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NEW OSTROWSKI LIKE INEQUALITIES FOR
GG-CONVEX AND GA-CONVEX FUNCTIONS

MERVE AVCI ARDIC, AHMET OCAK AKDEMIR AND ERHAN SET

(Communicated by S. Varosanec)

Abstract. In this paper, we established some Ostrowski like integral inequalities for functions

whose derivatives of absolute values are GG -convex and GA -convex functions via a new integral

identity. General results are obtained using the weighted Montgomery identity. Also, particular
. . l .

results for the weight function w(r) = Toghya Are given.

1. Introduction

We will start with the definiton of convexity that has utilization in all branches of
mathematics and has several applications in mathematical analysis, optimization and
statictics.

The function f: 1 C R — R is a convex function on an interval 7, if the inequality

flx+(1—0)y) <tf(x)+(1=1)f(y)

holds for all x,y € I and ¢ € [0,1].

Let f:1C[0,) — R be a differentiable mapping on 1°, the interior of the interval
I, such that f’ € L[a,b] where a,b € I with a < b. If |f’(x)| < M, then the following
inequality holds

<

‘f(x) B bia /ubf(”)d”

M | (x—a)*+(b—x)?
b—a 2 '
This inequality is well known in the literature as the Ostrowski inequality.

In [4], Niculescu mentioned the following considerable definitions:

The GG -convex functions (called also multiplicatively convex functions) are those
functions f : 1 — J (I, J are subintervals of (0,e)) such that

x,yelandl6[0,1]:>f<x17’1y’1> Sf(x)lflf(y)l. (1)
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The class of all GA -convex functions is constituted by all functions f : I — R (defined
on subintervals of (0,e0)) for which

xyeland A € [0,1] :>f(x14y ) (L= () +AL D). 2)

Besides, recall that the condition of GA -convexity is x*f” +xf’ > 0 which implies all
twice differentiable nondecreasing convex functions are also GA -convex.

For recent results, generalizations, improvements and counterparts see the papers
[3], [4], [6], [ 71, [8], [9] and references therein.

In [2], the authors have mentioned the weighted Montgomery identity as following
(see also [1] and [5]):

1= [ wsars [ Beoswa, ®

where f : [a,b] — R is differentiable on [a,b], f’: [a,b] — R is integrable on [a,b]
and w : [a,b] — [0,0) is some normalized weight function, i.e. an integrable function
satisfying f:w(t)dt =1, W(t) = [} w(x)dx for t € [0,1]. The weighted Peano kernel

18
Wi1), SIS
Py =4 WO asisx
W()—1,x<t<b.

For the uniform weight function w(r) = b% t € [a,b], (3) reduces to the Montgomery

a’
identity,

1 b b
10 = 5— [ far+ [ s, @
b—a a a
where
t—a
—b— ,a<t<x
P(x,t) = N
t—>b
—,x<t<bh.
b—a

In [2], Aljinovi¢ and Pecari¢ have given a discrete analogue of the weighted Mont-
gomery identity for mappings of two variables and have proved some new discrete Os-
trowski type inequalities.

The main aim of this paper is to prove some new integral inequalities for GG-
convex and GA -convex functions by using a new integral identity.

2. New inequalities for GG- and GA -convex functions

We will give a new integral identity which is emboided in the following lemma to
obtain our results. The proof of identity is based on using the weighted montgomery
identity.
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LEMMA 1. Let I C (0,00) be an interval, a,b € I°, a < b. Let w be a nonnegative

integrable function on [a,b] such that ["w(x)dx =1 and let W(t) = [*w(x)dx. Let
f: 1 — R be a function differentiable on 1°. Then for x € [a,b]

b X b
70— / w(0) (1)t = log 21 (f',a,5:W) +log 21 (£ x,b:W — 1)

holds, where I (F,v,u;Q) = fo ( 1-7 T) F (ul_fvf) u' =™z, provided that all inte-
grals exist.

Proof. Using the weighted Montgomery identity we get

760 [ woyroar = [ Poen
= ['woswas [ wo-n o
= [ W) ) og s
/ W (b'~ ) )f’(b“’x’)bl’fxrloggdr
= log Zl(f’,a,x;W) +10g§1(f’,x7b;W —1)

where in the first integral we use substitution 7 = x' ~%4*, and in the second integral we
use substitution 7 = b~ 7x7.

REMARK 1. If we choose w(u) = m in Lemma 1, we get the following
equality:

b b
log—f (x) — Mdu
a a u
2 X ! -t 1t ( 1-T 7 2b ! -t 1 (p1-7T 1T
= log —/ (1—7)x""a"f' (x' ") dr —log ;/ ' X (BT d
0 0

A new inequality for GG -convex functions is given in the following theorem.

THEOREM 1. Let I C (0,00) be an interval, a,b € I°, a < b. Let w be a nonneg-
ative integrable function on [a,b] such that fu w(x)dx =1 and let W(t) = [} w(x)dx.
Let f:1— R be a function differentiable on I°. If |f'|7 is GG-convex function on
[a,b] for some q > 1, then for all x € [a,b], following inequality holds
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b
0= [ vl
Lk [ / g/ 7 @
< log¥ g( ; W(t)dt) ( lofgiw [ +/ ,l;f;%”/‘dtD

1bh (P b|f(b)|? b logt/b :
-Hogq ; (/C (I—W(t))dl) < 1|Ofg1(4 )b (I—W(x))AxJ,—/X w(t)Ax,i/ dt])

1|49
= %7 provided that all integrals exist.

where 11—7 =1- é and A,
Proof. From Lemma 1 and the Holder inequality, we get

1) [ Wi s )

! ,a,x;W)+log§I( '|,x,b;1—W)

< log 21(

1 5 1
< logz (/ 1% (xlfrar) xlrard‘L') 4 (/ W (xlfrar) |f/}f1 (xlrar)xlrardr> q
0 0

b 1
+log— (/ (1-w(' ") b“%&ir) ’
0

x </01 (1=W ' =5) £ (b'*) blTder) '

- 1og§ (I (La, ;W) (1(|f7,a,x:W))

<

N

+logg (1(1,x7b;1—W))% (I(|f')9,x,b;1—W))7,

where I(F,v,u;Q) is defined as in Lemma 1. Using the GG-convexity of |f/|? and
integration by parts, we get

ul f'17 ()
Q) S logA, .

I(

u logt/u

~0) + QA+ [ QA% dz] . ®
v

Calculating I (1,v,u;Q), we get

1 u
1(1,v,1:0) = logu/v/v o(1)dr. )

Using (6) and (7) in (5), we get the desired result.
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REMARK 2. In Theorem 1, if we choose ¢ — 1, we get the following inequality

b
0= [ Wi
/ logt/x
<k%x@£A [ 9+ [ w %mmD
b (s170 .
H%;<m;$w0—W®MM—meﬂﬂdﬂ>

We can consider inequalities for different weights w, but here we give only result

for a particular weight w(z) = m.
COROLLARY 1. If assumptions of Theorem 1 are satisfied with w(t) = m,
then the following inequality holds:
1 Pf()
S S o
) loghb —loga /a t
log' 4 £ L x|f'|* (x) — L(alf'|" (@) x| f'|* (x)) ’
S Tlogl (T H@) log 1T
8a 08 4IfT(a)
. 1
log' 4 2 L[ LGl (), BLF1 (B) =] ) ()
+17bx (L(x7b) _x)p blf'1(b)
%a log 57

where L(x,y) = 10g§710gx

THEOREM 2. Under the assumptions of Theorem 1, we get the following inequal-
ity

ﬂw—/ﬂmvmm

1

<x |logcl:§< ) <log1Ca7x [Caﬁx—1}>q
+b|f'(b) |10gf11§</x wdof’( 1 [ij,—l]);

logC,

v | 19w
where C,, = %
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Proof. From Lemma 1, using the Holder inequality and GG-convexity of |f’|?
we get

‘f(x) - [(wirwa ®

X 1 5 1 !
< loga (/0 WP (x'%a") d‘L’) </0 VK (xl—faf)x(l—f)qafqdr)
b 1 1 1 1
P 7
+10g; (/ (1 —W(blrxr))pd”L') (/ ’f/’q (blfrxr) b(lr)qxrqd,[)
0

< log= (/ Wp ITTdT> (/ }f}lr }f|ff1 IT)qarda)q
rloa ([ (1-wie' o)) ; (f 11 @)l onttPvae)

By a simple computation, we get

! _ 1 [“QP(t)
P (W' =T dt = / = 9
[ or o) oz 5 ©)
and
1 Cou—1
Cl,dt=—= 10
J, Chuar logCort” (19

where Q is a function and C,,, is defined in theorem. Using (9) and (10) in (8) we get
the desired result.

COROLLARY 2. In Theorem 2, if we choose w(t) =
lowing inequality:

1 "1
‘f(x) ~ logh—loga /a Tdt‘

1 1 \? / / .
s logb—loga <p+1> [logzg(L(“q’f | (a) . |f|" (x)))

o2 (L (e 170077 0) .

1
Mogb/a’ then we get the fol-

THEOREM 3. Under the assumptions of Theorem 1, we get the following inequal-
ity
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1 logt/x 5
1 x X r X
< |/ (x)|loge = W ()P Ldr x)+ B"’é“/‘
| (x)} og* a( a ®) ) <logB“ [

1 logt/b q
1— o Blogx/b
8 <IOng,h l( Xb /

where B, , = I:f’\"(u)'

Proof. From Lemma 1, using the Holder inequality and GG-convexity of |f’|?
we get

‘f(X) - [(woswa (1

<o ([ e an) ([ i)

0

+10g§ (/01 (1-w('~"xD) (bl_fxf)pd'L') ’

x (/01 (1= WB ) [£]7 (b1 7x7) dr) '

<logf<
a

1

/OIW (xl—TaT)( I-7 r) d’t) 1</()1W (xl—rar) ’f/’(l—r)q (x) ’f/|‘L'q (a)dT) q
et ({1 )

) </01 (=W =) |7 @) <x>df) E

By a simple computation, we get

/O1 Q (ulf‘rvr) (ulfrvr)l’dr —

" -1
log%/v O(r)tP~ dt (12)

and

log?/u

QO(v)B u) + B"’é‘/“ z] . (13)

1
/ 0 (ul_TvT) B! ,dt =
0 ,

log B,
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Using (12) and (13) in (11) we get the desired result.

COROLLARY 3. In Theorem 3, if we choose w(t) = m, we get the following
inequality:

1 b f()
)= logb —loga /a le

/19 /19 Ry
< 1 1 logl-‘ré { (xp _L(ap,xp))% L(|f ‘ (a) ) |f||f/‘€])2)) ‘f | ()C)
prloghb/a a log 770
ars _ ars ay a
iog} 2 37y LI ZLU 11T 6
log [,

THEOREM 4. Under the assumptions of Theorem 1, we get the following inequal-
ity

1 1
L P (1 ) 7
< z 14 VA _
< logy ( ’ w (t)dt) < log Ayt (Agx—1)

1 1
1b (P 7 (b|f'17(b) a
1 - 1— P — 2 (A —1
viogh 2 (["a-wioyrar)" (BEEE (4 n)
where A, defined as in Theorem 1.

Proof. By a similar argument to the proof of previous theorems, since |f’|? is
GG-convex function on [a,b], from Lemma | and the Holder integral inequality, we
get

‘f(x) - [(wirwa (14)

x ([ b 1 .
< loga (/ wP (xl—rar) xl_TaTdT) (/ |f/|q (xl—rar)xl—rard,[)
0 0
b v i
4 q
+log (/ (1 —W(b”xf))”b”xfdr) (/ 17 (b”xf)b”xfdr)
0 0

X ! prol—t T\ 1-T 1T % ! /1(1-T)g 1179 I-7,7 q
glogg /OW(x at)x' "tatdt /O|f| @) [f]" (a)x"d"dT

+10g§ (/()I(I—W(blfxf))ﬁblfxfdr> %Uol Ol (x)b”x’dr) %.
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By a simple computation, we get

1 1
p(,1-7.7\ 1-7 Tdr = 15
/0 0 (u % )u vdrt ook (15)
and
Lar d ! A 1 16
A =——JA,,—1].
/o nu T logA,,’M[ " ] (16)

If we use (15) and (16) in (14) we get the desired result.

Lastly, we will give a new result for GA -convex functions as following:

THEOREM 5. Let I C (0,00) be an interval, a,b € I°, a < b. Let w be a nonneg-
ative integrable function on [a,b] such that fa w(x)dx =1 and let W (t) = [} w(x)dx.
Let f:1— R be afunction differentiable on 1°. If |f'|? is GA-convex function on [a,b]
for some q > 1, then for x € |a,b], following inequality holds

1) [ wi s
1ogq_</W I ld’>F(’f’(X)|q'<1+’f/(a>|q’<2)

+logt 7 ( [ —W(z))zl"dt) @) 17 )

X

_—=

<

where 11—7 = l—é and
- [ 1255 ) o
e b (£25) o
Ky = (I—W(x))—/x Ezii (1— ;ffg%%)] wit)di

1 b /logi\?
=(1- - b
= (=) =5 [ (k) i

provided that all integrals exist.

Proof. Similar to the proof of the previous theorems, by using Lemma 1, Holder
integral inequality and GA-convexity of |f’|?, one can immediately get the result. We
omit the details.

REMARK 3. Results similar to Theorems 2, 3, 4 can also be obtained for GA -
convex functions and some applications for special means can be given. It is left to the
interested readers.
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