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Abstract. In this paper, we established some Ostrowski like integral inequalities for functions
whose derivatives of absolute values are GG -convex and GA -convex functions via a new integral
identity. General results are obtained using the weighted Montgomery identity. Also, particular
results for the weight function w(t) = 1

t logb/a are given.

1. Introduction

We will start with the definiton of convexity that has utilization in all branches of
mathematics and has several applications in mathematical analysis, optimization and
statictics.

The function f : I ⊂R → R is a convex function on an interval I , if the inequality

f (tx+(1− t)y) � t f (x)+ (1− t) f (y)

holds for all x,y ∈ I and t ∈ [0,1] .
Let f : I ⊂ [0,∞)→R be a differentiablemapping on I◦ , the interior of the interval

I, such that f ′ ∈ L[a,b] where a,b ∈ I with a < b. If | f ′(x)| � M , then the following
inequality holds

∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (u)du

∣∣∣∣� M
b−a

[
(x−a)2 +(b− x)2

2

]
.

This inequality is well known in the literature as the Ostrowski inequality.
In [4], Niculescu mentioned the following considerable definitions:
The GG-convex functions (called also multiplicatively convex functions) are those

functions f : I → J ( I, J are subintervals of (0,∞)) such that

x,y ∈ I and λ ∈ [0,1] =⇒ f
(
x1−λ yλ

)
� f (x)1−λ f (y)λ . (1)
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The class of all GA-convex functions is constituted by all functions f : I → R (defined
on subintervals of (0,∞)) for which

x,y ∈ I and λ ∈ [0,1] =⇒ f
(
x1−λ yλ

)
� (1−λ ) f (x)+ λ f (y) . (2)

Besides, recall that the condition of GA-convexity is x2 f ′′ + x f ′ � 0 which implies all
twice differentiable nondecreasing convex functions are also GA-convex.

For recent results, generalizations, improvements and counterparts see the papers
[3], [4], [6], [7], [8], [9] and references therein.

In [2], the authors have mentioned the weighted Montgomery identity as following
(see also [1] and [5]):

f (x) =
∫ b

a
w(t) f (t)dt +

∫ b

a
Pw(x,t) f ′(t)dt, (3)

where f : [a,b] → R is differentiable on [a,b] , f ′ : [a,b] → R is integrable on [a,b]
and w : [a,b] → [0,∞) is some normalized weight function, i.e. an integrable function
satisfying

∫ b
a w(t)dt = 1, W (t) =

∫ t
a w(x)dx for t ∈ [0,1] . The weighted Peano kernel

is

Pw(x,t) =

{
W (t), a � t � x

W (t)−1, x < t � b.

For the uniform weight function w(t) = 1
b−a , t ∈ [a,b] , (3) reduces to the Montgomery

identity,

f (x) =
1

b−a

∫ b

a
f (t)dt +

∫ b

a
P(x,t) f ′(t)dt, (4)

where

P(x,t) =

⎧⎪⎨
⎪⎩

t−a
b−a

, a � t � x

t−b
b−a

, x < t � b.

In [2], Aljinović and Pečarić have given a discrete analogue of the weighted Mont-
gomery identity for mappings of two variables and have proved some new discrete Os-
trowski type inequalities.

The main aim of this paper is to prove some new integral inequalities for GG-
convex and GA-convex functions by using a new integral identity.

2. New inequalities for GG- and GA-convex functions

We will give a new integral identity which is emboided in the following lemma to
obtain our results. The proof of identity is based on using the weighted montgomery
identity.
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LEMMA 1. Let I ⊂ (0,∞) be an interval, a,b∈ Io , a < b. Let w be a nonnegative
integrable function on [a,b] such that

∫ b
a w(x)dx = 1 and let W (t) =

∫ t
a w(x)dx. Let

f : I → R be a function differentiable on Io. Then for x ∈ [a,b]

f (x)−
∫ b

a
w(t) f (t)dt = log

x
a
I
(
f ′,a,x;W

)
+ log

b
x
I
(
f ′,x,b;W −1

)

holds, where I (F,v,u;Q) =
∫ 1
0 Q
(
u1−τvτ)F (u1−τvτ)u1−τvτdτ , provided that all inte-

grals exist.

Proof. Using the weighted Montgomery identity we get

f (x)−
∫ b

a
w(t) f (t)dt =

∫ b

a
P(w,t) f ′(t)dt

=
∫ x

a
W (t) f ′(t)dt +

∫ b

x
(W (t)−1) f ′(t)dt

=
∫ 1

0
W
(
x1−τaτ) f ′

(
x1−τaτ)x1−τaτ log

x
a
dτ

+
∫ 1

0

(
W (b1−τxτ)−1

)
f ′(b1−τxτ)b1−τxτ log

b
x
dτ

= log
x
a
I
(
f ′,a,x;W

)
+ log

b
x
I
(
f ′,x,b;W −1

)

where in the first integral we use substitution t = x1−τaτ , and in the second integral we
use substitution t = b1−τxτ .

REMARK 1. If we choose w(u) = 1
u logb/a in Lemma 1, we get the following

equality:

log
b
a

f (x)−
∫ b

a

f (u)
u

du

= log2 x
a

∫ 1

0
(1− τ)x1−τaτ f ′

(
x1−τaτ)dτ − log2 b

x

∫ 1

0
τb1−τxτ f ′

(
b1−τxτ)dτ.

A new inequality for GG-convex functions is given in the following theorem.

THEOREM 1. Let I ⊂ (0,∞) be an interval, a,b ∈ Io , a < b. Let w be a nonneg-
ative integrable function on [a,b] such that

∫ b
a w(x)dx = 1 and let W (t) =

∫ t
a w(x)dx.

Let f : I → R be a function differentiable on Io. If | f ′|q is GG-convex function on
[a,b] for some q > 1, then for all x ∈ [a,b] , following inequality holds
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∣∣∣∣ f (x)−
∫ b

a
w(t) f (t)dt

∣∣∣∣
� log

1
q

x
a

(∫ x

a
W (t)dt

) 1
p
(

x | f ′(x)|q
logAa,x

[
−W (x)+

∫ x

a
w(t)A

logt/x
loga/x
a,x dt

]) 1
q

+ log
1
q

b
x

(∫ b

x
(1−W(t))dt

) 1
p
(

b | f ′(b)|q
logAx,b

[
(1−W(x))Ax,b −

∫ b

x
w(t)A

log t/b
logx/b
x,b dt

]) 1
q

where 1
p = 1− 1

q and Av,u =
v| f ′|q(v)
u| f ′|q(u) , provided that all integrals exist.

Proof. From Lemma 1 and the Hölder inequality, we get∣∣∣∣ f (x)−
∫ b

a
w(t) f (t)dt

∣∣∣∣ (5)

� log
x
a
I
(∣∣ f ′∣∣ ,a,x;W

)
+ log

b
x
I
(∣∣ f ′∣∣ ,x,b;1−W

)

� log
x
a

(∫ 1

0
W
(
x1−τaτ)x1−τaτdτ

) 1
p
(∫ 1

0
W
(
x1−τaτ)∣∣ f ′∣∣q (x1−τaτ)x1−τaτdτ

) 1
q

+ log
b
x

(∫ 1

0

(
1−W(b1−τxτ)

)
b1−τxτdτ

) 1
p

×
(∫ 1

0

(
1−W(b1−τxτ)

) ∣∣ f ′∣∣q (b1−τxτ)b1−τxτdτ
) 1

q

= log
x
a

(I (1,a,x;W ))
1
p
(
I
(| f ′|q,a,x;W

)) 1
q

+ log
b
x

(I (1,x,b;1−W))
1
p
(
I
(| f ′|q,x,b;1−W

)) 1
q ,

where I(F,v,u;Q) is defined as in Lemma 1. Using the GG-convexity of | f ′|q and
integration by parts, we get

I
(∣∣ f ′∣∣q ,v,u;Q

)
� u | f ′|q (u)

logAv,u

[
−Q(u)+Q(v)Av,u +

∫ u

v
Q′(t)A

logt/u
logv/u
v,u dt

]
. (6)

Calculating I (1,v,u;Q) , we get

I (1,v,u;Q) =
1

logu/v

∫ u

v
Q(t)dt. (7)

Using (6) and (7) in (5), we get the desired result.



NEW OSTROWSKI LIKE INEQUALITIES FOR GG-CONVEX AND GA-CONVEX FUNCTIONS 1163

REMARK 2. In Theorem 1, if we choose q → 1, we get the following inequality:

∣∣∣∣ f (x)−
∫ b

a
w(t) f (t)dt

∣∣∣∣
� log

x
a

(
x | f ′(x)|
logAa,x

[
−W (x)+

∫ x

a
w(t)A

logt/x
loga/x
a,x dt

])

+ log
b
x

(
b | f ′(b)|
logAx,b

[
(1−W(x))Ax,b −

∫ b

x
w(t)A

log t/b
logx/b
x,b dt

])
.

We can consider inequalities for different weights w, but here we give only result
for a particular weight w(t) = 1

t logb/a .

COROLLARY 1. If assumptions of Theorem 1 are satisfied with w(t) = 1
t logb/a ,

then the following inequality holds:

∣∣∣∣ f (x)− 1
logb− loga

∫ b

a

f (t)
t

dt

∣∣∣∣
�

log1+ 1
q x

a

log b
a

(x−L(a,x))
1
p

⎡
⎣x | f ′|q (x)−L(a | f ′|q (a) ,x | f ′|q (x))

log x| f ′|q(x)
a| f ′|q(a)

⎤
⎦

1
q

+
log1+ 1

q b
x

log b
a

(L(x,b)− x)
1
p

⎡
⎣L(x | f ′|q (x) ,b | f ′|q (b))− x | f ′|q (x)

log b| f ′|q(b)
x| f ′|q(x)

⎤
⎦

1
q

where L(x,y) = y−x
logy−logx .

THEOREM 2. Under the assumptions of Theorem 1, we get the following inequal-
ity

∣∣∣∣ f (x)−
∫ b

a
w(t) f (t)dt

∣∣∣∣
� x
∣∣ f ′(x)∣∣ log

1
q

x
a

(∫ x

a

W p(t)
t

dt

) 1
p
(

1
logCa,x

[Ca,x −1]
) 1

q

+b
∣∣ f ′(b)

∣∣ log
1
q

b
x

(∫ b

x

(1−W(t))p

t
dt

) 1
p
(

1
logCx,b

[
Cx,b −1

]) 1
q

where Cv,u =
vq| f ′|q(v)
uq| f ′|q(u) .
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Proof. From Lemma 1, using the Hölder inequality and GG-convexity of | f ′|q
we get

∣∣∣∣ f (x)−
∫ b

a
w(t) f (t)dt

∣∣∣∣ (8)

� log
x
a

(∫ 1

0
W p (x1−τaτ)dτ

) 1
p
(∫ 1

0

∣∣ f ′∣∣q (x1−τaτ)x(1−τ)qaτqdτ
) 1

q

+ log
b
x

(∫ 1

0

(
1−W(b1−τxτ )

)p
dτ
) 1

p
(∫ 1

0

∣∣ f ′∣∣q (b1−τxτ)b(1−τ)qxτqdτ
) 1

q

� log
x
a

(∫ 1

0
W p (x1−τaτ)dτ

) 1
p
(∫ 1

0

∣∣ f ′∣∣(1−τ)q (x)
∣∣ f ′∣∣τq (a)x(1−τ)qaτqdτ

) 1
q

+ log
b
x

(∫ 1

0

(
1−W(b1−τxτ )

)p
dτ
) 1

p
(∫ 1

0

∣∣ f ′∣∣(1−τ)q (b)
∣∣ f ′∣∣τq (x)b(1−τ)qxτqdτ

) 1
q

.

By a simple computation, we get

∫ 1

0
Qp (u1−τvτ)dτ =

1
log u

v

∫ u

v

Qp(t)
t

dt (9)

and ∫ 1

0
Cτ

v,udτ =
Cv,u −1
logCv,u

, (10)

where Q is a function and Cv,u is defined in theorem. Using (9) and (10) in (8) we get
the desired result.

COROLLARY 2. In Theorem 2, if we choose w(t) = 1
t logb/a , then we get the fol-

lowing inequality:

∣∣∣∣ f (x)− 1
logb− loga

∫ b

a

f (t)
t

dt

∣∣∣∣
� 1

logb− loga

(
1

p+1

) 1
p
[
log2 x

a

(
L
(
aq
∣∣ f ′∣∣q (a) ,xq

∣∣ f ′∣∣q (x)
)) 1

q

+ log2 b
x

(
L
(
xq
∣∣ f ′∣∣q (x) ,bq

∣∣ f ′∣∣q (b)
)) 1

q

]
.

THEOREM 3. Under the assumptions of Theorem 1, we get the following inequal-
ity
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∣∣∣∣ f (x)−
∫ b

a
w(t) f (t)dt

∣∣∣∣
�
∣∣ f ′(x)∣∣ log

1
q

x
a

(∫ x

a
W (t)t p−1dt

) 1
p
(

1
logBa,x

[
−W (x)+

∫ x

a
B

log t/x
loga/x
a,x w(t)dt

]) 1
q

+
∣∣ f ′(b)

∣∣ log
1
q

b
x

(∫ b

x
(1−W(t))t p−1dt

) 1
p

×
(

1
logBx,b

[
(1−W(x))Bx,b−

∫ b

x
B

logt/b
logx/b
x,b w(t)dt

]) 1
q

where Bv,u = | f ′|q(v)
| f ′|q(u) .

Proof. From Lemma 1, using the Hölder inequality and GG-convexity of | f ′|q
we get∣∣∣∣ f (x)−

∫ b

a
w(t) f (t)dt

∣∣∣∣ (11)

� log
x
a

(∫ 1

0
W
(
x1−τaτ)(x1−τaτ)p dτ

) 1
p
(∫ 1

0
W
(
x1−τaτ) ∣∣ f ′∣∣q (x1−τaτ)dτ

) 1
q

+ log
b
x

(∫ 1

0

(
1−W(b1−τxτ )

)(
b1−τxτ)p dτ

) 1
p

×
(∫ 1

0

(
1−W(b1−τxτ )

)∣∣ f ′∣∣q (b1−τxτ)dτ
) 1

q

� log
x
a

(∫ 1

0
W
(
x1−τaτ)(x1−τaτ)p dτ

) 1
p
(∫ 1

0
W
(
x1−τaτ)∣∣ f ′∣∣(1−τ)q (x)

∣∣ f ′∣∣τq (a)dτ
) 1

q

+ log
b
x

(∫ 1

0

(
1−W(b1−τxτ )

)(
b1−τxτ)p dτ

) 1
p

×
(∫ 1

0

(
1−W(b1−τxτ )

)∣∣ f ′∣∣(1−τ)q (b)
∣∣ f ′∣∣τq (x)dτ

) 1
q

.

By a simple computation, we get∫ 1

0
Q
(
u1−τvτ)(u1−τvτ)p dτ =

1
log u

v

∫ u

v
Q(t)t p−1dt (12)

and
∫ 1

0
Q
(
u1−τvτ)Bτ

v,udτ =
1

logBv,u

[
Q(v)Bv,u −Q(u)+

∫ u

v
B

logt/u
logv/u
v,u Q′(t)dt

]
. (13)
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Using (12) and (13) in (11) we get the desired result.

COROLLARY 3. In Theorem 3, if we choose w(t) = 1
t logb/a , we get the following

inequality:∣∣∣∣ f (x)− 1
logb− loga

∫ b

a

f (t)
t

dt

∣∣∣∣
� 1

p
1
p logb/a

⎧⎪⎨
⎪⎩log1+ 1

q
x
a

(xp−L(ap,xp))
1
p

⎛
⎝L(| f ′|q (a) , | f ′|q (x))−| f ′|q (x)

log | f ′ |q(a)
| f ′|q(x)

⎞
⎠

1
q

+ log1+ 1
q

x
b

(L(xp,bp)− xp)
1
p

⎛
⎝ | f ′|q (x)−L(| f ′|q (x) , | f ′|q (b))

log | f ′ |q(x)
| f ′|q(b)

⎞
⎠

1
q

⎫⎪⎬
⎪⎭ .

THEOREM 4. Under the assumptions of Theorem 1, we get the following inequal-
ity ∣∣∣∣ f (x)−

∫ b

a
w(t) f (t)dt

∣∣∣∣
� log

1
q

x
a

(∫ x

a
W p(t)dt

) 1
p
(

x | f ′|q (x)
logAa,x

(Aa,x −1)
) 1

q

+ log
1
q

b
x

(∫ b

x
(1−W(t))p dt

) 1
p
(

b | f ′|q (b)
logAx,b

(
Ax,b −1

)) 1
q

,

where Av,u defined as in Theorem 1.

Proof. By a similar argument to the proof of previous theorems, since | f ′|q is
GG-convex function on [a,b], from Lemma 1 and the Hölder integral inequality, we
get ∣∣∣∣ f (x)−

∫ b

a
w(t) f (t)dt

∣∣∣∣ (14)

� log
x
a

(∫ 1

0
W p (x1−τaτ)x1−τaτdτ

) 1
p
(∫ 1

0

∣∣ f ′∣∣q (x1−τaτ)x1−τaτdτ
) 1

q

+ log
b
x

(∫ 1

0

(
1−W(b1−τxτ )

)p
b1−τxτdτ

) 1
p
(∫ 1

0

∣∣ f ′∣∣q (b1−τxτ)b1−τxτdτ
) 1

q

� log
x
a

(∫ 1

0
W p(x1−τaτ)x1−τaτdτ

) 1
p
(∫ 1

0

∣∣ f ′∣∣(1−τ)q (x)
∣∣ f ′∣∣τq (a)x1−τaτdτ

) 1
q

+ log
b
x

(∫ 1

0
(1−W (b1−τxτ))pb1−τxτdτ

) 1
p
(∫ 1

0

∣∣ f ′∣∣(1−τ)q (b)
∣∣ f ′∣∣τq (x)b1−τxτdτ

) 1
q

.
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By a simple computation, we get∫ 1

0
Qp (u1−τvτ)u1−τvτdτ =

1
log u

v

∫ u

v
Qp(t)dt (15)

and ∫ 1

0
Aτ

v,udτ =
1

logAv,u
[Av,u −1] . (16)

If we use (15) and (16) in (14) we get the desired result.

Lastly, we will give a new result for GA-convex functions as following:

THEOREM 5. Let I ⊂ (0,∞) be an interval, a,b ∈ Io , a < b. Let w be a nonneg-
ative integrable function on [a,b] such that

∫ b
a w(x)dx = 1 and let W (t) =

∫ t
a w(x)dx.

Let f : I →R be a function differentiable on Io. If | f ′|q is GA-convex function on [a,b]
for some q > 1, then for x ∈ [a,b] , following inequality holds∣∣∣∣ f (x)−

∫ b

a
w(t) f (t)dt

∣∣∣∣
� log

1
q

x
a

(∫ x

a
W (t)t p−1dt

) 1
p (∣∣ f ′(x)∣∣q κ1 +

∣∣ f ′(a)
∣∣q κ2

) 1
q

+ log
1
q

b
x

(∫ b

x
(1−W(t))t p−1dt

) 1
p (∣∣ f ′(b)

∣∣q κ3 +
∣∣ f ′(x)∣∣q κ4

) 1
q ,

where 1
p = 1− 1

q and

κ1 =
∫ x

a

[
log t

x

log a
x

(
1− log t

x

2log a
x

)]
w(t)dt

κ2 =
1
2

∫ x

a

(
log t

x

log a
x

)2

w(t)dt

κ3 = (1−W(x))−
∫ b

x

[
log t

b

log x
b

(
1− log t

b

2log x
b

)]
w(t)dt

κ4 = (1−W(x))− 1
2

∫ b

x

(
log t

b

log x
b

)2

w(t)dt,

provided that all integrals exist.

Proof. Similar to the proof of the previous theorems, by using Lemma 1, Hölder
integral inequality and GA-convexity of | f ′|q , one can immediately get the result. We
omit the details.

REMARK 3. Results similar to Theorems 2, 3, 4 can also be obtained for GA-
convex functions and some applications for special means can be given. It is left to the
interested readers.
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