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HERMITE INTERPOLATION AND INEQUALITIES INVOLVING
WEIGHTED AVERAGES OF n—-CONVEX FUNCTIONS

JosiP PECARIC AND MARJAN PRALJAK

(Communicated by C. P. Niculescu)

Abstract. By using Hermite interpolation we obtain Popoviciu-type inequalities containing sums
S pif(xi), where f is an n-convex function. We also give integral analogues of the results,
as well as bounds for integral remainders of identities associated with the obtained inequalities.

1. Introduction

Pecari¢ [5] proved the following result (see also [0, p. 262]):

PROPOSITION 1.1. The inequality

m

> pif(x) =0 (1)

i=1

holds for all convex functions f if and only if the m-tuples x = (X1,...,Xpn), P =
(P17~~~,P;n) € R™ satisfy

Zpi:O and Zpt|xz_xk| 0 for kE{l } 2
j= i=1

Since

Epllxl—xk|—22pl Xi—Xg)+ Epl Xi —Xg),

i=1 i=1

where y+ = max(y,0), it is easy to see that condition (2) is equivalent to

Y pi=0, Y pxi=0 and Zp, xi—xx)+ =0for ke {l,....m—1}. (3)
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Let A denote the linear operator A(f) = X" | pif(x;), let w(x,7) = (x—1)+ and
x(rln) <X(2) < ... <X be the sequence x in ascending order. Notice that A(w(-,x)) =
Yy pi(xi —xi)+ . For t € [x(), X(k+1)] We have

Aw(0)) =AW(xw)) + (g —1) X pis

{iix,‘>X(k)}

so the mapping ¢ +— A(w(-,?)) is linear on [x(x),X(i41)] - Furthermore, A(w(-,x(,)) =0,
so condition (3) is equivalent to

m m m
Ep,- =0, Ep,-x,- =0 and Zp,-(x,- —1)4 = 0forevery t € [x(1),X(n_1)]- (4)
i=1 i=1 i=1

It turns out that condition (4) is appropriate for extension of Proposition 1.1 to the
integral case and the more general class of n-convex functions.

DEFINITION 1.2. The n-th order divided difference of a function f:1 — R,
where [ is an interval in R, at distinct points x,...,x, € I is defined recursively (see
[6]) by

flxi]=f(xi), (i=0,...,n)

and

flx0y. - x0] = f[xh"'axnin—_f)[:(jo,..,’xn_ﬂ'

The function f is said to be n-convex on I, n > 0, if for all choices of (n+ 1) distinct
points in /, the n-th order divided difference of f satisfies

Flx0y--sxn] = 0.

The value f[xo,...,x,] is independent of the order of the points xo, ..., x,. If £
exists, then f is n-convex if and only if f(”) > 0. For 1 <k<n-—2,afunction f is
n-convex if and only if f(¥) exists and is (n — k)-convex.

The following result is due to Popoviciu [7, 8] (see [10, 6] also).

PROPOSITION 1.3. Let n > 2. Inequality (1) holds for all n-convex functions
f:la,b] = R if and only if the m-tuples x € [a,b]", p € R™ satisfy

Ep,-xi-‘zo, forall k=0,1,....n—1 ®))
i=1
m
Epi(xi —t)’_’[1 >0, foreveryt€la,b). (6)
i=1

In fact, Popoviciu proved a stronger result — it is enough to assume that (6) holds
for every ¢ € [x( 1)>X(m—n +1)} and then, due to (5), it is automatically satisfied for every
t € [a,b]. The integral analogue (see [9, 6]) is given in the next proposition.



HERMITE INTERPOLATION AND WEIGHTED AVERAGES OF 1n-CONVEX FUNCTIONS 1171

PROPOSITION 1.4. Let n>2, p:|a,f] — R and g : [0, B] — [a,b]. Then, the

inequality
B
| pef(et)dx >0 %
o
holds for all n-convex functions f : [a,b] — R if and only if

B
/p(x)g(x)kdxzo, forall k=0,1,...,n—1
8)

/p x)—1)} Ydx>0, forevery t €[a,b).

In this paper we will derive inequalities of type (1) and (7) for n-convex functions
by making use of the Hermite interpolation. Let —cc <a < a) <ap <---<a, < b < oo,
r > 2. The Hermite interpolation of a function f € C"[a,b] is of the form

f(x) = Pu(x) + en(x)

where Py is the unique polynomial of degree n — 1, called the Hermite interpolating
polynomial of f, satisfying

Pg)(aj) :f(")(aj)7 0<i<k;, 1<j<n ij—i—r: n.
The associated error ey (x) can be represented in terms of the Green’s function
Gp . (x,s) for the multipoint boundary value problem
M) =0, zV(aj)=0, 0<i<k;, 1<j<n
that is, the following result holds (see [2]):

THEOREM 1.5. Let f € C"[a,b], and let Py be its Hermite interpolating polyno-
mial. Then

Hi;(x) f9(a;) + / Grrn(x,8) £ (s)ds, 9)

where H;j are the fundamental polynomials of the Hermite basis defined by

1 w(x NP dk p(x—ap)kit!
() = LW s Hﬁ(%>

il (x—ay)t 2 (-a)' o

X:Llj

w(x)

where
w(x) = [T(x—a;)" ™! (11)
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and Gy ,, is the Green’s function defined by

—i—1

i (aj—s)
21 121 -0 ]n i— 1) Hij(x)7 S<x7

u] s)" i—1

l+lzz =0 "(n—i—1)! Hij(x), s > x

Gun(x,s) = (12)

forall ay <s< a4y, 1=0,1,....r (ap=a,a,11=D).

The following are some special cases of the Hermite interpolation of functions:
(i) (myn—m) conditions: r=2,a; =a,ay=b, 1 <m<n—1,k =m—1 and
ko =n—m— 1. In this case

m—1 . n—m—1 . b
10)="3 5Wr@+ 3 mrO0)+ [ Gualas) ),
i=0 i=0 a
where
1 x—=b\"AT e k=1 fx—ank
a() = z(v—a) (2= P ( . )(m) (13)
1 x—a\"" T i k=1 fx—by\*
=z (G=) X (")) a4

and the Green’s function G, , is of the form
m—1 m—1—j n—m+p—1\ ( x—a P (x—a)i(a—s)" 171 ((p—x "™
Zio [Zp:o (G )(m) }W bma) o SSE

ST [ e () TR () s
(15)
(if) Taylor’s two-point condition: m € N, n=2m, r =2, a; = a, a, = b and
ki =k, =m — 1. In this case

Gn(x,8) =

m_lm—i=1 /. p x—a) /x—b\"/x—a\k .
=2 2 ( +lf 1)[( ! ) <a—l;)> (5=a) @
B )" () 0] [ o

where the Green’s function Gar, is of the form

(=)™ p"(x,s) ka:_o1 (er,I:A) (X—S)mflfqu(x,s), s <X,

Garm(X,8) = m——
/ Y _ _ Ml
(2m —1)! q"(x,s) kazol (m+,]: 1) (s —x) ! kpk(x,s), x <,

where p(x,s) = % and q(x,s) = p(s,x).

The following lemma yields the sign of the Green’s function (12) on certain inter-
vals (see Lemma 2.3.3, page 75, in [2]).
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LEMMA 1.6. The Green’s function Gy , given by (12) and w given by (11) satisfy

Gualx,

M >0, for ay<x<a, a <s<a
w(x)

Integration by parts easily yields that for any function f € C?[a,b] the following

holds
B b—x X

10 = 7= ta) + 5= )+ [ Gl (s 16)

where the function G : [a,b] x [a,b] — R is the Green’s function of the boundary value
problem

and is given by
(x—b)(s—a)

a5 for a<s <x,
G(x,s) = (17)
%, for x < s<b.

The function G is continuous, symmetric and convex with respect to both variables
x and s.

2. Main results
We will start this section with several identities.
THEOREM 2.1. Let —cc<a<ai<ap < - <a,<b<oo, r=2, z;zlkﬂ—r:

n, f€C"a,b], x € [a,b]", p € R™ and let H;; and Gy, be given by (10) and (12).
Then

m r kj m . b m
S ooifeu) = X3 piHii () f (@) + Y prGrrn(xe,s) f (s)ds. (18)
=1 =1i=0k=1 ajo

Proof. By applying identity (9) at x;, multiplying it by p; and summing up we
obtained the required identity. [l

The integral version of the previous theorem is the following:
THEOREM 2.2. Let —o<a<a1<ap <---<a,<b<oo, r>=2, 2;:1kj+r:

n, feCa,b], g:[o,B] — [a,b], p:|a,B] — R and let H;j and Gy, be given by
(10) and (12). Then

B rY B
| posetordx = 3,3 1)) [ plot () dx

j=1i=0

* /ab (/j P(x)Grn(8(x),5) dx) " (s)ds.
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THEOREM 2.3. Let —o<a<a1<ap <---<a,<b<oo, r>=2, 2;:1kj+r:
n—2, feC"a,b], x € [a,b]", peR" and let H;j and Gy n—» be given by (10) and
(12). Then

RUTEEUEICS S EDILE

k=1 b k=

+22f’+2 ) [ 3 pi s )

j=1i=0

b m
+/ / Zkaxk, VGrin_a(s,0) f" (1) dt ds. (19)

Proof. Applying identity (16) at x;, multiplying it by p; and summing up we
obtain

m b m
Epkf Xk) /) Z ZPkXH- f(@) EPH-/ ZPkG xi,8)f" (s)ds.
B B (20)
By Theorem 1.5, f”(s) can be expressed as
r kj . b
£15) =33 Hij(s) £ (a)) + / Grna(s,0) ) (1) dt. @1)
j=1i=0 J

Inserting (21) in (20) we get (19). 0O
We also state the integral version of the previous theorem.
THEOREM 2.4. Let —co<a<ai<ap < - <a,<b<oo, r=2, 2§:1kj+r:

n—2, feCa,bl, g:a,B] — [a,b], p: [, B] — R and let H;j and Gy > be given
by (10) and (12). Then

[ pssenas = LD g acs (“)j"f“’) [/ pwya

+szl+2 a,/ (/ p(x )dx> (s)ds

j=1i=0

+// (/ p(x )dx> G na(s,)f" (1) dt ds.

Next we will use the identities proven above to derive inequalities.

THEOREM 2.5. Let —o<a<ai<ap <--<a,<b<oo, r>=2, 2, 1kji+r=
n, X € [a,b]", peR™ andlet H;j and Gy, be given by (10) and (12). If f : [a,b] = R
is n-convex and

m
Z PiGH u(x,8) =0 forall s € [a,b], (22)
k=1
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then
m r j m
PWAEOEDIDY 2 piHij(x) f(a)). (23)
k=1 j=1i=0k=
If the inequality in (22) is reversed, then the inequality in (23) is reversed also.

Proof. 1f (22) holds, then the second term on the right hand side (18) is nonnega-
tive. [

THEOREM 2.6. Let —o<a<ai<ap < - <a,<b<oo, r=2, 2, 1kj+r=
n, x € a,b]™, p:la,B] — R and let H;j and Gu, be given by (10) and (12). If
f:la,b] = R is n-convex and

[ PWIGuala).9) x>0 jorall s [ab], @

then

/jp(X)f dx > ZZf a,/p Hij(x (25)

j=li=
If the inequality in (24) is reversed, then the inequality in (25) is reversed also.

THEOREM 2.7. Let —co<a=a;<ap <--<a,=b<oo, r>2, 2;:1kj+r:
n—2, x € [a,b]™, p€R" and let H;j and Gy ,—> be given by (10) and (12). Let
f:la,b] = R be n-convex and

Y piG(xk,s) =0 forall s€[a,b], (26)
=1

and consider the inequality

5 [(6)—f(a)

m m a m
Z, Pif(xx) - Z, DicXk + Z,

fla
a
r kj
+ 3, D S / Eka X¢,5)Hij (s)ds. 27
j=1i=0 a

(i) Ifkj for j=2,...,r are odd, then (27) holds.
(i) If kj for j=2,...,r—1 are odd and k; is even, then the reverse of (27) holds.

Proof. (i) Assume first that f € C"[a,b]. Due to the assumptions w given by
(11) satisfies w(x) > 0 for all x and, hence, by Lemma 1.6, Gy ,—2(s,7) > 0 for all
s,t € [a,b]. Therefore, the last term on the right hand side of (19) is nonnegative,
so inequality (27) holds. The inequality for general f follows since every n-convex
function can be obtained, by making use of the Bernstein polynomials, as a uniform
limit of n-convex functions with a continuous n-th derivative (see [6]).

(i) Under these assumptions w(x) <0, so Gy ,—2(s,7) < 0. The rest of the proof
is the same asin (7). O
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THEOREM 2.8. Let —o<a=a; <ay <

<ar=b<o, r>=2, 2;:1kj+r:
n—2,g:(o,f] =R, p:[o,B] — R and let H;j be given by (10). Let f:[a,b] — R
be n-convex and

[ o

$)dx>0 forall sé€ [a,b],
and consider the inequality

/ p(x ))dx > W/fp( )g( )dx—i—bf(al)]: /() /aﬁp(x)dx
+,21k210 (i+2) / (/ plx dx> (s)ds. (28)
(i) If k; for j=2,..

., 1 are odd, then (28) holds.
(it) If kj for j=2,

r— 1 are odd and k; is even, then the reverse of (28) holds.
In the case of the (m,n —

) conditions we have the following corollary

COROLLARY 2.9. Ler 1; and m; be given by (13) and (14) and let x € [a,b]™
and p € R™ be such that (26) holds. Let f : [a,b] — R be n-convex and consider the
inequality

2 pif (xx) f 2 Pixk+ a)%zf(b)

m — n—[—1
+/ (Z ka(xk7S)> (Z Ti(s) £ (a)+ Z ni(s
a \k=1 i=0

(i) If n—1 is even, then (29) holds.

F2) )) ds. (29)

(ii) If n—1 is odd, then the reverse of (29) holds

In the case of Taylor’s two point conditions we have the following corollary

COROLLARY 2.10. Let x € [a,b]™ and p € R™ be such that (26) holds. Let f
[a,b] — R be n-convex and consider the inequality

k=1

o) 10§ [ ($ ot
k=1 k=1 a k=1
S (s—a) /s—b Los—ank

(T E (I

k

(30)
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(i) If 1 is even, then (30) holds.

(ii) If l is odd, then the reverse of (30) holds.

THEOREM 2.11. Let —o<a=a1<ay<---<ar=b<oo, r>2, 2;:1kj—|—r:
n—2,let X € [a,b]" and p € R™ satisfy (2), and let H;j and Gy ,—» be given by (10)
and (12). Let f : [a,b] — R be n-convex and consider the inequality

=~

Epkf(xk>>2if<f+2 / Ekax;“ ij(s)ds 31)
k=1 a k=1

j=1i=0

and the function

Zj e /st i (32)

(i) If kj for j=2,...,r are odd, then (31) holds. Furthermore, if the function F is
convex, then inequality (1) holds.

(it) If kj for j=2,...,r—1 are odd and k; is even, then the reverse of (31) holds.
Furthermore, if the function F is concave, then the reverse of inequality (1)
holds.

Proof. The function G(x,s) is convex in the first variable, so assumption (26) is
satisfied by Proposition 1.1. Now, the claims of the theorem follow from Theorem 2.7
and Proposition 1.1. [J

THEOREM 2.12. Let —o<a=a1<ap<---<a,=b<oo, r>=2, 2;:1kj+r:
n—2,let g:[a,B] =R and p: |, B] — R satisfy (8), and let H;j and Gy ,—> be given
by (10) and (12). Let f : [a,b] — R be n-convex and consider the inequality

/aﬁ px)f(x)dx > gg FUD( / (/ plx )dx) i(s)ds  (33)

and the function F given by (32).

(i) If kj for j=2,...,r are odd, then (33) holds. Furthermore, if the function F is
convex, then inequality (7) holds.

(i) If kj for j=2,...,r—1 are odd and k, is even, then the reverse of (33) holds.
Furthermore, if the function F is concave, then the reverse of inequality (7)
holds.
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3. Bounds for identities related to the Popoviciu-type inequalities

Let f,h: [a,b] — R be two Lebesgue integrable functions. We consider the
Cebysev functional

fih)=5— /f dx—(b a/f dx><b_ /h dx>

The following results can be found in [4].

PROPOSITION 3.1. Let f : [a,b] — R be a Lebesgue integrable function and h :
[a,b] — R be an absolutely continuous function with (- —a)(b—-)[l')* € L[a,b]. Then
we have the inequality

1 1 b .
Tl < 5 (GElrEs) [ G-ap-oWwPa) . 6o

The constant % in (34) is the best possible.
PROPOSITION 3.2. Let h: [a,b] — R be a monotonic nondecreasing function and

let f :]a,b] — R be an absolutely continuous function such that f' € Lw|a,b]. Then
we have the inequality

TGN sl e [ 6= a6 2aito) (39)

2(b—

The constant % in (35) is the best possible.

For m-tuples p = (p1,...,pm) € R", x = (x1,...,Xn) € [a,b]™ and the functions
G and Gy, given by (17) and (12) denote

m

(t) =Y. PkGrn(x,1),  for t € [a,b]. (36)
k=1
b m
/ Zka %,8)Grina(s,t)ds,  for 1 € [a,b]. 37)

Now, we are ready to state the main results of this section.

THEOREM 3.3. Let —o<a<a;<ay<--<a,<b<eo, r=2,let f:[a,b]—
R be such that f") is an absolutely continuous function with (- —a)(b —-)[f"+V]? €
Lla,b], x € [a,b]", p € R™ and let H;j, 6| and &, be given by (10), (36) and (37).

(@) If Xi_1kj+r=n, then

rkjm

S ot = 35S pei () £ (a))
=1 J=1i=0k=1
“D(b)— £ (a)

b
o / Si(s)ds+R\(fia,b),  (38)
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where the remainder R.(f;a,b) satisfies the estimation

L
2

b_a|T(61,61)|/ab(s—a)(b—s)[f("“)(s)}zds) . (39)

R (f1a,b)| < (

(ii) If X kj+r=n—2, then

ipkf(xk) _ f(b)—f(a) ipkxk‘F bf(al)]:zf(b) il’k
k=1 k=1

b—a =

I b n
2 l+2 / Zka(xk,s)Hij(S)ds
o a k=1

f< V(b) -
b—a

H M‘

+ /62 (s)ds+R2(f;a,b), (40)

where the remainder R2(f;a,b) satisfies the estimation

—a b 3
e < (° - ap-areEas)

Proof. (i) Applying Proposition 3.1 with f — &; and h — f") we get

/61 ds——/51 ds/f

—a b 2
< (el | (S—a)(b—S)[f(”+”(S)]2dS> @

From identities (18) and (38) we obtain

(n—1) _ (n—l)a
[ 8105 syas = L0 S)

b
/ 81(s)ds+R\(f1a,b),
where the estimate (39) follows from (41).
(ii) Analogousasin (i). O
By using Proposition 3.2 we obtain the following Griiss type inequality.

THEOREM 3.4. Let —o<a<a; <ay <---<a,<b<e, r=2, letx, p,
H;j, 81, 6 and n be as in Theorem 3.3 and let f : [a,b] — R be such that e

an absolutely continuous function with "1 > 0. Then representations (38) and ( 40)
hold with the remainders R: (f;a,b), i = 1,2, satisfying the bounds

RFia0) <1l |25 (1001 @) -2 0w )
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Proof. If we apply Proposition 3.2 with f — & and h — f") we obtain

1 b
5)ds—— | " 6i(5)ds / 10| <3181 [ (s=a)(b=s)f "V s)as.

Since

/ab(s—a)(b—s)f(”*l)(s)ds _ /b(2s—a—b)f(">(s)ds

= (b=a) [f* V@) + £ V@) —2 [ 0) - a)|, @)
using (43) and identities (18) or (19) we deduce (42). U

REMARK 3.5. We can construct linear functionals by taking differences of the
left and right hand sides of the inequalities from Theorems 2.5, 2.6, 2.7 and 2.8. By
using similar methods as in [ 1, 3] we can prove mean value results for these functionals,
as well as construct new families of exponentially convex functions and Cauchy-type
means. Then, by using some known properties of exponentially convex functions, we
can derive new inequalities and prove monotonicity of the obtained Cauchy-type means
analogously as in [1, 3].
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