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A COMPARISON TYPE PRINCIPLE FOR A CLASS OF QUASILINEAR
ELLIPTIC SYSTEMS: CRITICAL AND SUBCRITICAL CASES

SONIA MEDJBAR AND SAADIA TAS

(Communicated by I. Peric)

Abstract. In this paper, we consider the following nonlinear elliptic system:
—Ap(x)u =y Vh()()7 xeQ,
(P)

=Dy = uye e Q)
u>0,v>0,
in a smooth bounded domain Q c RV, with different Dirichlet boundary conditions u = A,
V=U,u=v=-Hocor u=A, v=-oeo on dQ, where 1,1 >0. p,q:Q — R are continuous
functions with 1 < p(x), g(x) < 4oe, for x € Q, where a(x) > p(x) — 1 and e(x) > g(x) — 1,
for x € Q. The main objective of this paper is to prove existence, nonexistence and uniqueness

or multiplicity of positive solutions in both critical and subcritical cases. For this, a comparison
type principle is used intensively.

1. Introduction

This paper concerns the study of the following nonlinear elliptic system

—Apyu = w0 xeq,
(P) § ~Bggr =), xeQ,
u>0,v>0,

where Q C RY is a smooth bounded domain and =AU = —div(|Vu|" ™ 2Vu) is
the r(x)-Laplacian, r(.) is a function defined on Q with 1 < r(x) < 4o, for x € Q.
Moreover, a,b,c and e are continuous functions such that, for x € Q, a(x) > p(x) — 1,
e(x) > g(x) — 1 and b(x),c(x) > 0. This system will be studied under three different
types of Dirichlet boundary conditions: both components (u,v) are bounded on 0€,
this is the finite case (F'), both components (u,v) are blowing up simultaneously, this
is the infinite case (I), or one of them is bounded while the other is blowing up, this is
the semifinite case (SF). More precisely

u=2»A, on JdQ
(F) ) )
v=yu, on Q.
Mathematics subject classification (2010): 35J62, 35B44.

Keywords and phrases: Quasilinear elliptic systems, boundary blow-up, subsolutions and supersolu-
tions.
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u=+oo, on 0dQ,
() {vz +oo,  on JQ.

u=2A, on JQ,
(SF) {v:+oo7 on JdQ.

Where A, > 0. The condition u = +oo on dQ means that u(x) — oo as d(x) — 0
with d(x) = d(x,dQ). Our motivation for this work comes from [27], [18] and [20],
where the problem (P) was studied in the quasilinear case ( p-Laplacian operator) and
in the semilinear case (Laplacian operator, p = 2). In [18], J. Garcia-Melidn ob-
tained necessary and sufficient conditions for the existence and nonexistence of pos-
itive solutions. The uniqueness and multiplicity were also obtained, together with
the boundary behavior of the solutions in the semifinite case, under the assumptions
(a—p+1)(e—g+1)>bcor (a—p+1)(e—g+1)=bc. Moreover, in [20], J. Garcfa-
Melidna and J. D. Rossi showed the existence and nonexistence of positive solutions,
uniqueness and non uniqueness, the exact asymptotic behavior of the solutions and their
normal derivatives near dQ, assuming that (¢ —1)(e—1) > bc or (a—1)(e—1) = bc,
subject to different types of Dirichlet boundary conditions (F), (I) and (SF).

Our objective is to obtain similar results as those in [27] and [18], for the strongly
nonlinear system (P). For this, we show that the results for (P) are depending on the
sign of (a(x) — p(x)+1)(e(x) — q(x) + 1) — b(x)c(x), for x € Q. Precisely, we will be
interested in the so-called “subcritical” and “critical” cases, given by

(a(x) = p(x) +1)(e(x) —q(x) + 1) > b(x)c(x),

or
(a(x) = p(x) + )(e(x) = g(x) + 1) = b(x)c(x),

for x € Q, respectively. In the subcritical case, we find that the problem (P) has a
unique positive solution with each of the boundary conditions. Our proof of existence
is based on the method of sub-and-super-solutions. Uniqueness and global estimates
are also given, for solution (u,v) satisfying u = v = 4 on d€2. Moreover, we obtain
these global estimates trough an iterative procedure. While in the critical case, we find
infinitely many positive solutions. The nonexistence of solutions, both in the subcrit-
ical and critical case will be established also through the iterative procedure used for
obtaining global bounds.

‘We underline that all main results obtained in this paper are based on a comparison
type principle.

The paper is organized as follows. In Section 2, we give some tools and pre-
liminaries namely definitions of the variable exponent Lebesgue, Sobolev spaces and
the comparison principle. In Section 3, we get existence, uniqueness. Moreover, we
give nonexistence and global estimates for solutions, in the subcritical case. In Section
4, we are interested in the critical case. Finally, In Section (5) we give an appendix
gathering the results of existence of the problem (P), under different types of Dirichlet
boundary conditions.
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2. Preliminaries

In this paragraph, we recall some definitions and properties of the variable ex-
ponent Lebesgue and Sobolev spaces L”()(Q) and W'»()(Q) (for more details, see
[11, 15]). We write

C(Q)={reC(Q): minr(x) > 1}.
xeQ

Let r € C+(Q) and denote

r~ =minr(x) < r(x) <" = maxr(x).
xeQ xeQ

Forany r € C (Q), we define the variable exponent Lebesgue space:

L")(Q) = { u: uis a measurable real valued function, / u|"Wdx < oo b,
Q

endowed with the so-called Luxemburg norm

r(x)

@ dx <1

Jull, = inf 7L>O:/
Q

The space (L") (Q), [[ul],)) is a separable and a reflexive Banach space (see [11]). For
more details on basic properties of the variable exponent Lebesgue spaces, we refer to
[15].

We define the following Sobolev space

WO(Q) = {ue L'(Q) : |[Vu| e L'(Q)}.
The space W'")(Q) endowed with the norm
N

laall gy = Naall, ) + 25
i=1

u

lﬂr(')Q
> , Yue W (Q),

)
is a separable and a reflexive Banach space (see [15]).

We define Wol’r(') (€2) as the closure of D(£2) with respect to the norm |[|ul[ ., .
We will need the following comparison principle, for weak solutions.

LEMMA 1. (Weak comparison principle). Let Q be a bounded domain in RY,
with smooth boundary dQ and f: Q X (0,4e) — (0,4c0) is a continuous and de-
creasing function, in the second variable.

Assume that, u,v € W"0)(Q) satisfy for all non-negative ¢ € W0 (Q) the in-
equalities

/|Vu|’(x)_2Vquo dx < /f(xm)qo dx,
Q Q
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and

/\Vv|r(x)72VvV(p dx > /f(x, V)@ dx.
Q Q

Then, the inequality li%lQ sup(u(x) —v(x)) < 0 implies that u < v in Q.

Proof. Assume that u > v. For ¢ € W'"()(Q), ¢ > 0, we have
/\Vu\r(x%z VuVe dx— / (V"2 ViV dx < / (f(x,u) = f(x,v)) @ dx.
Q Q Q

For ¢ = u —v. The hypotheses on f allow to conclude that the right hand side is
negative. Thus, we find that

/ Vu 2 ViV dx— / V@2 V1V dx < 0
Q Q

So, we obtain

0 < (—Avpu+ A, 0(x)) = / ( Vu|" =2 vy — |Vv|r(x)_2Vv) (Vu—Vv) dx <0
Q

Thus, Vo =0 a.e. in Q and therefor ¢ =0 a.e. in Q. Since lir;lQ sup(u(x) —v(x)) <0.
xX—
Hence, u <vaein Q. O

Now, we will establish some properties of positive solutions to an equation related
to the system (P). We consider the problem

=AW= d(x)" "W xeQ,
(2.1) w— 4o,  x€0JQ,
w >0,

such that y € C; (Q) and for x € Q, we have m(x) > r(x) — 1. This problem has been
considered in [1], where they showed all issues concerning the existence, uniqueness
and asymptotic behavior of positive solutions near the boundary.

So, we give the following existence result.

LEMMA 2. Let m(x) > r(x) — 1 and y(x) € (0,r(x)), for all x € Q. Then, the
problem (2.1) admits a nonnegative blow-up solution denoted by W, , € W) (Q).

Proof. See Theorem 2.1, page 149, in [1], with f(u(x)) = u(x)"™ and g(x) =
d(x)"" forxeQ. O

In this paper, we will use the following comparison result.
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LEMMA 3. Let we W' O(Q) satisfy —div(|Vw| ¥ =2Vw) < Cd(x) w0 in
Q, for some positive constant C and w = +eo on dQ. Then, for x € Q

1
w(x) = C m =TI W, o (x).

Similarly, if —div(|Vw| 0 =2Vw) > Cd(x)""@w"®) in Q with w = 40 on dQ. Then,
Jor x € Q
1
w(x) K C mF ==+ Wy y(x).

1
Proof. For x € Q, let V(x) =Cm —rt+1 W(X). Then, we have for ¢ € WL"(-)(Q)

r(x)—1
/ Vv W2V dx = / C T |V @2 ViV dx
Q Q

A
< C /|Vw\r(x)_2 VwVe dx
Q

r

< Cm’iifllﬂﬂ /d(x)_Y(x)w’"(")(p dx
Q
< / Cr " d(x) T g dx
Q
< /d(x)fy(x) v ¢ dx.
Q

Thus, we obtain that

/\Vv\’(x)’2 VvV dx < /d(x)*y(x) v o dx.
Q Q

We consider W, ,, the solution of the problem (2.1), with y(x) < r(x) and m(x) >
r(x) —1, for x € Q.
Thus, for ¢ € W1 ()(Q), we have

/ VWi |2 VW,V dx = / d() TOWIY o .
@ Q

Moreover,

(Vv =2VyV e — d(x) "Wy o) dx

< (W2 YW,V — d () T OW ) dix.

D\ KO\
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We have lim sup(v(x) —W,, 4(x)) > 0. Thus, by the weak comparison principle, given

x—dQ
1
in Lemma 1, it follows that Cn=—"+1w(x) = W, 4 (x).

N S
Hence, w(x) > C m =1 W, 4(x).
For the symmetric inequality, we suppose that

— div(|Vw|" ™ 2Vw) > Cd(x) 7w
in Q. let v(x) = Cmtlrfﬂ w(x). Then, we have for ¢ € W““(Q)

r(x)—1
/ Vv @ 2Vy Ve dx / C T V"2 ViV dx
Q Q
> Cont =1 /\Vw|r(x)_2 VwVe dx.

By hypothesis, we have

/|Vv| VvV dx > Cnt +1+1/d YW g dx

/Cn1+r+ld () ()(pdx

> /d(x)fyx v ¢ dx.
Q

Thus, we obtain that

/\Vv‘r(x)—2 VvV dx > /d(x)—’)/(X)vm(x)(p dx.
Q Q

Moreover, by definition of W,, y, we obtain

/ (IVVI"™2 VvV — d(x) v p) dx
Q

> [V VW90 — () W ) dx
Q

Using that liglQ sup(v(x) — Winy(x)) < 0. Thus, by the weak comparison principle,

1
given in Lemma 1, it follows that C»7——+Tw(x) < W, 4(x), for x € Q, hence, w(x) <
1
C mt =1 Wy, y(x), for x € Q.
In particular, the quantities

An (%) = (supd ()P Wi (), 22)

xeQ
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and
By () = (inf d(x))P2 Wy (), 23)
xXe
are finite and positive, for x € Q. Such that,
-

Pi(x) = palx) = m(x) —r(x)+1

The following lemma certifies that the functions defined by (2.2) and (2.3), are
also bounded.

LEMMA 4. The functions A,y and By, y are bounded.

Proof. We aim to prove that the functions A, and B, defined by (2.2) and
(2.3) respectively are bounded. For this, let W, , be solution for the problem (2.1)
with y(x) < r(x) and m(x) > r(x) — 1, for x € Q.

Thus, for @ € W'()(Q), we have

/ VW2 9W, Ve dx = / d(x) "W ¢ d. (2.4)
Q Q

First, let o € C,(Q) such that ¥(x) < o(x), for x € Q. Hence

S99 2 VW,V dx = [ty 7 Wagy e g ax
Q Q

< / (supd (x)) "o 4(x) =W g gy,

o xeQ
So, we obtain
/ VW | 2,0,V dx < (supd(x))° 7 / d(x) "W o dx.
) * )

Using Lemma 3, we get
_ L
Winy(x) = (supd(x)) m= =1 Wy 5 (x).
Moreover, by the definition of A,y (2.2), we have for x € Q

y ot

Amy(x) Z (supd(x))m ="+ Ap g (x). 2.5
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Second, let p € C;(Q) such that y(x) > p(x), for x € Q. W, being solution for
(2.1), then

[ 192 VW,V dx = / d(x) TP () PLWI) g
Q

/ supd(x)) YW+Pl )d(x)*me,ngf)(p dx
xeQ

Q

> (supd(x))P i /d my (pdx

xeQ
So, by using Lemma 3, we obtain

v—p
Apy(x) < (supd(x))mT=r"+1 A, p (x). (2.6)

Then, by combining (2.5) and (2.6), we get for x € Q

~ ot viop~

ot rrepT
(supd(x)) ==+ A 6 (x) < A y(x) < (supd(x))m==+1Ap,p (x).
X X

A similar calculation proves that By, y is bounded in €. On the one hand, we define a

function & in C, (Q) such that y(x) < 8(x), for x € Q.
Hence, using Lemma 3 and (2.3), we get

rt-5—
Bp,y(x) < (infd(x)) n" =~ +1B,, 5(x). (2.7)
On the other hand, we consider A € C(Q) such that y(x) > A(x), for x € Q. So, by
using Lemma 3 and the definition of B,, 5, we obtain
v At
Bp,y(x) > (infd(x))m —"+1B,, ; (x). (2.8)
X
Then, by combining (2.7) and (2.8), we get for x € Q

~_a+ 5

At s
(infd (1)) 777 By, () < By (1) < (infd(x)) 7 1B,y 5 (x). O
X X
3. The subcritical case
In this section, we will state our results. We begin with the subcritical case (a(x) —

p(x)+1)(e(x) — g(x) + 1) > b(x)c(x), for x € Q. In this case, the system (P) behaves
like a single equation, because the coupling between the two equations is not too strong.
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3.1. Existence of solutions

We will prove that the problem (P) admits a solution for each of the boundary
conditions (F),(SF) and (I), provided some conditions.

THEOREM 1. Let us assume that (a(x) — p(x) +1)(e(x) —g(x) + 1) > b(x)c(x)
and p(x) = q(x), for x € Q.

(i) Problem (P) admits a unique positive solution (u,v) € WH?L)(Q) x Wh4()(Q) with
the boundary condition (F).

(ii) Problem (P) admits a positive solution (u,v) € W'PO(Q) x WH4L)(Q) with the
boundary condition (I), if and only if ¢(x) < a(x) — p(x)+1 and b(x) < e(x) — p(x) +
1, for x € Q.

(iii) Problem (P) admits a positive solution (u,v) € WP (Q) x WH40)(Q) with the
boundary condition (SF), if and only if ¢(x) < a(x) — p(x) + 1, for x € Q.

EXAMPLE 1. We give an example illustrating the main assumptions of Theorem
1. For this, we define Q C R? by

Q={x=(x;,xn) eR:: ¥ +xd < 1}.

There exist c1,c2,€,€ > 0 satisfying the inequality c¢jcs < (€ 4+ 1)(€' + 1) such that,
for x € Q,
p(x)=qg(x) =x1 +x+1,
a(x) =x;+xy+cy, e(x) =x1 +x2+c2,
b(x)=x1+¢€, clx)=x3+¢€.

By the hypothesis of the constants cy,cp,€ and €, it is easy to see that the functions
P,q,a,b,c and e satisfy the assumptions of Theorem 1. In particular, if ¢c; < €+ 1 and
¢y < € 41, itis easy to see that the functions p,q,a,b,c and e satisfy the assumptions
of Theorem 1((ii), (iii)).

Proof. (i) We consider the finite case, that is the boundary condition (F). We will
use sub-and-super-solutions method (see Theorem 4 in the Appendix). Indeed, we can
take a pair (,v) = (0,m) as a subsolution and (i, ¥) = (M,0) as a supersolution, for
a small positive constant m and for a large positive constant M.

Then, Theorem 4 guarantees the existence of a positive solution.

(ii) Now, we consider the boundary condition (). We employ sub-and-super-
solutions method to prove the existence of (P), looking for a subsolution of the form

(w,v) = (8’5 Uiy,€Ue), Where 8,7,0 € C1(Q) and & > 0 is small enough with
y(x) < p(x) and o(x) < p(x), for x € Q.
The definition of U,y gives
. -2 _ =8 (pn)—1 - (x)
— div(|Vu|PW2Vy) = 79 (P01 g(x) V(X)UZ;

= g8 (@) =PI+ =) g )1 b 2] )

< €3 P H1) =50 (1)1 1720 ) o)
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With the same procedure, we prove that

—div(| Vo[ 72Vy) = &P~ la () WLy

< SO'(x)c(x)7e(x)7p(x)+ld(x) —0o(x) U;)/‘(X)Ec(x)ze(x) )

Hence, (u,v) will be a subsolution, if and only if
gb(X)—5(X)(a(X)—p(X)+l)d(x)Y(X)U”_(X) > 1,

and

l, for all x € Q.

It is shown in a similar way that (u,v) = (MU, y,M —o* U..c) is a supersolution for the
same choice of 0,y and o, provided that M is large enough.

Hence, Theorem 5 in the Appendix implies the existence of a positive solution
(u,v) to (P), satisfying u = v = —+co on dQ.

(iii) We now turn to the boundary conditions (SF). It is not hard to show that the
condition ¢(x) < a(x) — p(x) + 1 is necessary.

Using Theorem 6 in the Appendix, we prove the existence of (P). For this, we con-
sider a large positive constant M and y € C (Q), such that (i, \7):(M_5+Ua7y,MVe70)
will be a supersolution provided that

and

MeW-PRH=8WeW ) < | e
We may choose 8 such as, e(x) — p(x) +1 > 8(x)c(x) and b(x) < 6(x)(a(x) — p(x)+
1), for x € Q. That is

b(x)

a(x)—px)+1 <) <

e =P+ reQ.

c(x)
This is possible thanks to the subcriticality condition (a(x) — p(x) + 1)(e(x) — p(x) +
1) > b(x)c(x). So, we have a supersolution. It is shown in a similar way that for a small

positive € and y € C1(Q), (u,v) = (679 U,y,€V,p) is a subsolution.
Thus, it follows from Theorem 6 in Appendix that there exists a solution to
(p). O
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3.2. Uniqueness results

In this section, we obtain a new uniqueness result for the system (P), with finite
boundary conditions.

In the linear operator (Laplacian operator), we can use the fact that, if u,v are C?
functions in a domain Q, with u < v and u(xg) = v(xp), for xo € Q, then Au(xg) =
AV(X()).

In our approach, the situation is more delicate, when we use nonlinear operator
with variable exponent, mainly due to the fact that solutions are not in general C2. For
that, let us announce the following result.

LEMMA 5. Let f,g € C(Q) and u,v € WP (Q) x WH40)(Q) be weak solutions
to the following problem

—Ayu=f(x), x€Q,
v=g(x), xe€Q,

with u < v and u=v at some point of Q. Let us assume moreover that u < v on d<Q.
Then, there exists xo € Q such that u(xo) = v(xo) and f(xo) < g(x0).

Proof. Let E = {x € Q:u(x) = v(x)}. By assumptions, E is nonempty and it is
strictly contained in Q (E C Q).

Assuming by contradiction that f > g in E. Then, we can choose an open neigh-
borhood U of E such that f > ¢ in U and u < v on JU.
Then, for a small € > 0, we have u+ € < v on JU together with

=Dy (ut€) = Ay > (f—g)(x), xeU.

By the comparison principle, we obtain that u+ € < v in U, which is clearly a contra-
diction since E C U. Thus, f > g is not possible in E and there exists xo € E with
f(x0) < g(x). O

Next, we give a uniqueness result for the problem (P), with a finite boundary
condition.

THEOREM 2. Let (uy,vy),(uz,v2) be positive weak solutions to the system

—Apu = U xeQ,
—Ayyv = uWye  x e Q)
u=>A, v=y, x€diQ,

with A, 10 >0 on dQ such that, for x € Q, a(x) > p(x) — 1, e(x) > q(x) — 1 and
(a(x) = p(x) + 1)(e(x) —q(x) + 1) > b(x)c(x).
Then, u; = uy and vi = vy in Q.
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Proof. Since the solutions are positive, we can choose a large k > 1. First, we

consider that "

up(x) =k @20y (x), x€Q, 3.1

and
vi(x) <hkvn(x), xeQ. (3.2)

Using Lemma 5, we obtain a point xy € Q with

__ blx)
ul(XO) =k a(xg)—pxg)+1 u2(x0)~

» _ blxg)(p(xg)=1) b
ul(xO)a(xo)Vl (xO) (x0) >k a(xp)—p(xg)+1 ul(xO)u(XO) Vi (XO) (x()).

Which implies by (3.2), that vi(xp) = kv2(xo).
Hence, we may apply Lemma 5 to get a point xg € € verifying
Vi (X()) = kV2 (X()),

and
11 (x0) 0y (219 €H0) < K960~y () 0) (39 €120

Which gives by hypothesis

_elx)—qlxg)+1
uy(xo) <k o)y (xp).

But, the first inequality (3.1) gives that

(a(xo)7p(x0)+1)(e(xo)7q(x0)+1))7b(x0)c(x0)
1

k cxp)(alxp)—p(xp)+ < 1.

We get contradiction since k > 1 and (a(x) — p(x) + 1)(e(x) — g(x) + 1) > b(x)c(x),
for x € Q. That contradiction shows k < 1, that is, u; > up and v; < vy in Q.
Second, we consider the reversed inequalities

up(x) <kup(x), x€Q,

and
()

vi(x) =k @a0 Ty, (x), x€Q.

Thus, by a similar argument, we prove that u; <up and vi > v, in Q. [

REMARK 1. Lemma 5 is also useful for obtaining an alternative proof of unique-
ness of positive solutions to the problem

—Ayw = (x)f(w)’ xe€Q,
() 8
(3:3) { w=2, x€oQ

(w)

wr(x) —1

when f and g are non decreasing continuous functions such that

in w and A > 0. Moreover, for fixed x, limillf W]:((X‘Ql > c. Indeed, if w; and w, are
w—0

decreasing
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positive solutions for (3.3), we can choose a large k > 1, such that w; > kw, in Q.
Lemma 5 can be applied to give the existence of a point xo € Q, such that

wi(x0) = kwa(xo) and £ (kwa(x0)) = K0 £(wa(x0)).

It is incompatible with the monotonicity of {((;)v) -
w

Thus, £ < 1 and w; < wy. The reversed argument gives w; = wy.

3.3. Global estimates for solutions

In this section, we will obtain the boundary behavior of solutions using a blow-up
argument. For this, we need some rough estimates of all positive solutions. The present
proof is modeled on that of the semilinear case contained in [20].

LEMMA 6. Let (u,v) be a positive solution to (P) with a(x) > p(x) —1, e(x) >
p(x)—1 and (a(x) — p(x)+1)(e(x) — p(x) + 1) > b(x)c(x), such that

c(x)<a —pT+1, (3.4)

and
b(x)<e —pT+1, (3.5)

Jor x € Q. Then, there exist positive constants Cy, C, such that

Cid(x)™% <u(x) < Gd(x)™ 7,

and
Crd(x) P <v(x) < Crd(x)P.
Where
o= p(x)(e(x) — p(x) + 1 = b(x))
(a(x) = p(x) + 1)(e(x) = p(x) + 1) = b(x)e(x)’
and
g Pal) —p(o) +1 ()

Proof. Let (u,v) be a positive solution to (P). Then, if uy = supu > 0, we have
Q
—div(|Vy[P®=2Vy) < ug(x)v“(") and Lemma 3 gives

W IE))
v > MO e —pt+l1 VeO 2 MO e~ —pt+1 d(x)_ﬁO(x)Be7o7

)

c(x)

where Bo(x) = %, for x € Q. We set ag = u;e:ﬁ“Be,O.

Using the first equation in (P), we obtain

—div(|Vu|PY72Vu) > (agd(x) P)P@ e x e q.
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Thus, thanks to Lemma 3, we have

b(x) b(x)

Tat—p+1 palx) Tatop 1 -
u< a, P Ua.pob < a, 4 d(x) op(x)

Aaﬁoba

where o (x) = %, for x € Q.

We can iterate this argument to obtain that
V> ayd(x) Pt (3.6)

U < apyrd(x) %), (3.7)

where for x € Q, we have

e(x)—p(x)+1 ~
and
- 7c(x)b(x7) - —— b(xl
anir () =ay” T B, G A 3.8)
It is easily seen that
x)(e(x)—p(x)+1—b(x b(x)c(x
o (x) = p(x)(e(x)—p(x) (x) N (x)e(x) By (),

(a(x)=p(x)+1)(e(x)=p(x)+1)  (alx)=p(x) + 1)(e(x)—p(x)+1)

and that o, < o1, for n > 0. (o) is a decreasing sequence of positive numbers.
Thus, (04,) has a limit, which is easily seen to be o(x). This entails that 3, — .

By the hypotheses in Theorem 1, we deduce that o, 3 > 0.

Moreover, the fact that o, B > 0 implies that o, (x)c(x) < p(x) and B, (x)b(x) <
p(x), for x € Q and n > 0.

Thanks to Lemma 4, the quantities A, Bub and B, o, ,c are bounded.

Hence, thanks to (3.8), there exists C > 0 such that a,,, | < Ca;,%. Since the fact
that ¢(x) < a(x) — p(x) +1 and by (3.4), we have

b(x)c(x)

o= T e i D)

<1, for xe Q.

. . n _gntl . . .
This gives, @41 < C!Ho+-+3"g """ and by passing to the limit, we obtain that

1
lima,+ <CT-5.

n—oo

Moreover, passing to the limit in (3.6) and (3.7), we find that, there exist positive
constants Cy,C; such that

u>Cd(x)"* and v<GCd(x)7P.
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A symmetric argument with uy = igf u, proves the reversed inequalities since the fact
that b(x) < e(x) —g(x) + 1 and by (3.5). Thus, we obtain, for x € Q

Cid(x)™% <u(x) < Gd(x)™ 7,

and
Cld(x) P <v(x) <Cd(x) 8. O

3.4. Nonexistence

This section is devoted to prove the nonexistence of positive solutions (u,v) to
(P) both for the boundary conditions (), when the conditions in Theorem 1(ii) don’t
hold. We begin assuming that («,v) is a positive solution to (P), satisfying u =v = +oo
on dQ, with ¢(x) > a(x) — p(x)+1 and b(x) < e(x) —q(x) + 1 and we will reach a
contradiction.

Notice that since (a(x) —
conditions ¢(x) > a(x) — p(x)
ously. The second case c¢(x) < a(x
is treated in the same way.

Let ug = igfu >0, then —div(|Vv[P®)2Vy) > ”0( et

Using Lemma 3 and by definition of B, (, we obtain

p(x) + 1)(e(x) = p(x) +1) > b(x)c(x), for x € Q, both
+1 and b(x) > e(x) — p(x) + 1 cannot hold simultane-
(x) = p(x)+1 and b(x) > e(x) — p(x) + 1, for x € Q

E)]
v <y, erop d(x)_%(x)B&o,

_ e
with op(x) = %, for x € Q. Set ag = u, <tor “'B,o.
Using this, in the first equation in (P), we have

—div(|Vu|PY2Vu) < (agd (x) @ X))P),00)

Lemma 3 gives,
)
u>a, am—pt+l d(x)fﬁO(x)A

a,0pb>

where By(x) = %, for x € Q.

Proceeding inductively, we obtain

v < and(x)’“"(x),
U= apyrd(x) P,

Where for x € Q, we have

_ =By rel)
0 (x) = e((x)) p(xgz_)l )
Bux) = T=pta+r
c(x)b(x) b)

_ (a—pTaD(eT—p+1) p a —pT+1
an1(x) = ay eyt Aaonb:
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Let us see that the above quantities converge as n — +oo. Indeed, we have
p(x)(a(x)—p(x)+1—c(x)) b(x)c(x)
(@) P D(e@—p(+1) () @+ (et pl 1)

(
and that o, < o,—1. Thus, we deduce that the sequence (o,) is decreasing. hence,
(o) has a limit, which is

0 (x) =

_ px)(alx) —p(x)+1—c(x))
(a(x) = p(x) +1)(e(x) — p(x) + 1) = b(x)c(x)
. px)(e(x)—p(x)+1-b(x)) oo
80, Br = G=p0o+ Vet —p o+ -5 38 11— e
Let n, the minimum positive integer such that f3,(x)c(x) > g(x), for x € Q. Hence,
v is bounded. Thus no solution can exist.

<0.

4. The critical case

Now, we turn to the critical case (a(x) — p(x) + 1)(e(x) — g(x) + 1) = b(x)c(x),
for x € Q. In this case, the solutions are not unique.

4.1. Existence of solutions

THEOREM 3. Let us assume that (a(x) — p(x) + 1)(e(x) — g(x) + 1) = b(x)c(x),
and p(x) < q(x), for x € Q.
(i) Problem (P) admits a positive solution (u,v) € W'"P)(Q) x Wh4()(Q) with the
boundary condition (F).
(ii) Problem (P) admits a positive solution (u,v) € W'P0(Q) x WhL)(Q) with the
boundary condition (I), if and only if p(x) = q(x), c(x) = a(x) — p(x)+ 1 and b(x) =
e(x) —q(x)+ 1, for x € Q.

Moreover, for the problem

(4.1) { —Apu=u’, xeQ,

with p(x) <a+1 and q(x) < e+ 1, for x € Q. If (u,v) is a solution of (4.1), then

b c
(t5+cu,t~ vrev) is also a solution, for every t > 0. Thus, there are infinitely many posi-
tive solutions.

(iii) Problem (P) admits a positive solution (u,v) € WP (Q) x Wh40)(Q) with the
boundary condition (SF), if and only if b(x) < e(x) — q(x) + 1, for x € Q.

Moreover; if (u,v) is a solution of (4.1), then (t=%u,tv) is also a solution with the
Sollowing boundary conditions (4.2), for every t > 0 and thus at least a solution with

different boundary data A, can be obtained from one of them, where p(x) = %7

for x € Q.
u=192,
(4.2) { V= oo,
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EXAMPLE 2. We give an example illustrating the main assumptions of Theorem
3. For this, we define Q C R? by

Q={x=(x1,1) €R? :x+x3 < 1}.
There exists € > 1 such that, for x € Q,

p(x)=x1+x2+1, g(x) =x; +x2+ ¢,
a(x) =2x; +3x2, e(x) =x; +2x, + €,
b(x) =x1+2x2, ¢(x) =xp + L.

By the hypothesis of the constant €, it is easy to see that the functions p,q,a,b,c and
e satisfy the assumptions of Theorem 3.

Proof. (i) The finite case, boundary condition (F) is easy to handle. We will use
the method of subsolutions and supersolutions. For this, we take (u,v) = (0,m) and
(i, v) = (M,0) as a subsolution and a supersolution respectively, for the small positive
constant m and for the large positive constant M.

Theorem 4 guarantees the existence of a positive solution.

(ii) First, we prove that c(x) = a(x) — p(x)+ 1 and b(x) = e(x) —g(x)+ 1 are nec-
essary conditions, for the existence of positive solutions. we will proceed by absurdity.
Assuming that ¢(x) > a(x) — p(x) + 1 and thus b(x) < e(x) —g(x) + 1.

Notice that since (a(x) — p(x) +1)(e(x) — g(x) + 1) = b(x)c(x), both conditions
c(x) > a(x) — p(x) + 1 and b(x) > e(x) —g(x) + 1 cannot hold simultaneously.

The remaining case c(x) < a(x) — p(x) + 1 and b(x) > e(x) — g(x) + 1 is treated
in the same way.

Let (u,v) be apositive solution. Let uy = igfu >0, we have — div(|Vv|?®)2Vy) >

ug(x) ¢ Lemma 3 gives
c(x)
et—g—+1 v B
e,0-

0

v<u

o
By the definition of B, , we have v < u, g (x)~ %R, .

clx)

For x € Q, we note o (x) = %7 for x € Q. We set ag = u(;"#’f“Be’o7

using this in the first equation in (P), we have

—div(|Vu|PY72Vu) < (apd (x) " %0)P0,a0 -y e Q.

Using Lemma 3 again and by the definition of A, 4,5, We obtain

b
u> ay a=—pT+1 d(x)iﬁO(x)Au,aoha

where By(x) = W, for x € Q.

Proceeding inductively, we obtain

v(x) < apd(x)” %, (4.3)



1124 S. MEDJIBAR AND S. TAS

u(x) = apyrd(x) P, (4.4)
Where for x € Q, we have
_ W) =Br1(x)ex)
e (e(x)fq(;x)ﬁ(l) ’
X)— 0t (x)b(x
Bulx) = g+t
a1 (x) =ay "B, BT A

Now, let us see that all these quantities converge as n — +-oco. It is a simple calculation
to check that, for x € Q

oy (x) = + 0—1(x).
") = ) — )+ Diel) —g(m + 1) T O
Hence o, < o, 1, forall n> 0. Thus, oy — —oo and 3, — +oo as n — —+oo.
We have by (4.4) that

— div(|V[T029y) = a W) > ) g ()~ e

Thus, by Lemma 3, we obtain

c(x)

v< anjrquﬂ d(x)_a"“(x)Be’ﬁnc.
Moreover, let n the minimum positive integer such that f3,(x)c(x) > g(x), for x € Q.
We conclude that v is bounded. Hence, there is no solutions. Thus, c¢(x) = a(x) —
p(x)+1 and b(x) = e(x) —g(x) + 1.

Next, we consider the boundary condition (1), since p(x) = g(x) for x € Q, it
is easily to see that (U,U) is a solution to (P). Using Lemma 2, with a(x)+ e(x) —
q(x)+ 1> p(x)—1, we find that U satisfies

—A,U = pete@=—q+l - e Q
U=+40c, xe€dQ.

Thus, u=v=Us1e g+10-

b c
Moreover, it is easily to see that (u,v) = (17 Uyte—g+1,0,1 7 Uype—q+1,0) is also
a positive solution to (4.1), for ¢ > 0. Indeed,

. B b(p)-1) _
—div(|VuPYW2Vy) = 1~ e U;:fﬁ;fl)zl

_ thcfh(t;ilfz‘(x)+l) uavb.
But p(x) =a—c+1, for x € Q.
Thus, — div(|Vu|?®2Vu) = uvb | —div(|Vv[70)2Vy) = uéye.
(iif) We will easily show that the condition b(x) < e(x) — g(x) + 1 is necessary.
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Moreover, if (#,v) is a solution to the problem (4.1)

_Ap(x) (t_‘su) — - 0(px)—1) ab — té(a—p(x)+l)—b(t—éu)a(tv)b7
_Aq(x) (tv) — ) -1 ab tcaf(efq(x)Jrl)(tfau)c(tv)e.

Due to the fact that, for x € Q, p(x) =a— % +1 and thus g(x) =e—cd + 1, thanks to
the subcriticality condition. We obtain

{ _Ap(x) (t_éu) = (t_éu)a(tv)ba
—Ag(tv) = (t=0u)e(1v)e.

Thus, (¢~ %u,rv) is also a solution for (P), with the boundary condition (SF).
We can easily obtain the solution (r~%u,7v), with the following conditions

1 Ou=19%2,
v = +-oo.

For every 7 >0, 19 can obtain any positive number. Thus, a solution with different
boundary A can be obtained, from one of them.

Fix € > 0, such as ¢ < a+¢€— (p(x) — 1), for x € Q. We consider the following
problem with the boundary condition (SF)

—Ap (ot = uttEP xeQ,
(4.5) =Dy =u’,  x€Q,
U=A,v=-+oo, x€dQ.
Since (a+€— (p(x) —1))(e —g(x) + 1) > be, for x € Q. The system (4.5) has a

solution (u,v; ), by Theorem 1(iif).
We can choose A large enough, so that igf uy > 1.

On the one hand, one has

b b
—Apup = uy VG = ugvy,

and

Hence (u,,v, ) is a supersolution to (4.5).
On another hand, it is not hard to show that (u,v) = (1,4 ¢~ +1U,) is a subso-
lution. Indeed, we have

clgl)-1) cle=g()+1)—cle—g~ +1)

_Aq(x)z = A eq +l U:,O =2 e—q+1 xcze
cle—g(x)+1—e+q(x)—1)
SA - eaE WY Sy

and
—div(|VA[PY2VA) = 0 < 440,

Hence, by Theorem 6 in Appendix, (4.5) has a solution (u,v) with u =4, v = +oo
on dQ, forevery A >0. O
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4.2. Nonexistence

We will now take in the consideration the nonexistence of positive solutions to
(P), with the boundary conditions (/). Assuming that ¢(x) < a(x) — p(x)+ 1 and thus
b(x) > e(x) —q(x) + 1, since (a(x) — p(x)+ 1)(e(x) —g(x) + 1) = b(x)c(x) and let
(u,v) be a positive solution. By means of iterative procedure in section 3 (Theorem
2(ii)), we obtain

< apd(x) WA, 5, and v aud(x) P,

where, for x € Q

—q)+1) —gq()b(x)
(a(x) = p(x) + 1)(e(x) —g(x) +1)

Hence, 0, — —o and B, — +o as n — oo,
‘We deduce that

—div(|Vu|PY V) > nild( ) TPb) ) e Q)

b( )
and it follows as in Lemma 3 that, u < an 4 1 N (x) T O"HI(’C)AaﬁnC.
If n is the minimum positive integer such that f3,(x)c(x) > p(x), for x € Q. Thus,
u is bounded.
Thus, there is no solutions.

5. Appendix

In this part, we recall two results related to the method of subsolutions and super-
solutions [10], for the following system

(P) —Apu = uP - xeq,
_Aq(x>\) = uc(x)ve(x)7 X 6 Q’

where a(x) > p(x) — 1, e(x) > g(x) — 1 and b(x),c(x) > 0, for x € Q.
We start by giving the following definition.

DEFINITION 1. (see [10]) Let u,u € W'P1)(Q) and v, v € WH40)(Q) four pos-
itive functions, such as u < iz and v < v a.e. in Q. The couple (i, V) and (u,v) are
said to be supersolutions and subsolutions pairs respectively to (P), if the following
inequalities are satisfied in the distribution case:

—Ap ()t i>ax)a* W, xeQ, foranyve |y, 7],
—Ag()V = b(x)u® P xeQ, for any u € [u,ul,
—Apm < a(x)g“lvﬁl, xeQ, foranyve [v,v],
—Agy < b(x)u“zyﬁz, xeQ, foranyu€ [u,u.
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We begin by considering the system (P), with finite boundary conditions u = 4,
v=u with A,u > 0.

THEOREM 4. Let us assume that (u,v) is a subsolution and (it,V) is a superso-
lutionto (P) withu <A <, y< U< v ondQ.

Then, the problem (P) admits at least a weak solution (u,v) € W'P()(Q) x
WhaO(Q) withu <u<u, v<v<vin Qandu=2A, v=p on 0Q.

Proof. Denote by u; the unique positive solution to the problem (5.1) (see [1]
and the Remark 1)

—A, (gu = P a) xeQ
p(x) L8 ) ’
(5.1) { u=~A, x€dQ.

Due to the fact that u, u are subsolution and supersolution of (P), respectively. Thus,
u, i are also subsolution and supersolution of (5.1). By uniqueness of solution, we
have u <uy; < uin Q.

Now, we consider v; to be the unique solution to the problem

(5.2) 4 “Bawr=1"v, xeQ,
' v=U, xEIQ.

It follows similarly that v < v; < v. Thus, in this way, we define u, to be the unique
solution to (5.1), with vy replaced by v,_;, such that u, = A on dQ and we define the
unique solution v, to (5.2), with u; replaced by u,, such that v, = u on Q.

We obtain two increasing sequences (u,), and (v,), such that u < u, < i and
VSV SV

Indeed, we have for ¢ € W1Hr()(Q)

/(|Vu1 ‘p(x)—Z Vu Vo — yb(")ucf(x)(p) dx < /(\Vuz\p(x)_z Vuy Ve — gb(x)u;(x)(p) dx,
Q Q

and u; = up = A on dQ. By the principe of the comparison [13], u; < uy in Q. Thus,
u<u <up < ... <y < Uy < ... < and with the same argument, we obtain that
VEVISM K SV SV <LK
According to the above result, we have u,, — u, v, — v as n — +oo, fora.e x € Q.
Moreover, by the regularity result in [9] and [25], we have (i), (vi)n C CH*(Q).
Thus, by Ascoli-Arzela Theorem, we obtain that

u, —u in CH(Q) and v, —v in C'(Q)as n— oo,

Thus, by the dominate convergence Theorem, we obtain that (u,v) is a weak solution
for (P). Moreover, u=A,v=pondQand u<u<iu,y<v<vinQ. O

Now, we prove a version of the method, which is directly applicable to the problem
with infinite boundary conditions.
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THEOREM 5. Let us assume that (u,v) and (it, V) are subsolutions and superso-
lutions to (P) respectively with u=u=v=v =+ on dQ and u< u, y< v in
Q.

Then, the problem (P) admits at least a weak solution (u,v) € WHPL)(Q) x
W17’1(')(Q) withu<u<u,v<v<vinQand u=v= -+ on JQ.

Proof. Let n > 0, we consider the problem

=AU = wWP  xeQ,,
(5:3) § Ay = uve@  x e Q,,
U=y, v=_U,, XEIQ,,

where Q, = {x € Q:d(x) >n} and A,,u, >0, for all n >0, with u <A, < & and
V< Uy <V oon 0.

By Theorem 4, there exists a solution (u,,v,) € W70 (Q,) x W4()(Q,) of
(5.3), suchthat u <u, <, y<v, <vinQ, and u, =A,, v, = U, on 9Q,.

Thus, we construct two decreasing sequences (u,), C WI’P(')(QH) and (v,), C
W1=‘1(')(Qn). According to the above result, we have fora.e. x € Q, u, — u and v, — v
asn—0.

However, using the regularity result in [9] and [25], we get that (u,) is bounded
in CL*(Q,).

Thus, by the Ascoli-Arzela Theorem, (u,) is relatively compactin C'(€,,). Thus,
there exists a subsequence (i, ) such as u,, — u as k — 0 in C1(Q,).

The same argument gives that v,, — v in C'(Q,) as k — 0.
Thus, (u,v) is a weak solution to (P) verifying in addition that, ¥ < u < u and
v<v<vin Q. In particular, u = v =+4oc on Q. [

THEOREM 6. Let us assume that (u,v) and (it, V) are subsolutions and superso-
lutions to (P) respectively with u < A < i, =+ooondQandu<u, y<vin
Q.

Then, the problem (P) admits at least a weak solution (u,v) € WHPL)(Q) x
Wl'fq(')(Q) withu<u<u,v<v<vinQandu=2A, v= -+ on 0Q.

v=v

Proof. The problem

—A,gu =120 )u() xeQ
p(x) z )
(5'4){ W=7, xeoQ,

has a unique positive solution denoting u;, which exists thanks to [10] (see also the
Remark 1).

Moreover, since u and i are subsolution and supersolution for (P) respectively,
we have —A,(u < @) a®) and —A ()i > b 7™ Thus, u and i are subsolution
and supersolution for (5 4) such that u < u; < i.
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We now define v; as the unique solution to

=Dy = ui(x)ve(x)7 xeQ,

5.5
(5:5) V=, x€IJQ.

It follows similarly that y < vy < v.
We continue this procedure and define u, as the unique solution to

—Apu = v}f(x)u“(x), x e Q,

5.4)
(54) u=~A, x€dQ.

Then, it follows as previously that u < up; < & in . In addition, by the principle
of comparison, we obtain that u; < u;. We can recursively define u, as the unique
solution to (5.4)’, replacing v; by v,_| with u, = A on dQ and we define the unique
solution v, to (5.5), replacing u; by u,_1 with v, = +e on Q.

In this way, we obtain two increasing sequences (uy), and (v,), such that u <
u, <uwand vy <v, < vin Q, forall n > 0.

With the same process in the Theorem 4, we conclude that there exists a subse-

quence (labeled again by (u,) and (v,)) such that u, — u in C'(Q) and v, — v in
C'(Q), where (u,v) isasolutionto (P) and u <u< i, v<v<vin Q.
As a consequence, u = A and v =40 on dQ. [
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