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FRACTIONAL INTEGRALS ON Bσ –WEIGHTED MORREY SPACES

YASUO KOMORI-FURUYA AND KATSUO MATSUOKA

(Communicated by B. Opic)

Abstract. By using Bσ -weighted function spaces, we will investigate the weighted estimates of
fractional integrals on Bσ -weighted Morrey spaces, which unify the weighted estimates of them
on several function spaces.

1. Introduction

In [8] (cf. [6]), we introduced Bσ -Morrey-Campanato spaces, in order to unify
central Morrey spaces, λ -central mean oscillation spaces and usual Morrey-Campanato
spaces, and to unify the results of the boundedness of fractional integrals on several
classical function spaces because Morrey and Campanato spaces contain Lp , BMO
and Lipschitz spaces as particular cases. As a result, for the fractional integrals Iα
and the modified fractional integrals Ĩα , 0 < α < n , which are defined in Definition 9
below, the following boundedness results were showed:

(i) For 0 < α < n , 1 < p < ∞ , −n/p � λ < 0, −n/q � μ = λ +α < 0, 0 � σ < ∞ ,
1/q = 1/p−α/n , (−μ)q = (−λ )p and μ + σ < 0,

Iα : Bσ (Lp,λ )(Rn) → Bσ (Lq,μ)(Rn);

(ii) For 0 < α < n , 1 < p < ∞ , −n/p � λ < 0, 0 � μ = λ +α < 1, 0 � σ < ∞ and
μ + σ < 1,

Ĩα : Bσ (Lp,λ )(Rn) → Bσ (Lipμ)(Rn).

As for the definition of Bσ -functioh spaces, see Definition 3 below. In these bounded-
ness results, (i) unifies

Iα : Lp,λ (Rn) → Lq,μ(Rn) (see [11])

and
Iα : Bp,λ (Rn) → Bq,μ(Rn) (see [1]),
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and (ii) unifies
Ĩα : Lp,λ (Rn) → Lipμ(Rn) (see [10])

and
Ĩα : Bp,λ (Rn) → Lipα−n/p,σ(Rn) (see [5], [7] and [8]).

Here, note that Lp,λ (Rn) , Bp,λ (Rn) , Lipβ (Rn) and Lipβ ,σ (Rn) stand for Morrey
space, (non-homogeneous) central Morrey space, Lipschitz space and σ -Lipschitz space,
respectively.

In this paper, we will consider the weighted estimates of fractional integrals on
Bσ -Morrey spaces and unify the results of the boundedness on several weighted func-
tion spaces.

2. Notation and definitions

We start by explaining necessary notation. For r > 0, by Br , we mean that Br =
{y ∈ R

n : |y| < r} . And for x ∈ R
n , we set B(x,r) = x+Br = {x+ y : y ∈ Br} . For a

nonnegative measurable function w and a measurable set G ⊂ R
n , let

w(G) =
∫

G
w(y)dy.

For a measurable set G ⊂ R
n , we denote the Lebesgue measure of G by |G| and

the characteristic function of G by χG . And also, for a function f ∈ L1
loc(R

n) and a
measurable set G ⊂ R

n with |G| > 0, let

mG( f ) = −
∫

G
f (y)dy =

1
|G|

∫
G

f (y)dy.

Further, for 1 < p < ∞ , let p′ be the dual exponent of p , i.e., p′ = p/(p−1) .
Now, we state the definitions of several weighted function spaces by means of

weight, which is a nonnegative locally integrable function on R
n that takes values in

(0,∞) almost everywhere. First we define the weighted Morrey, Lipschitz and BMO
spaces on U , where U = R

n or U = Br with r > 0 as follows:

DEFINITION 1. Let w be a weight and U = R
n or U = Br with r > 0. For

1 � p < ∞ , −∞ < λ < ∞ and 0 � β < 1, let Lp,λ (w)(U) and Lipβ (w)(U) be the sets
of all functions f on U such that the following functionals are finite:

‖ f‖Lp,λ (w)(U) = sup
B(x0,s)⊂U

1

sλ

(
−
∫

B(x0,s)
| f (y)|pw(y)dy

)1/p

,

‖ f‖Lipβ (w)(U) = sup
B(x0,s)⊂U

inf
c∈R

1

sβ
1

w(B(x0,s))

∫
B(x0,s)

| f (y)− c|dy.

In particular, let BMO(w)(U) = Lip0(w)(U) and

‖ f‖BMO(w)(U) = sup
B(x0,s)⊂U

inf
c∈R

1
w(B(x0,s))

∫
B(x0,s)

| f (y)− c|dy.
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REMARK 1. Let E(U) be a function space on U ⊂ R
n with semi norm ‖ ·‖E(U) .

In this paper, when U = R
n , we abbreviate ‖ f‖E(Rn) to ‖ f‖E for the symbol of the

norm, while we don’t abbreviate E(Rn) for the symbol of the function space.

Second we define the weighted (non-homogeneous) central Morrey, σ -Lipschitz
and σ -BMO spaces as follows:

DEFINITION 2. Let w be a weight. For 1 � p < ∞ , −∞ < λ < ∞ , 0 � β < 1 and
0 � σ < ∞ , let Bp,λ (w)(Rn) and Lipβ ,σ (w)(Rn) be the sets of all functions f on R

n

such that the following functionals are finite:

‖ f‖Bp,λ (w) = sup
r�1

1

rλ

(
−
∫

Br

| f (y)|pw(y)dy

)1/p

,

‖ f‖Lipβ ,σ (w) = sup
r�1

1
rσ ‖ f‖Lipβ (w)(Br).

In particular, let BMOσ (w)(Rn) = Lip0,σ (w)(Rn) and

‖ f‖BMOσ (w) = sup
r�1

1
rσ ‖ f‖BMO(w)(Br).

Further, we recall the definition of (non-homogeneous) Bσ -function space. For
details, see [8] (cf. [6]).

DEFINITION 3. For each r > 0, let E(Br) be a function space on Br with semi
norm ‖ · ‖E(Br) . Then, for 0 � σ < ∞ , we define a function space Bσ (E)(Rn) as the
set of all functions f on R

n such that ‖ f‖Bσ (E) < ∞ , where

‖ f‖Bσ (E) = sup
r�1

1
rσ ‖ f‖E(Br).

REMARK 2. We note that Bσ (Lp,λ )(Rn) unifies Lp,λ (Rn) and Bp,λ (Rn) as fol-
lows:

B0(Lp,λ (w))(Rn) = Lp,λ (w)(Rn), Bλ+n/p(Lp,−n/p(w))(Rn) = Bp,λ (w)(Rn).

And we also note that

B0(Lipβ (w))(Rn) = Lipβ (w)(Rn), Bσ (Lipβ (w))(Rn) = Lipβ ,σ (w)(Rn)

and

B0(BMO(w))(Rn) = BMO(w)(Rn), Bσ (BMO(w))(Rn) = BMOσ (w)(Rn).

We also need to define some classes of weights. As to the basic properties of
weights, see, e.g., [2] and [3].
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DEFINITION 4. For 1 < p < ∞ , let Ap be the set of all weights w such that

sup
Rn⊃B:ball

mB(w)mB(w−1/(p−1))p−1 < ∞.

DEFINITION 5. Let A1 be the set of all weights w such that for any ball B ⊂ R
n ,

w(B)
|B| � Cw(x) a.e. x ∈ B

for some constant C .

DEFINITION 6. For 1 < p,q < ∞ , let Ap,q be the set of all weights w such that

sup
Rn⊃B:ball

mB(wq)1/q mB(w−p′)1/p′ < ∞.

REMARK 3. Note that w ∈ Ap,q if and only if w−p′ ∈ A1+p′/q .

DEFINITION 7. For 1 < p < ∞ , let Ap,∞ be the set of all weights w such that
w−p′ ∈ A1 .

REMARK 4. Note that for 1 < p < ∞ and 1 < q � q̃ � ∞ ,

Ap,∞ ⊂ Ap,q̃ ⊂ Ap,q,

and for 1 < p̃ � p < ∞ and 1 < q � ∞ ,

Ap̃,q ⊂ Ap,q.

DEFINITION 8. (strong doubling) For 0 < a < ∞ , let SD(a) be the set of all
weights w such that for all balls B and Q provided B ⊂ Q , there exists a constant
C > 0 such that

w(Q) � C

( |Q|
|B|
)a

w(B).

REMARK 5. Note that if w ∈ Ap , 1 � p < ∞ , then w ∈ SD(p) . Moreover, if
w ∈ Ap , 1 < p < ∞ , then by self-improvement property of Ap , w ∈ SD(a) for some
a < p .

3. Fractional integrals on Bσ (Lp,λ (wp))(Rn)

In this section we consider the Bσ -weighted function spaces estimates of frac-
tional integral Iα and modified fractional integral Ĩα , 0 < α < n , which are defined by
the following.
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DEFINITION 9. For 0 < α < n and f ∈ L1
loc(R

n) ,

Iα f (x) =
∫

Rn

f (y)
|x− y|n−α dy

and

Ĩα f (x) =
∫

Rn
f (y)

(
1

|x− y|n−α − 1− χB1(y)
|y|n−α

)
dy.

Then for a fractional integral Iα , the following estimates on the weighted Lp and
Morrey spaces are known.

THEOREM A. ([9]) Let 0 < α < n, 1 < p < n/α and 1/q = 1/p−α/n. If
w ∈ Ap,q , then Iα is bounded from Lp(wp)(Rn) to Lq(wq)(Rn) , that is, there exists a
constant C > 0 such that

‖Iα f‖Lq(wq) � C‖ f‖Lp(wp), f ∈ Lp(wp)(Rn),

where Lp(wp)(Rn) is the set of all functions f on R
n such that

‖ f‖Lp(wp) =
(∫

Rn
| f (y)|pwp(y)dy

)1/p

< ∞.

THEOREM B. ([4]) Let 0 < α < n, 1 < p,q < ∞ , −n/p � λ < 0 , −n/q � μ =
λ +α < 0 , 1/q= 1/p−α/n and (−μ)q = (−λ )p. If w∈Ap,−n/μ , then Iα is bounded
from Lp,λ (wp)(Rn) to Lq,μ(wq)(Rn) , that is, there exists a constant C > 0 such that

‖Iα f‖Lq,μ (wq) � C‖ f‖Lp,λ (wp), f ∈ Lp,λ (wp)(Rn).

On the other hand, for a fractional integral Iα , we can prove the following Bσ -
weighted Morrey estimate.

THEOREM 1. Let 0 < α < n, 1 < p,q < ∞ , −n/p� λ < 0 , −n/q� μ = λ +α <
0 , 0 � σ < ∞ , 1/q= 1/p−α/n, (−μ)q = (−λ )p and μ +σ < 0 . If w∈Ap,−n/(μ+σ) ,
then Iα is bounded from Bσ (Lp,λ (wp))(Rn) to Bσ (Lq,μ(wq))(Rn) , that is, there exists
a constant C > 0 such that

‖Iα f‖Bσ (Lq,μ (wq)) � C‖ f‖Bσ (Lp,λ (wp)), f ∈ Bσ (Lp,λ (wp))(Rn).

REMARK 6. Note that Theorem 1 with σ = 0 means Theorem B.

In the above theorem, if λ =−n/p and σ = λ +n/p , then the following corollary
is obtained by Remark 2.

COROLLARY 1. Let 0 < α < n, 1 < p,q < ∞ , −n/p � λ < 0 , −n/q � μ =
λ + α < 0 , 1/q = 1/p−α/n, (−μ)q = (−λ )p, σ = λ + n/p and μ + σ < 0 . If
w ∈ Ap,−n/(μ+σ) , then Iα is bounded from Bp,λ (wp)(Rn) to Bq,μ(wq)(Rn) , that is,
there exists a constant C > 0 such that

‖Iα f‖Bq,μ (wq) � C‖ f‖Bp,λ (wp), f ∈ Bp,λ (wp)(Rn).
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Moreover, in Theorem 1, if we put μ = 0 formally, then the condition of w be-
comes w ∈ Ap,∞ . Therefore, for a modified fractional integral Ĩα , we can show the
following Bσ -weighted function spaces estimate on the weighted Morrey spaces.

THEOREM 2. Let 0 < α < n, 1 < p < ∞ , −n/p � λ < 0 , 0 � μ = λ + α < 1 ,
0 � σ < ∞ and μ + σ < 1 . If

w ∈
{

Ap,∞ (1 < p < n/α)
An/α ,∞ (n/α � p < ∞),

then Ĩα is bounded from Bσ (Lp,λ (wp))(Rn) to Bσ (Lipμ(w−1))(Rn) , that is, there ex-
ists a constant C > 0 such that

‖Ĩα f‖Bσ (Lipμ (w−1)) � C‖ f‖Bσ (Lp,λ (wp)), f ∈ Bσ (Lp,λ (wp))(Rn).

In particular, when μ = 0 , i.e., λ = −α ,

‖Ĩα f‖Bσ (BMO(w−1)) � C‖ f‖Bσ (Lp,−α (wp)), f ∈ Bσ (Lp,−α(wp))(Rn),

where 1 < p � n/α .

In the above theorem, if σ = 0, then we obtaine the following corollary by Re-
mark 2.

COROLLARY 2. Let 0 < α < n, 1 < p < ∞ , −n/p � λ < 0 and 0 � μ = λ +α <
1 . If

w ∈
{

Ap,∞ (1 < p < n/α)
An/α ,∞ (n/α � p < ∞),

then Ĩα is bounded from Lp,λ (wp)(Rn) to Lipμ(w−1)(Rn) , that is, there exists a con-
stant C > 0 such that

‖Ĩα f‖Lipμ (w−1) � C‖ f‖Lp,λ (wp), f ∈ Lp,λ (wp)(Rn).

In particular, when μ = 0 , i.e., λ = −α ,

‖Ĩα f‖BMO(w−1) � C‖ f‖Lp,−α (wp), f ∈ Lp,−α(wp)(Rn),

where 1 < p � n/α .

Also if λ = −n/p and σ = λ +n/p in Theorem 2, then by Remark 2, the follow-
ing corollary is obtained.

COROLLARY 3. Let 0 < α < n, 1 < p < ∞ , −n/p � λ < 0 , 0 � μ = λ +α < 1 ,
σ = λ +n/p and μ + σ < 1 . If

w ∈
{

Ap,∞ (1 < p < n/α)
An/α ,∞ (n/α � p < ∞),
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then Ĩα is bounded from Bp,λ (wp)(Rn) to Lipμ,σ (w−1)(Rn) , that is, there exists a
constant C > 0 such that

‖Ĩα f‖Lipμ ,σ (w−1) � C‖ f‖Bp,λ (wp), f ∈ Bp,λ (wp)(Rn).

In particular, when μ = 0 , i.e., λ = −α ,

‖Ĩα f‖BMOσ (w−1) � C‖ f‖Bp,−α(wp), f ∈ Bp,−α(wp)(Rn),

where 1 < p � n/α .

4. Proofs of theorems

In what follows, we use the symbol A � B to denote that there exists a constant
C > 0 such that A � CB . If A � B and B � A , we then write A ∼ B .

First of all, we show the following lemma, which is necessary to prove Theorems 1
and 2.

LEMMA 1. Let β ∈ R , 1 < p < ∞ , −n/p � λ < 0 , 0 � σ < ∞ and β +λ +σ <
0 . If w ∈ Ap,−n/(β+λ+σ) , then there exists a constant C > 0 such that

∫
Rn\B(x0,s)

| f (y)|
|y− x|n−β dy � Crσ s−n/p′+β+λw−p′(B(x0,s))1/p′ ‖ f‖Bσ (Lp,λ (wp))

for all f ∈ Bσ (Lp,λ (wp))(Rn), x ∈ B(x0,s) ⊂ Br and r � 1.

In particular, when x = x0 = 0 and s = r ,

∫
Rn\Br

| f (y)|
|y|n−β dy � Cr−n/p′+β+λ+σw−p′(Br)1/p′‖ f‖Bσ (Lp,λ (wp))

for all f ∈ Bσ (Lp,λ (wp))(Rn) and r � 1.

Proof.
Let f ∈ Bσ (Lp,λ (wp))(Rn) , B(x0,s) ⊂ Br and r � 1. Then, by Hölder’s inequal-

ity, we obtain

∫
Rn\B(x0,s)

| f (y)|
|y− x|n−β dy

=
∞

∑
j=0

∫
B(x0,2 j+1s)\B(x0,2 js)

| f (y)|
|y− x|n−β dy

�
∞

∑
j=0

1

(2 js)n−β

∫
B(x0,2 j+1s)\B(x0,2 j s)

| f (y)|dy

� sβ
∞

∑
j=0

(2β ) j −
∫

B(x0,2 j+1s)
| f (y)|dy
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� sβ
∞

∑
j=0

(2β ) j
(
−
∫

B(x0,2 j+1s)
| f (y)|pwp(y)dy

)1/p(
−
∫

B(x0,2 j+1s)
w−p′(y)dy

)1/p′

∼ sβ
∞

∑
j=0

(2β ) j(2 j+1s)−n/p′+λ w−p′(B(x0,2
j+1s))1/p′ ‖ f‖Lp,λ (wp)(B

2 j+1r
)

� rσ s−n/p′+β+λ
∞

∑
j=0

(2−n/p′+β+λ+σ) jw−p′(B(x0,2
j+1s))1/p′‖ f‖Bσ (Lp,λ (wp)).

As it follows from Remarks 3 and 5 that when w ∈ Ap,−n/(β+λ+σ) , there exist C > 0
and ε > 0 such that

w−p′(B(x0,2
j+1s)) � C(2 j+1)n−p′(β+λ+σ)−εw−p′(B(x0,s)),

we have∫
Rn\B(x0,s)

| f (y)|
|y− x|n−β dy

� rσ s−n/p′+β+λ

{
∞

∑
j=0

(2−ε/p′) j

}
w−p′(B(x0,s))1/p′ ‖ f‖Bσ (Lp,λ (wp))

∼ rσ s−n/p′+β+λw−p′(B(x0,s))1/p′ ‖ f‖Bσ (Lp,λ (wp)). �

Next we recall the following two lemmas.

LEMMA 2. (Lemma 3.5 of [8]) Let 1 � p < ∞ and r > 0 . If −n/p � λ < 0 , then

‖ f χBr‖Lp,λ � ‖ f‖Lp,λ (B3r) for all f ∈ Lp
loc(R

n) with ‖ f‖Lp,λ (B3r) < ∞.

LEMMA 3. (Theorem 7.2.5 of [2]) If w∈ Ap with 1 � p < ∞ , then there exists an
a > 1 such that wa ∈ Ap .

Finally, we prepare the following lemma in order to prove the case of n/α � p < ∞
of Theorem 2.

LEMMA 4. Let 0 < α < n, n/α � p < ∞ and w ∈ An/α ,∞ . Then there exists an
exponent p0 , which is sufficiently close to n/α , such that 1 < p0 < n/α , 1/p0−α/n <
1/p and w ∈ Ap0,∞ .

Proof. Let n/α � p < ∞ and w∈ An/α ,∞ , i.e., w−(n/α)′ ∈ A1 . Then, by Lemma 3,

there exists an a > 1 such that w−(n/α)′a ∈ A1 . Now, if we put p̃ = ((n/α)′a)′ , then
1 < p̃ < n/α and w ∈ Ap̃,∞ . Therefore, we can choose p0 , which is sufficiently close
to n/α , such that p̃ < p0 < n/α and 1/p0 −α/n < 1/p . Moreover, it follows from
Remark 4 that w ∈ Ap0,∞ . �

Proof of Theorem 1. Let f ∈ Bσ (Lp,λ (wp))(Rn) . We prove that

‖Iα f‖Lq,μ (wq)(Br) � rσ‖ f‖Bσ (Lp,λ (wp))
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for any ball Br with r � 1.
For x ∈ Br , let

Iα f (x) = Iα( f χB2r)(x)+ Iα( f (1− χB2r))(x).

First, applying Theorem B, we get

‖Iα( f χB2r)‖Lq,μ (wq)(Br) � ‖Iα( f χB2r)‖Lq,μ (wq) � ‖ f χB2r‖Lp,λ (wp)

� ‖ f‖Lp,λ (wp)(B6r) � rσ‖ f‖Bσ (Lp,λ (wp))

by Lemma 2.
Next, since for x ∈ Br ,

|Iα( f (1− χB2r))(x)| �
∫

Rn\B2r

| f (y)|
|y|n−α dy

and w ∈ Ap,−n/(μ+σ), it follows from Lemma 1 that for B(x0,s) ⊂ Br ,

1
sμ

(
−
∫

B(x0,s)
|Iα( f (1− χB2r))(y)|q wq(y)dy

)1/q

� 1
sμ

(
1

|B(x0,s)|
)1/q

r−n/p′+α+λ+σw−p′(Br)1/p′‖ f‖Bσ (Lp,λ (wp)) ·wq(B(x0,s))1/q.

In addition, as w ∈ Ap,−n/(μ+σ) , which means w−p′ ∈ A1−p′(μ+σ)/n by Remark 3, we
obtain

w−p′(Br) � C
( r

s

)n−p′(μ+σ)
w−p′(B(x0,s))

in terms of Remark 5. Therefore, since q � −n/μ < −n/(μ +σ) , by using Remark 4,

1
sμ

(
−
∫

B(x0,s)
|Iα( f (1− χB2r))(y)|q wq(y)dy

)1/q

� 1
sμ r−n/p′+μ+σ

( r
s

)n/p′−(μ+σ)
w−p′(B(x0,s))1/p′

(
wq(B(x0,s))
|B(x0,s)|

)1/q

‖ f‖Bσ (Lp,λ (wp))

� sσ

(
w−p′(B(x0,s))

|B(x0,s)|

)1/p′(
wq(B(x0,s))
|B(x0,s)|

)1/q

‖ f‖Bσ (Lp,λ (wp))

� rσ‖ f‖Bσ (Lp,λ (wp)).

Thus, we have for r � 1,

‖Iα f‖Lq,μ (wq)(Br) � rσ‖ f‖Bσ (Lp,λ (wp)),

which shows the conclusion. �
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Proof of Theorem 2. Let f ∈ Bσ (Lp,λ (wp))(Rn) . We prove that

‖Ĩα f‖Lipμ (w−1)(Br) � rσ‖ f‖Bσ (Lp,λ (wp))

for any ball Br with r � 1.
Now, letting for y ∈ B(x0,s) ⊂ Br ,

Ĩα f (y) = Ĩα( f χB(x0,2s))(y)+ Ĩα( f (1− χB(x0,2s)))(y)

= Iα( f χB(x0,2s))(y)+Cα ,x0,s f + Jα ,x0,s f (y),

where

Cα ,x0,s f = −
∫

B(x0,2s)\B1

f (z)
|z|n−α dz+ Ĩα( f (1− χB(x0,2s)))(x0)

and

Jα ,x0,s f (y) =
∫

Rn\B(x0,2s)
f (z)

(
1

|y− z|n−α − 1
|x0− z|n−α

)
dz,

we have

∫
B(x0,s)

∣∣Ĩα f (y)−Cα ,x0,s f
∣∣ dy

�
∫

B(x0,s)

∣∣Iα( f χB(x0,2s))(y)
∣∣ dy+

∫
B(x0,s)

∣∣Jα ,x0,s f (y)
∣∣ dy

=: I1 + I2.

First, by using Lemma 1, we get for y ∈ B(x0,s) ⊂ Br ,

∣∣Jα ,x0,s f (y)
∣∣� s

∫
Rn\B(x0,2s)

| f (z)|
|z− x0|n−α+1 dz

� rσ s−n/p′+μw−p′(B(x0,2s))1/p′ ‖ f‖Bσ (Lp,λ (wp)).

Therefore, since w ∈ Ap,∞ , we have for B(x0,s) ⊂ Br ,

1
sμ

1
w−1(B(x0,s))

I2

� 1
w−1(B(x0,s))

· rσ s−n/p′w−p′(B(x0,2s))1/p′‖ f‖Bσ (Lp,λ (wp)) · |B(x0,s)|

� rσ · |B(x0,s)|
w−1(B(x0,s))

(
w−p′(B(x0,s))

|B(x0,s)|

)1/p′

‖ f‖Bσ (Lp,λ (wp))

� rσ‖ f‖Bσ (Lp,λ (wp)).
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Next, when 1 < p < n/α , let 1/q = 1/p−α/n . Then, applying Hölder’s inequal-
ity, Remark 4 and Theorem A, we obtain

I1 �
(∫

B(x0,s)

∣∣Iα( f χB(x0,2s))(y)
∣∣q wq(y)dy

)1/q(∫
B(x0,s)

w−q′(y)dy

)1/q′

�
(∫

Rn

∣∣( f χB(x0,2s))(y)
∣∣p wp(y)dy

)1/p(∫
B(x0,s)

w−q′(y)dy

)1/q′

�
(∫

B(x0,2s)
| f (y)|p w(y)p dy

)1/p(∫
B(x0,s)

w−p′(y)dy

)1/p′

· |B(x0,s)|1/q′−1/p′

� rσ (2s)λ |B(x0,2s)|1/p‖ f‖Bσ (Lp,λ (wp)) ·
(
−
∫

B(x0,s)
w−p′(y)dy

)1/p′

|B(x0,s)|1/q′

� rσ (2s)λ+α‖ f‖Bσ (Lp,λ (wp))

(
−
∫

B(x0,s)
w−p′(y)dy

)1/p′

· |B(x0,s)|

� rσ sμ‖ f‖Bσ (Lp,λ (wp))−
∫

B(x0,s)
w−1(y)dy · |B(x0,s)|

= rσ sμ‖ f‖Bσ (Lp,λ (wp)) ·w−1(B(x0,s)).

When n/α � p < ∞ , in terms of Lemma 4, we choose p0 such that 1 < p0 < n/α ,
1/p0−α/n< 1/p and w∈Ap0,∞ , and let 1/q0 = 1/p0−α/n . Then, applyingHölder’s
inequality, Remark 4 and Theorem A, we obtain

I1 �
(∫

B(x0,s)

∣∣Iα( f χB(x0,2s))(y)
∣∣q0 wq0(y)dy

)1/q0
(∫

B(x0,s)
w−q0

′
(y)dy

)1/q0
′

�
(∫

Rn

∣∣( f χB(x0,2s))(y)
∣∣p0 wp0(y)dy

)1/p0
(∫

B(x0,s)
w−q0

′
(y)dy

)1/q0
′

�
(∫

B(x0,2s)
| f (y)|p w(y)p dy

)1/p

|B(x0,2s)|1/p0−1/p

×
(∫

B(x0,s)
w−p′(y)dy

)1/p′

|B(x0,s)|1/q0
′−1/p′

� rσ sλ+α‖ f‖Bσ (Lp,λ (wp)) ·w−p′(B(x0,s))1/p′ |B(x0,s)|1/p

� rσ sμ‖ f‖Bσ (Lp,λ (wp)) ·w−1(B(x0,s)).

Hence, it follows that for 1 < p < ∞ ,

1
sμ

1
w−1(B(x0,s))

I1 � rσ‖ f‖Bσ (Lp,λ (wp)).

Thus, we have for r � 1,

‖Ĩα f‖Lipμ (w−1)(Br) � rσ‖ f‖Bσ (Lp,λ (wp)),

which concludes the proof of Theorem 2. �
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