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ONE PROOF OF THE GHEORGHIU INEQUALITY

BOZIDAR IVANKOVIC

(Communicated by K. Nikodem)

Abstract. The Gheorghiu inequality is a reverse Holder’s inequality. In this article, the Gheo-
rghiu inequality is proven by using a property of a two — variable function. Original Gheorghiu’s
result is presented and compared with obtained result.

1. Introduction and preliminaries

A class of real function defined on a set Q is noted with . if for any pair f,g € ¥
their linear combination o.f + g € . for all o, € R and if . consists constant
functions.

A linear mean E is a linear functional defined on . with property that if f(r)
on Q, then E(f) > 0 and with property that E(1) = 1. The function noted b
presents the basic constant function with 1(¢) = 1 for every ¢ € Q.

Jensen’s inequality and McShane’s extension are given according the [&].

>0
y 1

THEOREM 1. (Jensen) Let g, € ., such that g,(t) € [a,A] C R forall t € Q.
Let E be a linear mean on £ . If ¢ : [a,A] — R is a continuous concave function, then

0(g1) €%, E(¢(g1)) € [a,A] and

E(o(g1)) < o(E(g1))-

THEOREM 2. (McShane, case on rectangular) Let g1,g0 € £ such that
(g1(1),82(t)) € D =[a,A] x [b,B] for all t € Q. Let E be a linear mean on L. If
¢ : D — R is a continuous concave function, then ¢(g1,82) € £, (E(g1),E(g2)) € D
and

E(p(g1,82) < @(E(g1),E(g2)). (1)

In [6] author proved Theorem 3 that characterized the right hand side in the Mc-
Shane inequality for a measure space.
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THEOREM 3. Let (Q,%, 1) be a measure space suchthat 0 < t(A) <1< u(B) <
oo for some A,B € X and let bijections @y, @2, W1,y : (0,00) — (0,00) be such that
‘l/10<Pl(t)<C< ! I
4 V20 (1)

/Qxy du <y (/Q(x><m o || du) V2 (/Q(Y)%O Iyl du)

Sor all nonnegative [L-integrable simple functions x,y : Q — R (where Q(x) stands for
the support of x), then there exists a real p > 1 such that

oi(t) P i (1) —/p (20) g yo(t) —\/a

o1 (1) oy T () ()

t>0,

where —+ — = 1.
P g

A part of Csiszar and Méri conversion for (1) is given below. Complete conversion
is given in [1]

THEOREM 4. Let ¢ : D — R be a concave function and suppose that ¢(a,b) +
©(A,B) — 9(A,b) — ¢(a,B) 2 0. If (B—0D)E(g1)+ (A—a)E(g2) < AB—ab, then
AE(g1) + 1E(g2) +v < E(p(g1,82)) < 9(E(g1),E(82)), with

5= PAb)—9(ab) e 0(a,B) — 0(a,b)
A—a ’ B—b ’
and
AB—ab b a
V= m‘l’(mb) - B—_b(p(a7B) — A——a(p(A’b)'

More general conversion and refinement in Theorem 5 is proven in [2] by consid-
ering the functions

(QLH-)LJ')I—F (.Ui+,llj)s—|- Vi+V; + [(A; —lj)t + (,LL,'—,UJ')S—F Vi — V,|

M;i(t,s) =
J( 5) 3 )

and
A+ A0+ (it )s+vit vy [(i=A) + (i — wj)s+vi— v,
2 2 '

A, b) — B) — b
Given coefficients are A = A4 = —(P( 712 ACL) , M1 = U3 = —(p(a, ; ;p(a, ) ;
a _

A.B)— o(a.B A.B)— 0(A,b
x2213:%_2)(a);”2:”4:%;vlz(p(a7b)_xla_ulb;

Vo = @(A,B) — LA — bB; v3 = @(a,B) — Aza— 3B and vy = @(A,b) — A4A — Ugb.

m,-j(t,s) =
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P(E(g).E(g2)
¢(4,B)
o(a.b)
L AE(gn)+ uE(g2) +v
B
b (E(g1).E(g2))
a 4

Figure 1: Conversion by Csiszdr and Mori

THEOREM 5. Suppose ¢ : D — R is a continuous and concave function.
If (p(a7b) + (p(AvB) - (p(Avb) - q)(avB) >0, then

Mi2(E(g1),E(82)) < E(m34(81,82)) <E(@(g1,82)) < ¢(E(g1),E(g2))-
If o(a,b) +¢(A,B) — ¢(A,b) — ¢(a,B) <0, then
M34(E(g1),E(g2)) < E(mi2(g1,82)) <E(9(g1,82)) < ¢(E(g1),E(g2))-

2. Main result and applications

1195

2)

Conversion of (1) by a two-variable function is given. Under the special conditions

the Georhiu-type inequality is proven. The following general result is given in [4].

THEOREM 6. (General result) Let ¢,y : D — R be continuous, let ¢ be concave

If(P(Cl,b) +(P(A,B) - (P(A,b) - (P(a7B) >0, then

min 7 (Mi2(t,5), y(t,5)) < 7 (E(9(81,82)), W(E(g1),E(82))) -

(t,5)eD

If(P(Cl,b) +(P(A,B) - (P(A,b) - (P(a7B) <0, then

min 7 (M34(t,s),y(t,s)) < min 7 (E(¢(g1,82)), W(E(g1),E(82))) -

(t,5)eD (t,s)eD

and for g1,82 € £ let us assume that (g1(t),82(t)) € D for all t € Q. Let E be a
linear mean on . Suppose that ¢(D) C U and (D) CV and suppose that .
U x V CR? — R is increasing in the first variable.
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@(4,B)

o(a,b)

(t,5)

a A
Figure 2: Conversions in Theorem 5

Proof. If @(a,b)+¢(A,B)—@(A,b)—¢(a,B) >0, then by Theorem 5, inequality
(2) holds. Since (E(g1),E(g2)) € D, then

min .7 (My2(t,5),y(t,s)) < F (M2(E(g1),E(g2)), w(E(g1),E(g2))) -

(r,s)eD

By Theorem 5, we have that M1,(E(g1),E(g2)) <E(@(g1,g2)). Since .# is increasing
in the first variable, we get

Jmin F (Mia(1,5), ¥ (1,5)) < 7 (E(9(81,82)), W(E(g1), E(22))

and obtain the desired inequality. [
A multiplicative conversion is made by taking # (x,y) = a
y
COROLLARY 1. Suppose that assumptions of Theorem 6 hold with @ (D) > 0 ad-

ditionally.
If (P(Cl,b) + (P(A7B) - (P(A,b) - (P(a7B) >0, then

. MlZ(tvS)
min
(ts)ep @(t,s)

In opposite, if ¢(a,b)+ ¢(A,B) —@(A,b) —¢(a,B) <0, then

-¢(E(g1),E(g2)) <E(o(g1,82)) < 9(E(g1),E(g2))-

M3 (t
N 34(t,5)

(IT)leD D) -¢(E(g1),E(g2)) <E(o(g1,82)) < 9(E(g1),E(g2))-
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A conversion by medium value is given by the next lemma.

LEMMA 1. Assume that ¢,g1,8> and E are as in Theorem 6. Let o, > 0 such
that a+fp = 1.
If (P(Cl,b) + (P(A7B) - (P(A,b) - (P(a7B) = 0 then

(adi +BA2)E(g1) + (oepts + Bz )E(g2) + ovi + Bva < E(9(81,82))-
If (P(Cl,b) + (P(A7B) - (P(A,b) - (P(a7B) g Oa then
(a3 + BA4)E(g1) + (oetis + Bua)E(g2) + ovs + Bva < E(9(g1,82))-
Proof. Considering that

M>(E(g1),E(g2) = max{4, E(g1) + tE(g1) + vi, LE(g1) + 12E(g2) + V2,
we obtain the first inequality if ¢(a,b)+ @(A,B) — @(A,b) —@(a,B) >0. O

9(4,B)

M (g E(g,))

p(a,b)
/mji, + P)E(g) + (i + fuy E(g,) + av, + v,
B
)
(E(8).E(8,)
b
a A

Figure 3: Conversion by a medium value
A conversion with very special condition is given bellow.

PROPOSITION 1. Suppose that assumptions of Lemma 1 hold.
(i) If o(a,b)+@(A,B) — @(A,D) —@(a,B) >0 and v; - v» <0, then

UnnE(g1) +Vi2E(g2) < E(9(g1,82)) < ¢(E(g1),E(g2)),

where:

Vadi —vids Vol — Vilp
Up=——"7—"Vo=—""—"—.
V2 —V V2 —Vi
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(i) If @(a,b)+ @(A,B) —@(A,b) — ¢(a,B) <0 and v3-v4 <0, then

Vids — V3 A Vil — Vv
Usg = 43 3 47V34: 413 3!14.
Vy—V3 V4—V3
. o+p=1 .
Proof. Solving the system avi + By =0 by a, B we obtain that ald; + A, =
1 ) =

Uip and ouy +Bup =Vip. O
Considering the Corollary 1, the next Proposition is given.
PROPOSITION 2. Let ¢ : D — R be a continuous concave positive function, g1, g
€ .Z and a linear mean E on .Z.
(i) If (a,b)+ @(A,B)— @(A,b) — ¢(a,B) >0 and v; - v, <0, then:
Uit + Vios
min —————-
(ts)ep  ©(t,s)
(ii) If @(a,b)+ @(A,B) — @(A,b) — @(a,B) < 0 and v3-v4 <0, then:

¢(E(g1),E(g2)) <E(¢(g1,22)) < ¢(E(g1),E(g2)). ()

; Usat + Vaus .
(ts)ep  ©(t,s)
where values Uj> Vi, Uss and V34 are given in Proposition 2.

@(E(g1),E(g2)) <E(@(g1,82)) < 9(E(g1),E(g2)),

Gheorghiu’s type inequality is a converse of Holder’s type inequality. The original
Gheorghiu inequality from [9] will be presented in the next section. Here the proof for
a refinement is presented.

THEOREM 7. Let E be a linear mean on £ and for g1,8, € £ let us assume
that g1(Q) C [a,A] and g2(Q) C [b,B] for positive real numbers a,b. Let p,q be

positive real numbers such that — + — = 1 holds. Then

1

prq1(abAB) ((AB)? — (ab)? )
AB —ab

= -

(4B)! — (ab)?) 1 1
( ) (E(g1))7 (E(g2))7

<E<gfl’ '85;> < (E(g1)7 (E(g2)7.  (4)

Proof. The function @(x,y) = xl’y‘l is continuous, concave and positive for all
(x,y) € [a,A] x [b,B]. Because (AP —aP) (Bq - bq> > 0, for application of Propo-
sition 2 it is enough to prove that

1 1 1
1AP—aP 1 Ba—pba

VI = qu— b4 —arb >0
1=a B W Ty
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1199
and

1 1 1 1

11 1AP —ar 1 B4 —pa
=ArB1 —AB —APB <

V2 P q q A_a P B_b

1 . .
Since the function f(x) = x? is concave for p > 1, f’(x) is continuous and de-
1

1
AP —ar
creasing. So there exists ¢ € [a,A] such that f/(c) = % and f'(a) = f'(c) =
—a
f'(A) which gives

Multiplying with abé and ABé we get

1 1 1 1 1 1 1 1
arbd 1LAP —av 1A?P —ar _ APB4
> ab4 2 and AB9 > .

—a p

Lo
Similar consideration on f(x) = x4 gives

Now we have

AL | |
11 1AP —avr 1
vi=arbi —abi ———

—a B—b

1 1 1 1
11 arbs arba 11 1 1
Vi = arbi — =arbi

p
1

q

Al 1 Bl bl
_ 7 — pa

vz:AéBé_Agﬁ% AT B

11 11
weabsh AT ABL (i 11y

p q
Note that (4) is equal to (3) by coefficients

11 1 1 11 1 1
B1b1 ((AB)7 — (ab)? ) Avar ((AB)7 - (ab)7)
U12: AB —ab and V12=
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1 1
. S . Upt+Vis . \q S\ »
It is necessary to minimize min # = min | Ujp;- <—> ! + V- <—> ",
(t,5)eD tpsd (,5)eD s t

t Upat +V, i1
Supstitution z = - and easy calculus gives min Jutt VoS U/
s (ts5)ep  @(t,s)

stituting the all above in (3) we get (4) and the proof is done. [J

REMARK 1. Using substitutions g; — g7 and g — g/ in the previous Theoram
we get the following

1 1 1 1
p?q7 (AbB? —ab?B) 7 (APaB — a’bA)4 1
APBI — qPhi -(E(g7)) 7 (E(g3))

<E(g1-2) < (B(g))7 (B(g))7. 5)

Normalized Gheorghiu inequality in the case that (Q, p,.%#) is a probability space
is given in [5]. Functions g; =X and g, =Y are random variables and E(g;) = E[X]
is the mathematical expectation of random variable X .

Q=

COROLLARY 2. Suppose that random variables X and Y capture their values
1 1
0<a<X<land 0< B <Y < 1. Equality —+ — =1 implies
P q

Q=

p7qi(B— aB)7(a— arB)
1— (xp[}q

(EIXP)P (E[Y)T < EIXY] < (EXP))7 (E[Y])
in the case of positive p and q.

3. Original Gheorghiu’s inequality

In the article [9], the converse of Holder’s inequality was obtained. Here it is
presented in the next theorem.

THEOREM 8. Suppose that ay,ay,...a,,b1,ba,...b, are given 2n positive real
numbers. Let pair (a,A) represents the minimal and maximal number among ay,az, . . .,
a, and in the same manner let (b,B) be the pair of those among the by by, ... ,b,. As-
sume that p is a real number greater than 1. Then we have

o\ Pl
(22:1 af) (2421 b/fl>
<u, 6
S0 by . ©

1<

where )
1— apbl’if)l )
(p—1pr! _Ap_l . E . < APBP-T

. 7
pp ap_l b ubﬁ b p—l ( )
l_—l (l_Aple>

‘LL:
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The left inequality has been demonstrated by Holder and Jensen. Theorem 8 could
be modulated in the terms that are given in the introduction of this paper.

THEOREM 7°. Suppose that Q = {1,2,3,...,n} and g1,82: Q — R are given
real functions. Let a = min{g; (k), kEQ} A= max{gz( ),k € Q}, b=min{gs(k),k €

1 1
Q} and B =max{gs(k),k € Q}. Let E(g Zg pr,q>1,;—|—5:1,then
E(s)? E(e))7 _ 1
1<—2<I~L”’ (8)
E(g1-g2)

where UL is given by (7).

Inequality (8) can be expressed as the chain of inequalities alike the (5):

1 1 1
7T E(g))7 E(s9)7 < E(g1-g2) <E(¢])7 -E(g))7 9
The next proposition shows that left inequality in (5) is better than the left inequality in

).

PROPOSITION 3. Under the assumptions of Theorem 7°, the next is valid:
1

pPqi (AbBY —ab%B)? (APaB —aPbA)1 .

APBT — arbd =p-ur. (10)

Proof. Using elementary algebra we get

L1 q 4Ny [ 2\
. qiaibr (ABP —abﬂ) (AqB—aqb>
u ) — .

Ltl-p  H+l-q

quq Br (Aqu_apbq)

1 1
Separately, using relation p—1 = E,wehave %—k l-p=—-and %—f— l—g=—-.
q q P P
The proof is prolonging with

1111 q NS /P P \3
1 q?A9aiBrbr (ABP —abP) <AqB—aqb>
nr= .

pé (APBY — aPb?)

By selective multiplying factors and brackets with the same exponent we have

1
g1 (AbBF*— b“B) (aa?'B—ai"'pa)"

1
ul’:

1
pi (APBY — aPb9)
Considering that — + l1=g¢g and — + 1 = g we finally obtain that
p q

1

pPqi (AbBY — abB)? (aAPB — aPbA)d
p(APBT —aPbi) ’
The last equation is the same as (10) and the proof'is finished. [

u

==
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