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WEIGHTED INEQUALITIES FOR THE GENERALIZED
FOURIER TRANSFORM ASSOCIATED WITH THE
CHEREDNIK OPERATOR ON THE REAL LINE

NAJOUA BARHOUMI, RABIAA GHABI AND MAHER MILI

(Communicated by J. Pecari¢)

Abstract. We consider the generalized Fourier transform associated with the Cherednik operator
on R and we give the Hardy-Littelwood inequality and some weighted inequalities associated
to this transform as particular case, we obtain the analogue of the Pitt’s theorem.

1. Introduction

The classical Hardy and Littelwood inequalities in [8] states that

e If 1 < p <2, then exists a positive constant C such that for all f in LP(R), its
classical Fourier transform f exists and satisfies

[ [iFwppia] " <c[ [1rwpad] " 1)

e If p > 2, then exists a positive constant C such that for all f in LP(R, |x|P~2dx),
its classical Fourier transform f exists, belongs to L”(R) and satisfies

[ [17orar]" <c[ [ yrpie2a] " o)

Later, in 1983, M. Benjamin has showed that: if we take 1 < p < g < oo, with sufficient
conditions on nonnegative pairs of functions U and V are given to imply

[ frwaa] " <cl [ irepvad " G)

where C is independent of f. For the case g = p’ the sufficient condition is that for all

positive r,
U(A)dA / Vi) Ve Dgy] <A
[/L/(A)>Br ( ) ][ V(x)<rr—! (X) x}
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where A and B are positive constants independent of r, see [5] for more details. This
result generalized also the Pitt’s theorem which is proved first for the Fourier series (see
[10]) and generalized for the Fourier transform. It states that:

For 1 < p<g<e,a€]0,n/q] and b €]0,n(p—1)/p[ such that b =a+n(pg—
P —q)/pq,then for all f in L'(R") we have

[[Fwmaran] <[ [ irprrar) . @

where C is a positive constant. More later, in 2003, J. J Benedetto and H. P. Heinig
[2], gave another proof and a generalization of the inequality (1) on R” as follows:
For 1 < p<qg<p' <o andforall fin LP(R") then exists C > 0 such that

[ [ 1Fomareer-ana] “ <c| [ (rwra] " )

Generally, the above-mentioned results use rearrangement methods. These methods
do not yield effective criteria for Fourier transform inequalities in the case of non-
monotonic weights, and the constants C become more difficult to compute. Also these
results tend to assume one or the other of such constraints as even weights, function
weights, monotonic weights, or domain R. Our goal is to construct the theory without
rearrangements and with as few constraints as possible. The reasons for such a project
are apparent: restriction theorems, uncertainty principle inequalities and effective cri-
teria to establish Fourier transform inequalities for large classes of weights.

This paper gives some results in this direction. It aims to establish similar in-
equalities to (1), (2), (3) and (5) for a generalized Fourier transform. It is organized as
follows. In section two we recall some basic results on the Cherednik operator which
is a differential-difference operator on the real line and we give the main properties of
the generalized Fourier transform. We establish in the third section an analogue of the
Hardy-Littlwood inequality associated to the generalized Fourier transform. In the last
section, we prove some weighted inequalities for the generalized transform associated
to the Cherednik operator, as particular case, we find the analogue of the Pitt’s type
theorem.

2. Preliminaries

In this section, we collect some basic facts of the differential-difference operator.

A =10+ G PO ), ©
where
A(x) = [xP*"'B(x), o>—1/2. (7

B being a positive C* even function, with B(0) =1, and p > 0. In addition to that the
function A satisfies the following conditions.

e Forall x > 0,A(x) is increasing and limy_, 1o A(x) = -oo.
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e Forall x>0, ’% is decreasing and limy_, o i = 2p.
e There exists a positive constant A such that for all x in [xg, 4|, xo > 0, we

have
2p +e *D(x), if p>0

225l 4 o=2D(x), if p =0,
where D be a C~ function on R, bounded together with its derivatives.
For the particularcase o> f3 > —1/2, aa # —1/2,
A(x) = (sinh |x])2** (coshx)PT, p=a+B+1>0,
A will be denoted by T(*B) which is given by

fO) = f(=x)

TP f£(x) = f/(x) + {(20‘4- 1)cothx+ (2B + 1) tanh x} 5

—pf(=x).
It is referred to as the Jacobi-Cherednik operator on R and can be written as

2%,
| —e 2

4k
T ) = 10+ | s + s ()= £(-00) = 2400,
where oo =k +kp — % and f =k — % We use [7] and [12] as main references.
For A(x) = |x|?**!, o> —1/2 and p =0, we regain the differential-difference
operator

1 — f(—
Daf:f/(x)+<a+_>f('x) f( )C),
2 X
which is referred to as the Dunkl operator with parameter <a + %) associated with the

reflection group Z, on R.

We denote by ¢,, A € C, the eigenfunction of the operator A. It is the unique
C* function on R which is equals to 1 at O and satisfies the differential-difference
equation

AF(x) = iR £(x).

The function ¢, is expressed as follows

QDA(X)-Fﬁ;—X(p;L(x) it A#—ip
9(9=19 " 2 [XA(r)dt it A=—i
Ax) Jo =—Ip,

where @, is the eigenfunction of the differential equation
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with

> Ax)d

dx*  A(x) dx’

In addition to that ¢; has the following Laplace type integral representation

A= ®)

0 = [ Ky, x £0.
—|x
where K(x,.) is nonnegative function on R, continuous on | — |x|, |x|[ and supported
in [—|x|,|x|]. See [9, 13] for more details.
REMARK 1. Forall x € R, in [13], the author proved that
" Kxpay <2 ©)

—

The generalized Fourier transform of a function f in D(R), the space of C* func-
tion on R with compact support, is defined by

FHA) = [ F@9 2 (0ARdx, 2 eC.
In addition, it can be written as:
F([)A) = Za(fe)(A) + (A —p) Fa(J fo)(X), (10)

where f, (resp f,) denotes the even (resp odd) part of f, .%#, stands the Fourier trans-
form related to the differential operator A given by the relation (8), defined on the
subspace of D(R) consisting of even functions, by

Fah(L) = /R h(x) oy (DA(X)dx, VA €C (11)
and .
Tfolx) = /_Nf(,(t)dt.

The inversion formula for the Fourier transform % is defined for all f € D(R) by,

10 = [ F12)6 4 (=0dor(2),

with A —io di
_ATp_dr
dGl(z/)— A |C(x)|27

where |c(4)|7? is an even continuous function on R, and satisfies the estimates: There
exist positive constants ky,k,k such that

e If p>0and o > —1/2, then
ki APPETE <e(M)[ 72 <k APYT A ER, A >k (12)



WEIGHTED INEQUALITIES FOR THE GENERALIZED... 985

e If p>0and o > —1/2, then
kAP <[e(A)[ 2 <kfAP, A ER, |A|<k. (13)

e If p=0and o > 0, then
ki AP eV 72 Sk APYTY A ER, A <k (14)

We have the following Plancherel formula: for all f € D(R), we have

[ 110PAWdx = [ 17 50)Pdoi(2)+2p [ Falf) M) Fs TR 7.
R R R c(2)]
(15)
where %5 f given by the relation (11). We refer to [9] for more detaivls.
More of this, by replacing f by f in the relation (15), where f(x) = f(—x), we
obtain

2 — [z z AT
Lr@PAwdx= [ 17FR)Pdo(2)~2p [ Fa(f) ()P (Jﬁ,><z>|c(|“|(21 ’
By summing the relations (15) and (16), we obtain
2 _ a F 2 a 2 dA
2 [ 1rWPAWdr= [ (FFOP 17 OP) - (D

e For f belonging to L' (R, A(x)dx), .7 (f) is a bounded continuous function on
R, vanishes at infinity and verifies

17 fll. <

(18)

o If f bein L*(R, A(x)dx), then
73 2 dA 2

Using the relations (18), (19) and applying the Riesz-Thorin interpolation theorem [[6],
p. 200], we can deduce the following result

COROLLARY 1. (The Hausdorff-Young inequality) Let 1 < p <2, then for all f
in LP (R, A(x)dx), we have

rdA l/ 1/p
L 0wr Gyl <e[ firoraca: 0

1,1 _
where 1—7+17—1,C>0.

In the squel we will denote by f < g to mean that there exists a positive constant C
such that f < Cg.



986 N. BARHOUMI, R. GHABI AND M. MILI
3. Hardy-Littlewood type inequality for the generalized Fourier transform

This section is devoted to the following result.

THEOREM 1. Let 1 < p <2,p< q<p'. Theen forall f in LP(R,A(x)dx), the
following inequality holds

Qo+2) pqpq) dA 1/11 1/p
[[1z¢@ra cor) | L) rerawad

Proof. Let r=1+¢'/p’. Then r <2 and ¥ =1+ p’/q'. Denote y= (2a +
2)/(r' —1). The Hausdroff-Young inequality gives

w1z w ] <[ [ rwrawad] "
[/]R[ lc(A)|?

forall f € L"(R,A(x)dx).

This inequality implies that the operator T : f —— |A|V.Z (f) is of type (r,#)
between the spaces L' (R,A(x)dx) and L’ (R, \7L|",7|C(d/{1)|2). Next, we need to prove
that T is of weak type (1,1).

By an easy calculation, using the relation (12), we obtain

dA 1
Lo [ area <o,
AJr>s ()P ™ Jagrss ¥s
forall s > 0.
Using the last inequality and the relation (18), we deduce that

o dA
S ;Lfry < f ’
/\Amf(,m(mps‘ | EDE S f1la

which means that T is of weak type (1,1).
Now we apply the Marcinkiewicz interpolation theorem ([1 1], p. 184). By taking
t=1/q—1/p', the real numbers r, and s;, defined by

1 1—1¢ 1 1—1¢
—=——+1, and —=-——+1,
Iy r St r

satisfy r, = p and s, = q. Thus T is of type (p,q). So the equality

qy—r'y=Q2a+2)(pag—p—q)/p

gives the result. [
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4. Weighted inequalities for the generalized transform

In this section, we will prove a weighted inequality for the generalized Fourier
transform. First, we need the following lemma

LEMMA 1. Let V : A — B be a bijective and measurable function such that

ACR, BC0,+o0) and V™' is measurable. If f is a nonzero and integrable function
on R with respect to a positive measure v, then for all 0 < k < ||f||, , , there exists

Ry > 0 such that
Lo rwlave) =k,
2V(x)<Rk

Proof. Let f € L'(R, dv). Define h: [0,00) — [0,

v} by
wry= [ reviiolawe) = [ 1lave) <l

where dvy be the image measure of v by the function V. By using the theorem of
continuity in sign integral we can easily prove that the function / is continuous on
[0,00), then for 0 < k < || f]|1,v, there exist Ry such that

h(Ry) =k,

that is

Lo 1f@ldves) =k
(x) <Ry

and this completes the proof. [J
THEOREM 2. Let 1 <p <2, p<q<p, y=QRo+2)pg—p—q)/p, r>0,

U be a nonnegative functions on R, V as in Lemma 1 and there is a positive constant
M, , independent of r, such that

dA =L a/v'
/ U A 1% —TA d <M ’ 21
[‘/{}L|7U(7L)}I;>r ( ) ‘C(A)‘z} |:~/V(x)<rl’*1 (x)p (.X) .X:| 1 ( )

then we have

[z gsa] s [ [ rwrvenwa] " e

Proof. Let 1 <p<qg<p,vy=Q2a+2)(pqg—p—q)/pandforall j€Z,
Ej={A e R\{0}, 2/9/V|A|" < U(A) < 274/P+1 A1 (23)

We denote by

q dA
W= 3 ] SR @A V) a8

JEZ
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and 0
q
S0 (AX)dx| U(A) EOE (25)

jEZ x)<2/(p=1)=

So, by using the convexity of the function x — x9, we obtain that

/Iﬁf )U( )‘ @ )‘2 <2971 4+ 1),

We need to prove that I; and I, are bounded by

/\f )PV (x)A(x)d ]W (26)

To estimate the relation (24), we can see that

dA
< Jq/p+1/ T4+ 1
3 gzz L7 0 rcm s )@ 12 |c(z>|2}

From the theorem 1, we can see that the right side is bounded by

Ly q/p
2327 [ [ 2 per vyt -y AR "

jez

Since g¢/p > 1, we obtain

2| [Irrneawad ", @)

where

)= X 277 e v saito-1y (%)- (28)
jez

Now for a given x, let J is the largest integer satisfying 2/(P—1) < 2V (x). So

. 1
— =1 — ___—  5J(p-1)
x) = %2 =1 _21_p2 < cV(x).

This completes the proof of the first part.
Next, to estimate the relation (25), observe first that from (23), we can write

q dA
B5 [ oo o MM TR @9

Now let J be the least integer such that 27 > ||fll1.4, and let r; = eo. We apply the
Lemma 1 with k =2/, for j <J. Let r; be chosen so that

Lo WA =2, (30)
2V(x)< r;-’



WEIGHTED INEQUALITIES FOR THE GENERALIZED... 989

Then from the relation (29), we deduce that

q dA
L < / A(x)dx| U(A 31
’ j%/’.fK(IAVU(A))”/"grj‘/zv(x)qfl F)lA) x‘ ( )|c(7t)|2 ey

using the relation (30) and the definition of r;, we have for j < J,

Lo @A =2 =4 [ 1A (32)
2V(x)<rj Dj

where D; = {x € R, r’/’jzl <2V(x) < rfjll}. Furthermore, by using the relations (32)
and (31), we have

dA
Ls 2 [/ P'/q

jez fj—1<(|M’VU(7L)) <rj le(A)]

L, v v

(33)
By Hélder’s inequality

UD_,- {|f(x)V(x)%]V(x)TIA(x)dxr < [/2V(x)<r V(x)%A(X)dx

[/ @IV ()dx} e

Then since ¢/p > 1 and by using the hypothesis (21), we conclude that
a/p

S[X [, rervemama] ™

JEZ

Now, we get the result by using the fact taht the sets D; are disjoints. []

REMARK 2. For ¢ >0 and p=0or a > —1/2 and p > 0, we have the follow-
ing result which is the analogue of the Pitt’s theorem.

THEOREM 3. 1<p<qg<p'. Put U(A)=|A|7%, V(x) = |x|’" with a and b are
such that (200+2)(1/q—/p') <a< M and b=a+ 2a+2)(1/p'—1/q).
Then for all f in LP(R,|x|"PA(x)dx), we have

Lo gl s [ L] wtrama] ™

Proof. With the choice of a and b, we can see that the hypothesis of theorem 2 is
satisfied. [l

REMARK 3. In the case p =0 and o > 0, if we take A(x) = |x[>***!, we obtain
the Dunkl operator with parameter (o + 1/2) associated with the reflection group Z,
on R and in this case S. Ben Farah and M. Mili [4], proved that the condition on a and
b which we make in the Theorem 3 is optimal.
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