my_l/onf(x)Sinmxclx—f— D (—my_l)/onf(x)sinmxdx

T
k=ko \ mestV mesVni
9 rm 2N
:—/ F@) [ D dusinmx | dx,
7 Jo g
m=2"0
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N 9 rm 2N _1
2 Y m" Ya,| < E/ @) D, dusinmx|dx.
0

k=ko mEJIEI) m=2%0

By Theorem 2.2 and Lemma 2.9, we immediately get

2Ny
Y, dpsinmx| =0(x7),

m=2k0

so that

N /
DAY m7—1|am\<M1/0 x| f(x)|dx.

k=ko me.l,(cl)

Lemma 2.10 is proved. [

Proof of Theorem 1.1. It is deduced immediately from Corollary 2.8 and Lemma

2.10 that

m=2ko

oN 2k0—1 A2V

T
3 man < M, /Ox’y\f(x)|dx+ S o e+ S al |,

n=2k0 /2, n=2N+1

in combining with Theorem 2.6 we have

2N T
X manl <My [ V) ldx O(1),
0

m=2k0

that already finish the proof of necessity.
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