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CALDERON-HARDY SPACES WITH VARIABLE EXPONENTS AND
THE SOLUTION OF THE EQUATION A”F = f FOR f € H’()(R")

PABLO ROCHA

(Communicated by J. Soria)

Abstract. In this article we define the Calderén-Hardy spaces with variable exponents on R”,
A, ,E‘) (R™), and we show that for m € N the operator A™ is a bijective mapping from Jff z(,i (R™)
onto HP)(R").

1. Introduction

Given a measurable function p(-) : R" — (0,0) such that

0 < inf p(x) < sup p(x) < oo,
xeRn xeRn

let LP()(R™) denote the space of all measurable functions f such that for some A > 0,

p(x)
We set @
px
fll,y=inf<¢ A >0: & dx<1y.
” Hp() ri | A

We see that (LP(')(]R”), 1|1l p(,)> is a quasi normed space. These spaces are referred to

as the Lebesgue spaces with variable exponents. In the last years many authors have
extended the machinery of classical harmonic analysis to these spaces. See, for example
(21, [31, [4], [5], [8].

In the celebrate paper [60], C. Fefferman and E. M. Stein defined the Hardy Spaces
HP(R"), 0 < p < oo, with the norm given by

sup sup |t_"¢>(t_1.)*f|

t>0 pe.Fy

Ifllzr =

i

p
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for suitable family .#y. In the paper [9], E. Nakai and Y. Sawano defined the Hardy
spaces with variable exponents HP(')(R"), replacing L” by LP") in the above norm
and they investigate their several properties.

Let LZ}L_(R"), 1 < g < oo, be the space of all measurable functions f on R” that
belong locally to L4 for compact sets of R”. We endowed L/ (R") with the topology

loc
generated by the seminorms

. 1/q
|f|q,Q=(|Q / |f<x>‘fdx) |

where Q is a cube in R” and |Q] denotes its Lebesgue measure.
For f € L] (R"), we define a maximal function 14, ,(f;x) as

Ng.y(f3x) = sup r I flg, 000
r>

where 7 is a positive real number and Q(x,r) is the cube centered at x with side length
r.

Let k a non negative integer and % the subspace of L] (R") formed by all the
polynomials of degree at most k. We denote by E; the quotient space of L] (R") by
P If F € El, we define the seminorm ||F ||y o =inf{|f|s,0: f € F }. The family of
all these seminorms induces on E,f the quotient topology.

Given a positive real number y, we can write Y = k¢, where k is a non negative
integer and 0 < ¢ < 1. This decomposition is unique.

For F € E,f, we define a maximal function N, ,(F;x) as

Nygy(F;x) =inf{ng,(f;x): fEF}.

This type of maximal function was introduced by A. P. Calderén in [1].
Let p(.) : R" — (0,o0) be a measurable function such that 0 < p_ < py < oo,
we say that an element F € E belongs to the Calderén-Hardy space with variable

exponents )(,')(R”) if the maximal function N, y(F;-) € LP¢)(R"). The “norm” of
Fin 200 (R) is defined s [IFI| ) 0 = Ng.y(F5) )

The Calderén-Hardy spaces were defined in the setting of the classical Lebesgue
spaces by A. B. Gatto, J. G. Jiménez and C. Segovia in [7], they characterize the solu-
tions of A”F = f, m € N, for f € HP(R"). Moreover, they proved that the operator
A™ is a bijective mapping from the Calder6n-Hardy spaces onto H? (R"). In this work
we show that this result holds in the context of the Lebesgue spaces with variable expo-
nents. In [10], S. Ombrosi studied the weighted version of the Calderén-Hardy spaces.
The Calderén-Hardy spaces were mentioned for first time with this name in [12]. A.
Perini studied in [13] the boundedness of one-sided fractional integrals on these spaces.
In [11], S. Ombrosi, A. Perini and R. Testoni obtain a complex interpolation theorem
between weighted Calderén-Hardy spaces for weights in a Sawyer class.

Given a function p(-) : R" — (0,00) we say that p(-) is locally log-Holder con-
tinuous, and denote this by p(-) € LHy(R"), if there exists a positive constant Cy such
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that

Ip(x) = p(y)| < < =yl <

=0 -
= —loglx—y|’ 2
We say that p(-) is log-Holder continuous at infinity, and denote this by p(-) € LH..(R")
if there exists a positive constant C.. such that

P()— PO < o ] > [
X)— _— x| .
PP logle o) P17
We note that the condition log-Holder continuous at infinity is equivalent to the exis-
tence of constants C. and p.. such that

C
— D] < , R™.
|p(x) — peo| oz ( x€

e+[x])
As usual we will denote py = sup,cpn p(x), p— = infyern p(x), p =min{p_,1} and
A stands for the Laplacian. B

Let F€EJ , and f € F. Since f belongs to L{ (R"), A"f is defined in
sense of distributions. On the other hand, since any two representatives of F differ
in a polynomial of degree smaller than 2m, we get that A”f is independent of the
representative f € F chosen. Therefore, for F € Egm_l, we shall define A™F as the
distribution A” f, where f is any representative of F'.

Our main result is contained in the following

THEOREM 1. Let p(.) be a function that belongs to LHy(R") N LH.(R"), 1 <
g <o and meN suchthat 0 < p_ < py <o and n(2m+n/q)~"' < p. Then for q suf-

ficiently large the operator A" is a bijective mapping from %p 2(,12 (R™) onto HPV)(R™).

Moreover, there exist two positive constant ¢, and ¢y such that

callFll,p0 <NA"Fllgoo < c2llFIl 0

q,2m q.2m

hold for all F € A5 (R").

The case p. < n(2m+n/q)~" is trivial.

THEOREM 2. If p(.) is a positive measurable function such that p+ < n(2m+
n/q)~', then %p(')(R”) ={0}.

q,2m

In Section 2 we state some auxiliary lemmas and propositions to get the main
results. We also recall the definition and atomic decomposition of the Hardy spaces
with variable exponents given in [9]. In Section 3 we give the proofs of Theorem 1 and
Theorem 2.

NOTATION. The symbol A < B stands for the inequality A < ¢B for some con-
stant ¢. We denote by Q(xo,r) the cube centered at xo € R” with side lenght r.
Given a cube Q = Q(xp,r), we set 6Q = Q(xp,0r) and [(Q) = r. For a measur-
able subset E C R” we denote by |E| and yg the Lebesgue measure of E and the
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characteristic function of E respectively. For a function p(.) : R" — (0,0) we de-
fine p1 = sup,epn p(x), p— = infyern p(x) and p =min{p_,1}. As usual we denote
with S(R”) the space of smooth and rapidly decreasing functions, with §'(R") the dual
space and A stands for the Laplacian. If ¢ is the multiindex o = (o, ...,04) then
lo| = o + ... + o

Throughout this paper, ¢ will denote a positive constant, not necessarily the same
at each occurrence.

2. Preliminaries

The function p(.) : R" — (0,e) is called the variable exponent. Here we adopt
the standard notation in variable exponents. We write

p-= inf p(x), py=sup p(x), and p =min{p_,1}.
xeR® xeR"? -
Recall that we assumed 0 < p_ < py < oo,
For measurable function f, let

f)

p(x)
||fp(.)=inf{7t>0: = dx<1}7

Rn

it not so hard to see the following
L |[fll,¢) = 0, and || f]|,., = 0 if and only if f=0.
2. le fllpey = lel 1 f 1l oy for c € C.
31+l < 1% + Nl
A direct consequence of p-triangle inequality is the quasi-triangle inequality

£ +8llpe) <2Y27 (111 + gl o) »

forall f, g € LPO)(R™).
The following lemmas are crucial to get the principal result.

LEMMA 3. (Lemma 6 in [1]) The maximal function N ,(F;x) associated with a
class F' in E,g is lower semicontinuous.

LEMMA 4. Let F € E/ with N, y(F;xg) < oo, for some xo € R". Then:

(i) There exists aunique f € F such that 1y, y(f;x0) < e and, therefore, 14, ,(f;x0)
= Ny y(F;x0).

(ii) For any cube Q, there is a constant ¢ depending on xy and Q such that if f
is the unique representative of F' given in (i), then

IF

0.0 < |flg.0 < eNgy(fix0) = ¢ Ny, y(F3x0).

The constant ¢ can be chosen independently of xy provided that xo varies in a
compact set.
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Proof. The proof is similar to that of Lemma 3 in [7]. [

COROLLARY 5. If {F;} is a sequence of elements of EZ converging to F in
,%’ﬁf)(,')(R”), 0 < p_ < py <oo, then {F;} convergesto F in E].

Proof. For any cube Q, by (ii) of Lemma 4, we have

1F ~ Fillg.0 < ellzoll e NorF i)l < |F ~ |

;fp )

which proves the corollary. [J

LEMMA 6. Let {F;} be asequence in E; such that for a given point xo, the series
Y. Ng,y(Fj; xo) is finite. Then
(i) The series ¥ ; F; converges in E}/ to an element F and

Ngy(F;x0) quY

(if) If f; is the unique representative of F; satisfying 1, y(fj:x0) = Ny, y(Fj;X0)
then 3 f; converges in LZ)C(R") to a function f that is the unique representative of F
satisfying 1g,5(f3x0) = Ng.y(F:x0)

Proof. The proof is similar to that of Lemma 4 in [7]. [

On the set of the all measurable function f* we define the modular function p,,
by

pp()(f) = /R" \f(x)|p(") dx.

It is well known thatif 0 < p_ < p; <o and 0 # f € LP*)(R"), then

e\
—1
Pp() (||pr()f> - /]R" <||fp(~)>

LEMMA 7. Let p(.) a measurable function such that 0 < p_ < p; < . Then
f€LPO(RM) if and only if p,)(f) < ee.

Proof. Clearly, if p,()(f) <eo, then f € LPL)(R"). Conversely, if f € LP)(R"),
then we have that p,,)(f/A) <o for some A > 1. Then

PN = [, dx < AP py((F/4) <. O

LEMMA 8. Let p(.) a measurable function such that 0 < p_ < py <eo. If {f;}
is a sequence of measurable functions such that p,(y(f;) — 0, then [/ f;[[ () — 0.
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Proof. Suppose that p,,(fj) — 0. Given 0 < & <1 for sufficiently large j we
have p,(y(fj) < € and so

Poty (1P U)717) < oyt ) ppt (1) = 1.

from this it follows that || £ () < p,()(f;)"/P+ < €'/P+ . Thus, |||, —0. O
PROPOSITION 9. The space %pj(,)(R”) 0 < p— < py < oo, is complete.

Proof. 1t is enough to show that %’f )(,') has the Riesz-Fisher property: given any

sequence {Fj} in J7" 7(,') such that

5 L) <o

the series ¥; Fj converges in 7" )(,').
Let 1 <! be fixed, then

L k

k o
14 14
2 Nay(Fys )|l < XNy (Fjs My < ZNF ) =00 <o,
= o) = My
for all k£ > [, thus
Uk p(x)
/n (al I ZN%Y(FJ';X)) dx
=1
-1 p(x)
k k
< [ 2Nt )| SNaix) | =1, vE
" A\ll= p() =

it follows from Fatou’s lemma as k — o that

o p(x)
/n (all/p ZN‘LY(FJ';X)> dx <1
Jj=l

j=

thus
P

i oo

P
<o =) |FI°,
R 7
p() /
Taking [ = 1 in (1), from Lemma 7 it follows that ¥ ; N, ,(Fj; x) is finite a.e. x € R".
Then, by (i) of Lemma 6, the series ¥; F; converges in E{ to an element F . Now

=3

EN%Y(Ff; )

J=l

() <o, VI 1. (1)
Y

k -
Nl]:Y(F_ZFJ';x) < Y, Ney(Fjx),
-

j=k+1
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from this and (1) we get

P

k

—- 2 F

j=1

< 3 IBIL,,

}ﬁ]/’() Jj=k+1 g

and since the right-hand side tends to 0 as k — oo, the series Z,' Fj converges to F in
ALY ®Y. O

In the paper [9], E. Nakai and Y. Sawano give a variety of distinct approaches,
based on differing definitions, all lead to the same notion of the variable Hardy space
HPO),

We recall the definition and the atomic decomposition of the Hardy spaces with
variable exponents.

Topologize .7 (R") by the collection of semi-norms {py}nen given by

pu(@)= 3 sup (1+ )" |9 o),
‘[3|<Nxe]R”

foreach N € N. We set Zy ={¢ € .7 (R") : pn(9) < 1}. Let f € .#'(R"), we denote
by .# 7, the grand maximal operator given by

Mz f(x)=sup sup |(T"p(r™") f) (x)],

t>0 peFy

where N is a large and fix integer.

The Hardy space with variable exponents H”()(R") is the set of all f € §'(R")
for which .#z, f € LPV)(R"). In this case we define || f| ;0() = ||%ng||p( )

Let ¢ € .7 (R") be a function such that [ ¢ (x)dx #0. For f € .'(R"), we define
the maximal function My f by

Mof(x) = sup| ("¢~ ) x ) ()]
>0
Theorem 1.2 in [9] asserts that the quantities ||My f||,..) and ’|///fo’|17(_) are compa-
rable, with bounds independent of f if N is sufficiently large.

DEFINITION 10. ((p(-),po,d) —atom). Let p(-) : R" — (0,00), 0 < p_ < p1 <
po < oo and po > 1. Fix an integer d > d,,.) = min{l € NU{0} : p_(n+1+1) > n}.
A function a on R" is called an (p(-), po,d)-atom if there exists a cube Q such that
ar) supp(a) C Q,
I”f’
all, < =m—
@) llall, < 27

az) [a(x)x O‘dx—O forall lo| <d

REMARK 11. Let a be an (p(-),po,d) —atom and 1 < s < pg, then Holder’s

. . 1/s
inequality implies ||a||; < H)IC%‘T()
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DEFINITION 12. For sequences of nonnegative numbers {kj};;l and cubes
{Qj};l and for a function p(-) : R” — (0,0), we define

o ({kiY 70} p() = {i (ﬂy}

Jj=1 H%Q_/Hp(.)

IS 1=

r()

The space H”U):P0¢ (R") is the set of all distributions f € §'(R") such that it can
be written as

=2 kia; )
j=1

in §'(R"), where {k;}" | is a sequence of non negative numbers, the a;‘s are
Jj=1

(p(-), po,d)-atoms and .o/ <{kj}7:1 , {Qj};;l ,p(~)> < 0. One defines

”fHH”,(')”’O’d = info/ ({kj};o:l ) {QJ};O:l ,p(-))
where the infimun is taken over all admissible expressions as in (2).

Theorem 4.6 in [9] asserts that the quantities Hf||H,,(.)‘p0‘d and ||f||,») are com-

atom

parable. Moreover, f admits an atomic decomposition f = 3 k;a; such that
j=1

o ({53743 ()) < el ot
Let % be the function defined by
|x|?""="1n |x|, if n is even and 2m —n > 0
(x) = - _ . 3)
|x|=m ", otherwise

Itis well known that if a is a bounded function with compact support, its potential
b, defined as

bx) = [ hr=y)a()dy
is a locally bounded function and A™b = a in the sense of distributions. For these

potentials, we have the following

LEMMA 13. Let a(:) be an (p(-), po,d)-atom with d = max{d,,,2m — 1} and
assume that Q(xp,r) is the cube containing the support of «(.) in the definition of
(p(-), po,d)-atom. If

bx) = [ hr=y)a()dy
then for |x — xo| > \/nr and every multiindex o, there exists ¢, such that
(0%D) (x)| < co ™" ||XQ||;(1.) e —xo| "

holds.
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Proof. Since a(-) has vanishing moments up to the order d > 2m — 1, we have
D)W= [ (0N x-y)ak)dy
Q(XO’ )

= “h)(x—y)— 0B ) (x— xg) 2 |
Lo [(a )= 3 0" S

)
-/ [ 9Py e — &) T2 ]a(y)dy
Q(xo.1) ml o B!

where & is a point between y and xo. If |x—xo| > /ar it follows that |x — &| > 2=l x0|

since |xg—&| < ‘fr Taking into account that for |B| =2m, d%tPh isa homogeneous
function of degree —n — O, we obtain

@@l <ert [ e gl at)iay

— —n— 2 — —n—
< crlPllla] Q|70 — xo |7 < e gl e —xo D)

LEMMA 14. (Lemma 8 in [7]) If & is the kernel defined in (3) and |ot| =
2m, then (d%h)(x) is a C* homogeneous function of degree —n on R"\ {0}, and
Jix=1 (9%h)(x)dx = 0.

We conclude this preliminaries with the following

PROPOSITION 15. Let a(-) be an (p(-),po,d)-atom with d = max{d,.),2m —
1}, po > 1, and assume that Q = Q(xo,r) is the cube containing the support of a(-)
in the definition of (p(-), po,d)-atom. If b(x) = [pn h(x—y)a(y)dy, then for all x € R"
andall 0 < 1 <2m

2m+n/qg—U

Ny2n(B:) < 1ol M) @)™+ + 4 mp (M (a) () @
MM @) (] + 4o ) Y T

lot|=2m

where B is the class of b in EJ, |, Tg(a)(x) = supg Juoyjze (@%h)(x = y)a(y)dy

and M is the Hardy-Littlewood maximal operator.

Proof. For an (p(-),po,d) - atom a satisfying the hypothesis of Proposition, we
set

R(x,z) = b(x+2) — 2 (0%b)(x)z%/ax!

|| <2m—1

=bx+z)— UQ(XO’r)(t?“h)(x—y)a(y)dy fx—a,

|o|<2m—1
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We shall estimate |R(x,z)| considering the cases |x —xp| > 2/nr and |x — x| <
2./nr, and then we will obtain the estimate (4).

Case: |x—xo| > 2+/nr.

For |x —xo| > 2y/nr, 2] < $]x—xo| and 0 < 6 < 1, we have |x+ 6z —xo| >
|x —xo| — |2 = %\x—xo\ > \/nr. Then, by the mean value theorem and Lemma 13, we
get

lor| r 2m+n
< a 0 [ < -1 2m 5
R(x,z)] |a\§'zm|(a b)(x+02)| = < clixell, ) M)

for [x —xo| > 2+/nr and |z] < 3|x—xo|.
Now, let |z| > %[x —xo|. We have

Rl <[p(x+2)l+ Y, [(9%0)(x)]]e]*/al.

|or| <2m—1

Since |x — xo| > 24/nr, by Lemma 13, and observing that |z|/|x —xo| > 1/2, we
have
‘Z||a‘ B r 2m+n .
|(0b) )= <ellxell,, 2.

|x — xo

As for the other term, |b(x+ z)|, we consider the cases |x+z — x| > /nr and
|x+z—xo| < +/nr. Inthe case |x+ z—xo| > /nr, we apply Lemma 13 for o0 = 0,
obtaining

[ble+2) < cllxoll, ™+ z—xo ™"

Then

2m+n
— _ _ r
RG2S ol P e+ = xo "+xgpg)(|x_xo|) P ©

holds if |x —xo| > 2+/nr, |z| = |x—x0|/2 and |x+z—x0| > /nr.
For |x+z—xo| < y/nr, we consider the cases n even and 2m —n > 0, and n odd

or 2m—n < 0. In the first case, we have that |x|*”~" is a polynomial of degree smaller
than 2m, and since a(-) is an (p(+), po,d)-atom, we have

Ibx+2)] = ' /, )|x+z—y2m"[1n<|x+z—y|>—1n<|x—xo>]a<y>dy\
X0,"
2 / / 1/p6
<llallpg ( [ el m">Po<ln<|x—xo|/|x+z—y|>>f’ody) |
X7

Since |x+z—y|/|x—xo| <1, In(t) < u~'t* forany 0 < u and ¢ > 1, and observing
that Q(xo,7) C {y: [x+z—y| < 3/nr}, we take 0 <y <2m—n if 2m—n >0 or
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0<u<n/pyif 2m—n=0,to get

.\ /P
s+ Lol =0l [ 2yl iy

x+zfy\<% nr

2m ~1 r s
<Pl ()

For the case n odd and 2m —n > 0, the proof is simpler since no logarithm appears,
and the estimates obtained hold with y = 0. For the case 2m —n < 0, we take n/2m <
s < po thus 0 < (2m—n)s’ +n, from Holder’s inequality and Remark 11 it follows the
estimate with 4 =0.

Since |x — x| > 2+/nr we can conclude that

. - r —u B ’ 2m-+n .
Rl s ol () el () R @)

x|

forall u >0, |z] > [x—x0|/2 and |x+z —xo| < \/nr.
Let us the estimate

—2m —1
5 (Q<o,6> Lo

)

1/q
R(x,z)quz> , 0>0.

For them, we split the domain of integration into three subsets:
Dy ={z€0(0,6) : [z] < |x—xo|/2},
Dy ={z€ 0(0,8): |2 > lx—xol /2, e+ 20| > Vr,

and

D; = {Z € Q(075) : ‘Z| > ‘X—XO|/27 ‘X—FZ—XO‘ < \/ﬁr}
According to the estimates obtained for |R(x,z)| above, we use on D; the estimate (5),
on D, the estimate (6) and on D3 the estimate (7) to get

r

2 1 1/q ) 2m+n/q—u
o - q < -
S (Q(O,(S) /Q(075) |R(x,z)] dz) N ||XQ||,,(.) (x—xol)

Thus, for 0 < pt < 2m we have

2m+n/qg—U

< el M) () 7, ®

r >2m+n/q—u

N‘172m(B7x) 5 HXQ”;(I) ()C—)C()
if [x—xo| = 2+/nr.

Case: |x —xo| < 2+/nr.
We have

R(x,z) = /

- + / =1 (x,2) + b(x,2).
[x—y[>2|z|

b=yl <2l]

h(x+z—y)— Y, (9°m)(x—y)*/a! | a(y)dy

|| <2m—1
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Without loss of generality we can assume that y does not belong to the segment [x,x +
Z], so we can write

U=h(x+z—y)— 2 (0%h)(x—y)z%/ox!

|O¢K2m71
=(@2m-1) 3 (Za/a!)/l(8“h)(x+tz—y)(l — )22
|ot|=2m—1 0
- Y @%R)x—y)*/a!

|o|=2m—1

Since for |ot| =2m— 1 the derivatives d*h are homogeneous functions of degree —n+
1, we get

1
|U‘ <c (/ |x—|—tz—y|7”+1(1 _t)2m2dt+|x_y|n+l> |Z|2m71'
0
Observing that |x — y| < 2|z| implies |x+7z—y| < 3|z|, we obtain

ol < [ (Ullab)ldy

[x—y[<2[z]

1
sl [ btz al)lay )
0 [x+rz—y| <3|z

P eyl a()ldy
be—y[<2[z|

1 oo
2m—1 2m—2 —n+1
=z 1—t / x+iz— a(y)ldy | dt
|2 /0 (1-1) <k§0, 37k‘zlg‘x+tz_y‘<37(k4)‘Zl\ I a(y)l y)

FP Y [ =317 a(y) dy
k=0

klz|<lv—y| <2~ (k= Dg]
1
< 2P ( /O (1—1)"2M(a)(x+1z)dt + M(a)(x)> )

To estimate I (x,z), we write

U= |h(x+z=y)— Y (@*h)(x—y)*/a!

lo|<2m

+ Y (0%m)(x—y)*/a!

|o|=2m

=U,+U,.
We have for some 0 < s < 1

U] < Z |(Q%h)(x+ sz —y)||z|*" T /et
|o|=2m+1

Since |x —y| > 2|z| implies |x+sz—y| > |x—y|/2, and recalling that for |o:| = 2m+ 1
the derivatives d*h are homogeneous functions of degree —n — 1, we get |U;| < ¢|x —
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y| (4D |z)2m+1 | Therefore,

RIS P [ el la)las
X=y|=Z2]2

S l2* (M(a)(XHI ‘Z TSZ(ﬂ)(X)) :
al=2m

frjoe (0%h) (= y)a(y)dy]

1/q
Now, let us estimate 2" <|Q(O,6)|*1 Jow.s) I (x,z)|‘1dz> . We apply Min-
kowski’s inequality for integrals to get

[, vatia
be—y[>2]

where T (a)(x) = supg~g

s (le0a) [, mewainae)
’ 008
< §—2m ! 2m—2 —1 2mq p 19 /4
<é /O(l—t) <|Q(O,5)| /Q(o,5)|Z| M(a)(x—f—tz)dz) dt
—2m —1 2mgq /e
M@ 3> (100,017 [ [ama:)
S MM (@) ()] Y7+ M(a) (x).
It is easy to check that
5 (IQ(O &1 [ InG Z)|qd2>1/q<M(a)(X)+ > Ta@))
0 Jows) T ~ o =om

So

52 (1000 [ IRe z>|de)l/q
’ Q<o,6> ’

< MM7(a) ()] M@)(x) + Y, Tal

lo|=2m
This estimate is global, in particular we have

Noom(Bix) S [M(M9(a)) ()] +M(a)(x) + Y Ty( )

lot|=2m

for all x € 4,/nQ. Finally, the estimates (8) and (9) for N, 2,,(B;x) allow us to obtain
. O
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3. Proofs of the results

Proof of Theorem 1. Let F € %’f S (R"). Since Nyoy(F;x) is finite a.e. x €
R", by corollary 3 in [7], the unique representative f of F satisfying 1y 2,(f;x) =
Ny om(F;x) isafunctionin LT (R")N.7’(R"). Thus,if ¢ € . (R") and [ ¢(x)dx#0,

loc
from Lemma 6 in [7] we get
Mo (A"F)(x) < € pamsn(9)Ng,2m (F:).

Thus A"F € HPC)(R") and ||A"F|| () c||FHf,,
Now we shall see that the operator A™ is onto By Theorem 4.6 in [9], given f €
HPC)(R") there exists a sequence of nonnegative numbers {k;}% 7.1 and a sequence of

cubes {Q;}7, and (p(-), po,d) - atoms a; supported on Qj;, such that /' =¥7 kja;

and
o ({537,403} p0)) S U o
For each j € N we put bj(x) = [pa h(x —y)a;(y)dy, from Proposition 15 we have

2m+n/q—p

Nyan(B7:x) < o, I [M(xo )]~ ™+ Xayig, 00M(a)(x)
s i, MM @) (1Y + 24 g, (6) Y, T la)) ()

lo|=2m

So

2m+n/qg—U

i kJINq.,Zm(BJ';x) i kj [ (XQI)(X)] n

j=1 j=1 ||XQij(~)

s g, () M(M° (a)) ()]

+ 3 k5te g, COM(a)) ()
=1

Mx

J=1

=

+2k1%4fQ] 2 T*

|ot|=2m

= I+H+III+IV.

To study I, by hypothesis, we have that (2m+-n/q)p > n, thus we can choose 0 < u <
2m such that (2m+n/q—u)p > n. Then

2m+n/q—p

Mty = || Kl 1y [M(xo) ()]~
=1

p()

2m+n/q—p
n

2m+n/qg—U

- Ty
= {Zlk.fo,II;(l.) M(x0,)()] " }
=

2m+n/q—
I ()
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o Ty
Z ilxoll i xe; ()

2m+n/q—U
n

A

Zk 20,130, ()
Jj=

2m+n/q—p p()

o 1/p
< {z (K5l 1 o >)”} = ({5}, {7 00))

r()

p()

fs ”fHHp(‘);

where the first inequality follows from Lemma 2.4 in [9], since (2m+n/q—pu)p > n.
The embedding 12 = [™MP-1} < |1 gjves the second inequality.

To study II, we have that the maximal operator M is bounded on L”° for each
1 < pg < oo, thus

j|'/P _ |4y/ng;|' /1o
X0 llpe) ™ Naymo;llp()’

HM(aj)HLf’o(zt\/ﬁQj) Sllajllpy < |

the third inequality holds since the quantities ||y, NT) () and [|xo; |l () are compara-
ble (see Lemma 2.2 in [9]). Now if [|M(a;)||r0(4,/mg;) # O we obtain

11l = || 3 Kstayio, (OM(a) ()

j=1

r()

- i Xayng; ()M(a D)) [4y/nQ;[!/Po
- j=1 MM ( “j)HLf’o (4/nQ}) ||X4\/_Q,Hp 20)

1/
| {5 (1, 2rms e ttsvio i )
i et 1M (aj) o @aymo;) 1 2aymo; lpe)

r()

now take po > 1 sufficiently large such that § = % satisfies the hypothesis of Lemma
4.111in [9] to get

S ({440} p0) S ({5 {03 pO) S I lnors

where the fourth inequality follows from Lemma 4.8 in [9].

To study I1I, we consider 2qg < pg, then by Holder’s inequality and Remark 11
we obtain

MM @) oayoy) S IM(M9(a)) 15 14v/mQ; /2
S 1M9(a)) 15 114v/mQ; |2 = ||M(a)) [agl4 /05|

4,/nQ ;|14 4,/nQ;|V/4
< llajllglavmg |2 < VIR o JAVRO;ITE
X0 llpey ™ W Xaymo;llpe)
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Now, if ||[M(M9(a;))]"/4| La(4ymg;) 7 0 and taking g > 1 sufficiently large such that
8 = 1 satisfies the hypothesis of Lemma 4.11 in [9], a similar computation to done in
the estimate of I/ allows us to get

1] ) = ikj%4\/ﬁQj(')[M(Mq(aj))(')]l/q
=1 p()

< {i(k. Hayiig, ()M (M4 (a;))(-)]9]4/mQ; /1 )ﬁ}””
SIS\ T4 OT i) 24y 1ot »
5 ||fHHI’(')'

To study IV, by Lemma 14 and Theorem 4 in [14] p. 42, we have that the operator
T,; is bounded on L for each 1 < py < oo, so

Q)70 _ Jay/mQy|Vm
x0;llp) ~ M aymo; ey

175 (@) lzro (aymoy) < Najllpy < H
Now, if [|75(a;)]lzro(aymg;) # O we take po > 1 sufficiently large such that § = %

satisfies the hypothesis of Lemma 4.11 in [9], once again a similar computation to done
in the estimate of /7, we get

1V py =

Sh Y o (Ti@))
J=1 |a|=2m

r()

% 1/
< 2 i X X4ﬁQj(')Ta (aj)(')|4\/ﬁQj‘l/p0 B < ||fH
~ j * ~ () °
oo || LS\ 175 (@) 120 4 ymg)) 1 ym; e " Hr
Thus we have
zij ,2m(Bj;') 5 ||fHHI’(')'
=1 »()
By Lemma 7, we obtain p,, (2}":1 kiNgom(Bj; )) < oo, Hence
Y kjNgom(Bj;x) <o aex€R" (10)
j=1
and
Pp() ( by ij%zm(Bj;-)) — 0, asM — oo (11)
J=M+1

From (10) and Lemma 6, there exists a function F* such that >7° k;B; = F in El |

and
M o
Ny om <<F — Eij.f> ;x) <c 2 ijq.rzm(Bj;x).
j=1

J=M+1
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This estimate together with (11) and Lemma 8 implies

M
F— k;B;
j=1

— 0, asM — oo,
)
/f”m

(R") and F = Y7 k;B; m%”p( ).

Since A™ is a continuous operator from %pz(n)l( ") into HP()(R"), we get

o e p
By proposition 9, we have that F' € '%sz

A"F = ijAmBj = ijaj = f
J J
in HPC)(R"). This shows that A" is onto H”()(R"). Moreover,

EkB

2 kiNgom(Bjs )
j=1

HF” 5 ||fHHI’(') = ||AmF||HP(-)~

r()

4ol (:
A

For to conclude the proof, we will show that the operator A” is injective on %’f -
Let & = {x:Nyom(F;x) > 1}. The set ¢ is open because of that N, >, (F;-) is lower
semicontinuous. We take a constant r > 0 such that r > {q, p4 }. Since Nyon(F;-) €
LPC)(R") it follows that |@| is finite and N2,(F;-) € L'(R"\ &) thus F € 459,
(for the definition of the space 457 see p. 564 in [1]) Finally, the injectivity of the
operator A it follows from Lemma 9 in [1]. O

Proof of Theorem 2. Let F € jfp ¢ (R") and assume F # 0. Then there exists
g € F that is not a polynomial of degree less or equal to 2m — 1. It is easy to check that
there exist a positive constant ¢ and a cube Q = Q(0,r) with r > 1 such that

| 180) Py > >0,

forevery P € Py, 1.
Let x be a point such that |x| > /nr and let § = 4|x|. Then Q(0,r) C Q(x,8). If
f € F, then f =g — P forsome P € 9, | and

872" flyores) = el 4.

S0 Nyom(F3x) = c|x|72"="/4, for |x| > \/nr. Since p1 < n(2m+n/q)~", we have
NNy o (Fs- 20/ x|~ CmAn/DP+ gy — oo,
Pp() Ng2m(F;-)) |x|>\/ﬁr‘ |

In view of Lemma 7, we get a contradiction. Thus %”2(,2( " ={0},if pL <n(2m+
n/q)~'. O

REMARK 16. Theorem 1 does not hold in general for %’f )E)( R) when y is not a
natural number. In [10], S. Ombr051 gives an example which Theorem 1 is not true for
#;,(R) and the operator (< ) when 0 <y<1and (y+1/q)p>1.
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