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WEIGHTED COMPOSITION OPERATORS FROM
DIRICHLET TYPE SPACES TO WEIGHTED TYPE SPACES

XIAOHONG FU AND HAO L1

(Communicated by S. Stevic)

Abstract. The boundedness and compactness of weighted composition operators from Dirichlet
type spaces to weighted type spaces on the unit ball of C" are characterized in this paper.

1. Introduction

Let B, be the open unit ball of C" with the boundary dB,,, do the normalized
invariant measure on dB,,. Let H(B,) denote the space of all holomorphic functions on
B,. Let p € R and f € H(B,) with the Taylor expansion f(z) = ¥ g/>0 bﬁzl3 , where
B=Bi, - Bu), P =2 g \B| = Bi+ - -+ Bu. The Dirichlet type space D, is
the space consisting of all f € H(B,) such that (see [5])

I£15, = Y, (n+[B)?|bglwp < oo,
IB|=0

where

(n—1)1B!

When p =0 and p = —1, we get the Hardy space H> and the Bergman space AZ,
respectively. D, is the Dirichlet space. The Dirichlet type space D, has been charac-
terized by many authors (see [4, 6, 7]).

Let u be a positive continuous function on [0,1). We say that u is normal, if
there exist positive numbers s and #, 0 < s <, and & € [0,1) such that

ag= [ 1EPPdo(E) =
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uir) . : L k)
a=r is decreasing on [0,1) and lngl 0= 0;
K(r) u(r)

= is increasing on [8,1) and }gr} =y =
(see [14]).

Let p be a normal function on [0,1). An f € H(B,) is said to belong to the
weighted-type space, denoted by Hy = H7 (By), if (see, e.g., [2, 18])

1 f1la = sup u(lz]) | f(2)] <ee.
z€B,

Hy is a Banach space under the norm || -[|; . We denote by Hy, the space of those

f € Hy such that lim;_; pu(|z])|f ()| =0. When p(r) = (1- ?)%, the induced spaces
Hp and H7, become the (classical) weighted space Hy' and Hp ), respectively. For
some generalizations of weighted-type spaces, see, for example, [30].

Let v € H(B,) and ¢ be a holomorphic self-map of B, . The weighted composi-

tion operator yC,, on H(B),) is defined as follows:

(WCof)(2) = y(2)f(@(2), fE€HBy),z€By.

The weighted composition operator is a generalization of the multiplication operator
and the composition operator, where the composition operator is defined by (Cy f)(z) =
f(@(z)). See [1] for the theory of composition operator.

In the setting of the unit disk, weighted composition operators on weighted type
spaces Hy; were studied in [33]. Weighted composition operators from or to weighted-
type spaces or its subspaces on various domains in the complex plane C or in C" have
been studied considerably, see, e.g., [2, 3, 8,9, 10, 11, 15, 16, 17, 18, 21, 23, 26, 35].
For some related operators on or to the space H, see, e.g., [22, 27, 32].

In this paper, we study weighted composition operators from Dirichlet type spaces
into weighted type spaces H;’ on the unit ball. Some necessary and sufficient condi-
tions for the operator yCy to be bounded and compact are given. We have to say that
a closely related problem was studied in papers [28] and [29]. In [28] the author calcu-
lated the norm of an integral-type operator from the Dirichlet to the Bloch space on the
unit disk, while the case of the unit ball in C" was studied in detail in [29]. Namely in
[20] Stevi¢ introduced an integral-type operator which under the action of radial oper-
ator becomes the weighted composition operator (see also [19, 24, 25]). This is related
to the fact that the differentiation of the one-dimensional integral-type operators gives
weighted composition operators, which now is mapped into a weighted type space. So
the problems are closely related. The main novelty in our paper is that our Dirichlet
type space is more general than the ones studied in papers [28] and [29].

Constants are denoted by C in this paper, they are positive and may differ from
one occurrence to the other. @ < b means that there is a positive constant C such that
a < Cb. Moreover, if both @ < b and b < a hold, then one says that a < b.
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2. Main results and proofs

In this section, we give our main results and proofs. To this end, we need some
auxiliary results which are incorporated in the following lemmas.

LEMMA 1. [34] Let p € R and f € Dy. Then

1 . .
||fHDpW Lop<nm

F@I=] Iflo,\Jlog =z : p=m:

Ifllp,: p>n.

The following lemma is a natural extension of a lemma in [11]. Its formulation
can be found, for example, in Lemma 2.2 in [31]. The proof was not given there for
being the same as the one in [11].

LEMMA 2. Let U be a normal function on [0,1). A closed set K in H7 is
compact if and only if it is bounded and satisfies

lim sup u([z)|(z)| = 0.
fek

|z —1

The following lemma follows by the standard Schwartz arguments appearing for
the first time in [13].

LEMMA 3. Let U be a normal function on [0,1). Assume that p € R, y € H(B,)
and @ is a holomorphic self-map of B,,. Then yCy : Dy, — Hj' is compact if and only if
yCy : D, — Hj' is bounded and for any bounded sequence (fi)ken in H;; which con-
verges to zero uniformly on compact subsets of By, as k — e, we have ||yCy fi||u7 — 0
as k — oo.

When p > n, the functions in D), are indeed Lipschitz continuous. Similarly to
the proof of Lemma 3.6 of [12] and using the Arzela-Ascoli Theorem, we have the
following result.

LEMMA 4. Let p > n and (fi)ren be a bounded sequence in D), which converges
to 0 uniformly on compact subsets of B,,, then

lim sup |fx(z)] = 0.

k—eo e,

Now, we are in a position to formulate and prove the main results of this paper.

THEOREM 1. Ler u be a normal function on [0,1). Assume that y € H(B,,) and
¢ is a holomorphic self-map of B,. Then yCy : Dy — H;; is bounded if and only if

1
sup p([z])w(z)| logw <o ey

z€B,
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Moreover, the following relationship holds.
WGl = sup (<)) ()] /log @
= b4 z —_— .
P17 B, 1—lo(2)?

Proof. Assume that (1) holds. Let f € D,,. By Lemma 1 we have

WCo fllmz = sup u(|zD(wCo)(2)] = sup u([z) [y (2)[|f (9(2))]

z€By, ZEB,

1
= , SU b4 2|4 /log —————.
1£1Ip, Zdﬂgu(\ Dy ()] ChppYeE:

Therefore yCy : D, — Hy; is bounded and

1
IWColl = sup u(lz)lw(2)|y [log T— 5 3)

z€B,

Conversely, suppose that yCy : D, — H; is bounded. Taking f =1 and using
the boundedness of the operator we see that y € H” and

sup pi(jw])ly(w)] < CllyCol| < oo )

weB,

For w € B,, such that |@(w)| > 1/2, set

1 -1/2 1
70 = (e o) T gty R
Then
12 = (1 ! n o UBI—1)!\2 B ()2
Il = (to =10 ,3%1(”')( g ) loP P ey

_ LV s gy (UBI=DN2 5 o (1= 11!

= (toe =1, 5) 2 o1 ( ) 1P 0P o
LS letnP

= (e r—re) 2% =1 ”

which gives that f,, € D,, and || fv||p, =< 1. Hence,

sup i (|z])[ v (@(2)w(2)| = [[WCo fillz < [WCollllfwllp, = [[WCo|l < oo

z€B,

Let z=w. We have

u(whlfe (@l [w(w)| < [[WCol| < e,
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which implies that

sup ~ pi(jw]), [log e YOI S YColl < )
[p(w)[>1/2

Since y € H;], we get

sup  u(|w|),/log y(w

lp(w)|<1/2 (1) \/ 1- |2|

\/logg sup  p(jwhly(w)| 2 [[WCol| < ee. (8)
lp(w)[<1/2

From (7) and (8) we get

sup k(w)lw(w \/logl 7 = VGl ©)
weB,

From (3) and (9), (2) follows.

THEOREM 2. Let [ be a normal function on [0,1). Assume that v € H(B,,) and
@ is a holomorphic self-map of B,. Then yCy : Dy — H,; is compact if and only if

y e Hy and
Iw(z)\ u(lz))ly(z) VIOgl (10)

Proof. First we assume that y € H;; and (10) holds. It is easy to see that

sup fi(|2]) |y (2[4 log
z€B,

Hence yCy : D, — Hy; is bounded. Let (fi)ren be asequencein D, with supcy || flp,
<Cand f — 0 umformly on compact subsets of B, as k — c. By the assumption,
for any € > 0, there is a constant §,0 < 0 < 1, such that

u(lz)w(z) \/7

whenever 6 < |@p(z)] < 1.Let E={z€B, < 6}. Using Lemma 1, we have
| WColfi Nl = sup M(\Z|)|(Wc¢fk)(2)|
zeDBy,

:igg”(‘d)hl’(z)fk(ﬁo(z)”"' sup (|2 w(2)fi(@(2))]

ZEB,\E

jSupu(\ZI)IW(Z)fk(¢(Z))I+ sup p(|z)lw(2)ly/log T~ 0 (>|2kaHDn
z€B,\E

< sup u([z))|y(2)] - sup [fi(w)[+Ce.

2€B, Iw|<5



996 X. FU AND H. LI

By the assumption we obtain limsup;_.. [|WCofi||ny < Ce. Since € is an arbitrary
positive number we have that limy... || WCo fi ||y = 0. By Lemma 3 we see that yC :
D, — Hj is compact.

Conversely, suppose yCy : D, — H;' is compact. Let (zx )ken be a sequence in
B, such that |@(zx)| — 1 as k — oo. If such a sequence does not exist conditions (10)
is automatically satisfied. Take

1 1 -1/2
0= (e T gy ) (o o) kem

Then f; € D, and f; converges to 0 uniformly on compact subsets of B, as k — oo.
Since yC, is compact, by Lemma 3 we have |[yCo fi|z — 0 as k — . Thus

o < S H(DIVCo )

= [[WCo filluy — 0,

p(lzeD)lw(zi)] 4/ log

as k — oo. From which (10) follows. [l

THEOREM 3. Let U be a normal function on [0,1). Assume that v € H(B,)
and @ is a holomorphic self-map of B, such that wCy : D,, — H7 is bounded. Then

=

yCy : Dy — H7 is compact if and only if

‘lllgllﬂ(k\)hlf(z)\ log T—To@P 0. (12)

Proof. Suppose that (12) holds. From Lemma 2, we see that yCy : D,, — H7, is
compact if and only if

lim sup u(lz)l(WCof)(2)] =O. (13)

l2l=1 ] £llp, <1

On the other hand, by Lemma 1, we have that

1

1(zDIWCo N @) = (£ lIp eIz W ()] R Eey

Taking the supremum in (14) over the unit ball in the space D, then letting |z] — 1
and applying (12) the result follows.

Conversely, suppose that yCy : D, — H;:O is compact. Then yCy : D, — H[j' is
compact and hence by Theorem 2,

(14)

1
lim log ——— = 0. 15
pim w2l ()l [log T (15)



WEIGHTED COMPOSITION OPERATORS FROM DIRICHLET TYPE SPACES 997

In addition, by the boundedness of yCy : D, — H7 ) we see that v € H7 . By (15),
for every € > 0, there exists a 6 € (0, 1) such that

(DI g o <

when § < |p(z)| < 1. Since y € Hy,, for above chosen &, there exists an 7 € (0, 1),

u(Dy ) <e(log—s) "

when r < |z| < 1.
Therefore, when r < |z] < 1 and & < |@(z)| < 1, we have that

1
u(lz)w(z)] logw <E&. (16)

If [¢(z)| < & and r < |z| < 1, we obtain

BUDIVE flog o <\ loe =g Iw(a <o ()

Combing (16) with (17) we get (12), as desired. [

THEOREM 4. Let U be a normal function on [0,1). Assume that p <n, y €
H(By,) and ¢ is a holomorphic self-map of B,. Then WCy : D, — Hy; is bounded if
and only if

sup —HED )] <o (18)

B, (1 [p()2)

Moreover, the following relationship holds:

(el
Col| = sup — =L |y(2)]. (19)
sl = sp = W)

Proof. Assume that (18) holds. Let f € D,. By Lemma 1,

Z
1WCo iz = sup (@@ (DIW@] < 1715, sip —EEL o).
e, B (1 |p@P) 7
Therefore yCy : D, — Hy7 is bounded and
Z
lwColl < sup — D1y, 20)

cey (1—|9(2) )"
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Conversely, assume that yCyp : D, — H] is bounded. Similarly to the proof of
Theorem 1 we get y € Hy7. Forany w € B, such that [@(w)| > 1/2, set

1—[ow)|?
fw(@) = —. 1)
’ (1= (z,0(w)' "

Using the Stirling formula, we have

1£elB,
O A : e AT

(=lo0l)? 3. n 18D (g ) 1970 g

ot S (g (FUBLETEESRN2 o (n— 1)1B!

(1= lo(w)P) %§f+ﬂﬁy( i) PO e

(n—1)! & (n+k)PT2(k+1+252)

O = o= Yy rrw sy e L
< (1= lp(a))? 3 Hp(w|™
=1, (22)

which implies that f,, € D), and ||fi||p, = 1. Therefore, the boundedness of yCy :
D, — H implies that

sup u(|z))1fw(@(2)w ()| = [WCofullmz < WCollllfwllp, = IWCol-

z€B,
Taking z = w in the above inequality, we get
u(lwl)
ﬁ\w(w)\ =2 [ WCol| < oo (23)
(I=lew)P?) =
Hence

sp — P ) < ] <. (24)

lo(w)>1/2 (1= |@(w)[2) 2"

The rest of the proof is similar to the proof of Theorem 1 and hence we omit it. [J

By taking the sequece

_ 2
fi(z) = L-lofa)l —, k=12, (25)

(1= (z,0(z))) "

and similar to the proof of Theorem 2, we obtain the following result.
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THEOREM 5. Let U be a normal function on [0,1). Assume that p <n, y €
H(B,) and ¢ is a holomorphic self-map of B, such that yCy : D, — H is bounded.
Then yCy : Dy — H,; is compact if and only if y € H;7 and

i u(lz))
B 1 o= T Y 26
T 1l 26)

Similarly to the proof of Theorem 3, we get the following result. We omit the
proof also.

THEOREM 6. Let U be a normal function on [0,1). Assume that p <n, y €
H(B,) and ¢ is a holomorphic self-map of B, such that yCy : D, — H:ZO is bounded.
Then yCy : D) — Hp7 is compact if and only if

ETE
=1 (1 — ‘(P(Z)‘z)% ly(z)| =0

THEOREM 7. Let W be a normal function on [0,1). Assume that n < p < oo,
v € H(B,) and ¢ is a holomorphic self-map of B,,. Then the following statements are
equivalent.

(i) The operator yCy : Dp — H,/ is compact;

(ii) The operator yCy : D) — Hp is bounded;

(iii) W € Hyy .

Proof. (i) = (ii). This implication is obvious.

(i) = (iii) . Taking f(z) = 1, then using the boundedness of yCy : D, — H; the
implication follows.

(iif) = (i). Suppose that y € H}; . For any f € D), by Lemma | we have

u(lzD(WCo ) (@) = u(lzDIf (@@)Ilw ()] = [|flIp, (2w ()] 27

From the above inequality we see that yCy : D;, — H|7 is bounded since y € H,;. Let
(fe)ken be any bounded sequence in D, and f; — O uniformly on compact subsets of
B, as k — . Employing Lemma 4 we have

IWColfillmz = sup u(l2)|fi(@()w(2)| < [[Wlag sup | fi((2))] — 0,

7€B), 7€B),

as k — oo. Then the result follows from Lemma 3. [

THEOREM 8. Let | be a normal function on [0,1). Assume that n < p < eo,
v € H(B,) and ¢ is a holomorphic self-map of B,,. Then the following statements are
equivalent.

(i) The operator yCy : Dy — H;Zo is compact;

(ii) The operator yCy : D) — H:ZO is bounded;

(iti) wy € Hy

Proof. (i) = (ii). It is obvious.



1000

X.Fu AND H. L1

(i) = (iii). Taking f(z) = 1, then using the boundedness of yCy : D, — Hp,

we get the desired result.

iii) = (i). Suppose that v € H” . For an € D, with p, <1, we have
PP v u,0 y p P

u(zDI(wCo /)@ 2 1f I, (2D W ()] = u(lzDlw ()],

which implies that

lim  sup u(lzl)l(quaf)(z)lﬁlg‘igllu(lzl)lw(z)ho-

=1 £, <1

From Lemma 2 we see that yCy : D), — H/, is compact, as desired. [
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