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UNIFORM BOUNDS FOR EXPRESSIONS
INVOLVING MODIFIED BESSEL FUNCTIONS

ROBERT E. GAUNT

(Communicated by 1. Franjic)

Abstract. In this paper, we obtain uniform bounds for a number of expressions that involve
integrals of modified Bessel functions. These uniform bounds are motivated by the need to
bound such expressions in the study of variance-gamma and product normal approximations via
Stein’s method.

1. Introduction

In developing Stein’s method for variance-gamma and product normal distribu-
tions, Gaunt [4, 6, 5] required uniform bounds on the first four derivatives of the func-
tion

—Bx y . )
f(x) :—w‘/ eﬁy‘y‘vlv(|y|)h(y)dy
x| 0
- |;|Vv|x| | Py, xR,
where
o — +1
h(y) = h(y) — % eV ()hE)

= V/AT(V + 5)2

and v > —%, —1< B <1,and h:R — R is three times differentiable with bounded
derivatives. To achieve uniform bounds on these derivatives, we require bounds for a
number of terms involving integrals of the modified Bessel functions I (x) and Ky (x).
In this paper, we establish uniform bounds for some of these terms.

Before presenting the expressions that we obtain bounds for, we introduce the
following notation for the the repeated integral of the function eP*x"I, (x):

Ly poy@) =PI (x), Ly pain( / LypnyOdy, n=0,1,23,.... (1)
In this paper, we shall focus on bounding the expressions of the type
7ﬁx1 oo
w / BV, (1) dr 2)
X X
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and
e PKy 0 (x)
xV

Iy gy (%) : 3)

where n > 1. We shall bound (2) for all v > —% and —1 < 8 < 1 (see Theorem 2),
but will only bound (3) for the case n =1 (see Theorem 1). We shall then move on
to consider the case B = 0. For this case, we obtain improved bounds for (2) (see
Theorem 4) and are able to bound (3) for all n > 1 (see Theorem 3).

This paper is organised as follows. In Section 2, we state a number of results from
the literature that we will make repeated use of. We present formulas and inequalities
for modified Bessel functions and their integrals that we make use in this paper. In
Section 3, we obtain uniform bounds for the expressions involving modified Bessel
functions that have been presented in this section. In the Appendix, we state a number
of elementary properties of modified Bessel functions that are used throughout this

paper.

2. Ancillary results

In this section, we state a number of results concerning modified Bessel functions
that we will use in this paper. We begin by stating the following simple inequalities for
integrals of modified Bessel functions, which can be found in Gaunt [7].

LEMMA 1. The following inequalities hold for all x > 0,

¥ 2(v+n—+1
/() tv1v+n(t)dt < ﬁxvl\urn“(x), V> —%, n=0, 4)
n2v+2k
Iy o) (x) < {H }xvlv+n(x), v>0,n=1,2,3,..., 5)
( 1 2v+k

where 11y g )(x) is defined as in (1).

LEMMA 2. Let —1 < B < 1, then, for all x > 0, the following inequalities hold

/wthv(t)dt < x"Kyi1(x), VeER, (6)

/ " ePVK (1) dr < 1_1| g K, vl )
- VAT(v+5)
v 2.V > 1

/x PR d < TR, vz ®)

oo 2 r 1
/ ePVK, (1) dr < Meﬁxxvl(v(x), vl )
x (1=p2)V*21(v)

The following proposition was proved for v > —% in Baricz [1] and then extended
to v > —1 in Baricz [2]. The result has a simple corollary (stated below), which we
will make repeated use of.
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PROPOSITION 1. For positive real argument and v > —1, the product Ky (x)I,,(x)
is a strictly monotone decreasing function of x.

COROLLARY 1. Let v >0, then for all x > 0, then the following inequality holds
1
0 < Ky(x)Iy(x) < IR (10)
Proof. The proof follows from Proposition 1 and the asymptotic expansions (18),
(19), (20) and (21) for modified Bessel functions in the limit x tends to O and . [J

We end this section by noting one final lemma, that is used in the proof of Theorem

LEMMA 3. Fix v > —4%. Then, for all x >0, the function xKy.(x)I,(x) is
strictly monotone decreasing in x, and satisfies the inequality

% < xKy 41 (x0)Iy(x) < 1. (11)

Proof. Firstly, we consider the case v = —%. By (15) and (16) we have that
xK 1 (x)I_ ! (x) = 3(1+e™>), which is strictly monotone decreasing and is bounded
below and above by % and 1. Now, we fix v > —%. Applying the differentiation
formulas (26) and (27) gives

%(XKV+1(X)IV (x) = % (xVHKvH(x) : I‘;C(jc))

I, (x 1 X
:_varlKv(x)_ \;C(v)+xv+lKv+l(x)' V-;lv()

= x(Ky+1 (xX)ly+1(x) — Ky () Iy (x)).

Theorem 1 of Segura [13] states that, for x > 0 and u > —%, the inequality
Ty 1(x)Kyg1(x) — Iy (x)Ky (x) < 0 holds. Hence, xKy 1 (x)Iy(x) is a decreasing func-
tion of x, and computing its limits as x | 0 and x — oo using the asymptotic formulas
of Appendix A.5 yields inequality (11). [J

3. Uniform bounds for some expressions involving modified Bessel functions

With our preliminary results stated, we are now able to present our bounds for the
expressions involving modified Bessel functions that were presented in the introduction.
We begin by considering the general case —1 < f3 < 1 and v > —% and then specialise
to the case § =0.

THEOREM 1. Let —1 < B <1 and v > —%. Then, for all x >0,

—Brk, x
€ v1(x) / Bt,v 2
_— t'l dr < .
I p & T hWd S
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Proof. Note that

(PR ) [ s P [T
=——— - <0.
dﬁ( v /0 et Iv(x)dt) g /O(l x)eP tVI,(x)dr <0

Therefore, for —1 < ff < 1, we have

—Bxg x XK x
w/‘ eﬁttvlv(x)dt < eviJrl(x)/ e_ttvlv(x)dt
xV 0 xV 0

%—HXKV () [y () + Tv1(x)]

2
< THXKMI(X)IV(X)
2
S5
2v+1

where we used the integral formula (29) to evaluate the integral, inequality (23) to
obtain the penultimate inequality and inequality (11) to obtain the final inequality. [J

THEOREM 2. Suppose —1 < <1 and n=0,1,2,.... Then, for all x > 0,

—Bxp . al(v+ 1
w/ eP1VK, (1) di| < vz (1 2) . v
X * (1=B)V"2T(v+1)
and |
B, (x) e (e+1)2T(v+ 1)
€ viX 2 1
T/x PR, (1)dr| < - . vi< i
Proof. (1) Suppose that v > % By inequality (9), we have
~Bx - 2/ml(v+1
%/ ePIVK, (1) dr < Mlv(x)l(v(x).
X

(1-B2)"1T(V)
Using inequality (10) now gives
Lﬁ){{v(x) /w PV K,y (1) dr < —zﬁr(vT D L
X x (1-p2)¥*ar(v) 2V
VAT(v+1)
(1-B2)VFIT(v+1)

as required.

(ii) Suppose now that —% <v< % . We begin by proving that the bound holds in
the region x > 1. By inequality (7), we have

e_ﬁjc+(x) /: ePlrVKy (1) dr < 1_;‘mlv (O)Kv (x)-
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By Proposition 1, Iy (x)Ky(x) is a monotone decreasing function of x for x > 0, and
therefore we may bound this product, for x > %, by IV(%)KV(%) In fact, we may
obtain a bound for all 0 < v < 4 using (22) and (24), which gives I, (1)K, (1) <
17%(%)1('%(%) = 1+e !, where we used the formulas (15) and (16) for Ii%(x) and
K ! (x), respectively, to obtain the equality. Putting this together gives

_Bx - 1
S—lﬂﬁ/)JTKWQm<1+e

1 1
o [T

For —3 <v <3, T(v+3)>T(1) = 1. Therefore 1 +e ! < (e+1)2'T(v+3) for
—% <v< %, and thus the bound holds in the region x > % .

We now verify that the bound holds in the region 0 < x < % From the series
expansion (14) for I,(x), we can easily deduce that x~VI,(x) is an increasing function
of x. The integral [~eP’rVK, (¢)dt is a decreasing function of x, and so we may bound
the right-hand side of the previous display by

e_ﬁ/ZIv(%) /oo eﬁ[|t|va(‘tht: \/Ee_ﬁ/zlv(%)va(v+%)
@ e (1-p2)+s

) 12)

where the integral was evaluated using formula (28). For —1 < 8 < 1 and —% <v< %

the following inequalities hold: e P/2 < e?, I,(3) < 17% (3) = n2 (e% +e‘%) and

(1— [32)”% > 1—|B|. With these bounds we may bound the right-hand side of (12),
and thus obtain, for 0 < x < % and —% <v< %,

2"e‘ﬁ/2lv(%) /oo (e+1)2'T(v+1)
By, v 2
_ el |tV Ky (|t]) dr <
(%)V - “ V(“) 1 ‘ﬁ|

Combining this bound with the bound for x > %, and using that T'(v + %) > 1 for
—% <v< %, completes the proof of part (ii). [

We now specialise to the case f =0.

THEOREM 3. Let I(y ¢ ,(x) be defined as per equation (1). Suppose v > —%.
Then, for all x > 0,

znfl

( )Kv+n+l(x)
Sov41’

Iy om(x v nzl.

Proof. Applying inequalities (5) and (10) gives

{ 12v+2k

—— Kyin Lyin
kl:Il 2v+k} vint 1 () Iy ng1 (%)

- 1 o2V 42k
S2(vn+1) ) 2v+k

) Ky ny1(x)

I, o) o




1008 R. E. GAUNT
We can simplify the bound given in the above display by noting

1 ﬁ2v+2k 1 2(v+n) "l:I1 2v+2k 2!
2(v+n+1) 2vrk  2v+l 2(vbn+ 1) LR ovrk+1 Sovar

2v+2k < 2k 1

as ForT S <2,forv>—53 and k > 2. This completes the proof. [J
THEOREM 4. Let v > —%. Then, for all x > 0
Iyy1(x) /oo %
——— | t'Ky(y)de
xv . V(y) < 2(V+1)’
and
Iy (x) /°° v VEL(V+3)
Ky (1) dt < ———5-, 13
Xy Vo) 2r(v+1) (13)

with equality in the limit x | 0.

Proof. (1) Applying inequality (6) and then inequality (10) gives

Iyii(x) /°° v Lyqi(x) 1
A A < )
v ) tYKy(r)dt < v XKV“(X)\z(erl)

(ii) We begin by proving that b f tVKy (1) dr is a decreasing function. By the
differentiation formula (27) and mequahty (6), we have, for x >0,

(M2 [Crmman) = B4 [Tk @0 Lo

xv X

<Ly (0)Kyr (x) — Ly (0)Ky ().

Theorem 1 of Segura [ 13] states that for x >0 and pt > —% the inequality 7,41 (x)Ky41(x)

—I,,(x)K; (x) < 0 holds. Hence, vaﬁ Ji tVKy(t)dr is a decreasing function of x.

Using the asymptotic property (18) of modified Bessel functions I, (x) and that
JotVKy(t)dt = AT (v + $)2V 7! (see (28)), we have

Jim, (va(vx> /x T (1 )dt) ‘/2;12‘(/‘/:1)),

proving the result. [

We end this section by presenting some inequalities involving integrals of Iy(x)
and Kp(x). Bounds on these quantities are required in the development of Stein’s
method for product normal approximation; see Gaunt [5].
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THEOREM 5. Forall x >0,

Woon Ky (x)

|
L0,0,1) (x ) 0(x)
xlo(x)/ Ko(t)dr < 0.615,

l
XI 1 / K() E

Proof. (i) From inequality (5), we have
|xl(0707n) (%) K, (x) | < 2%xI, (x) Ky (x).

From Theorem 4.1 of Hartman [9], we have that, for u > 1, the function x7, (x)Kj (x)
is an increasing function of x (see also Baricz et al. [3] for a number of upper bounds
for the product I, (x)Ky(x)). On applying the asymptotic formulas (21) and (21) it
follows that limy_.e. xI, (x) K, (x) = % , from which the desired inequality now follows.
(i1) This follows on applying the bound from part (i) and using the inequality
Ko(x) < K (x).
(ii1) Applying inequality (7) gives

o (x) / " Kolt)dt < xlo () Ko ().

Theorem 4.2 of Hartman [9] states that there exists a constant 7 such that the func-
tion xlo(x)Ko(x) is increasing on (0,7) and decreasing on (7,e0). The derivative of
xlp(x)Ko(x) is given by Io(x)Ko(x) 4+ x(I) (x)Ko(x) — Ip(x)Ki (x)), and is positive at
x =1 and negative at x = 1.1. As Iy(x) is an increasing function of x and Kj(x)
is a decreasing function of x, it follows, on invoking the theorem of Hartman, that
xlp(x)Kp(x) is bounded by 1.1Iy(1.1)K;(1) =0.614... < 0.615.

(iv) Applying inequality (6) and arguing as we did in part (i) yields

l\JI'—‘

o (x /Ko )dr < <y (x)Ki (x) <

as required. [

A. Elementary properties of modified Bessel functions

Here we list standard properties of modified Bessel functions that are used through-
out this paper. All these formulas can be found in Olver et al. [12], unless otherwise
stated. Inequalities (22) and (23) can be found in Jones [10] and Nasell [11]; inequal-
ities (24) and (25) can easily be deduced from (17). The integration formulas can be
found in Gradshetyn and Ryzhik [8].
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A.1. Basic properties

The modified Bessel functions I, (x) and Ky (x) are both regular functions of x.
For positive values of x the functions I, (x) and Ky (x) are positive for v > —1 and all

v € R, respectively.

A.2. Series expansions

W= a)

A.3. Spherical Bessel functions

A.4. Integral representations
Ky (x) :/ e ¥ cosh(vr)dr, x> 0.
0

A.5. Asymptotic expansions

Mo~ e (3) 0 wlo

Ko () MEIT(vaM, x L0, v#£0,
v —logx, x|0,v=0,
ex
[V(x) ~ \/%7 X — oo,
Ky(x) ~ %e_’ﬂ X — oo

(14)

15)

(16)

a7)

(18)

19)

(20)

21
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A.6. Inequalities

Let x > 0, then following inequalities hold

Iu(x) <Iy(x), 0<v<u, (22)
Lx) <L(x), v>3, (23)
Ku(x) > Ky(x), 0<v<p, (24)
Ky(x) > Ky 1(x), v=35. (25)

We have equality in (25) if and only if v = % .

A.7. Differentiation

d
a(xvl(v(x)) = —x"Ky_1(x), (26)
d (I,(x Iyi1(x
o ( ‘;C(v)) _ vJ;lv( ) 27)
A.8. Integration
oo T 1 v
P VK, (|t])dr = M, v>-L —1<B<1, (28)
- (1Bt ’
Yoty e V! 1
/O e 't Iv(l)dl = m[lv(x)+lv+l(x)}a V> —73- (29)
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