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Abstract. Jensen, Holder, Minkowski, Jensen-Steffensen and Slater-Pecari¢ type inequalities de-
rived by the properties of y-quasiconvex functions that we deal with here, can be seen as analog
to these for superquadratic functions and refinements of these for convex functions.

1. Introduction

We deal here with inequalities satisfied by one of the many variants of convex
functions. These functions are called y-quasiconvex functions and have already been
dealt with by S. Abramovich, L.-E. Persson and N. Samko. The basic facts on y-
quasiconvexity and superquadracity on which this paper is built, can be found in [4],
[6], and [7].

The importance of convex functions is obvious and widely acknowledged. Nu-
merous publications deal with convex functions, their properties and applications. In
particular we refer to the classical 1964 book “Inequalities” by Hardy, Littlewood and
Polya [9], the 1992 book “Convex functions, partial ordering and statistical applica-
tions” by Pecaric, Proschan and Tong [15] and to the 2006 book “Convex functions and
their applications — a contemporary approach” by Niculescu and Persson [13]. Out of
dealing with the classical convex functions evolved many generalizations and refine-
ments of this notion, see in particular Capter 2 in [13].

Among the many types of refinements and generalizations of convex functions are
the usual quasiconvexity, Morrey-convexity, Reitz-convexity, h-convexity, superquadrac-
ity and many others.

The subject of variants of convex functions and the comparison between them de-
serves at least every decade a large updated suvey which is out of the scope of this
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paper. We compare here results obtained through the use of y-quasiconvexity and su-
perquadracity as these notions are the subjects of this paper, see Remark 1 and Theo-
rem 4.

The notion of 7y-quasiconvexity with which we deal here is related but is not a
special case of any of the cases mentioned above. Therefore it is reasonable to assume
that our new and natural notion of y-quasiconvexity will bring about new results and
applications.

Currently the following is already known: The original Hardy’s inequality has a
“turning point” (the point where the inequality is reversed) at p = 1. This inequality
can be proved directly by the properties of convex functions. (The proof can be found
in [16] and its references.) But by using the y-quasiconvexity we get a refined variant
of the original Hardy’s inequality where the turning pointis any p > 1 (see [6] and [7]).

It is known that most of the classical inequalities can be obtained by the properties
of convex functions, therefore it is reasonable to assume that using the properties of
Y-quasiconvexity will bring about proofs of generalizationd and refinements of more
classical inequalities.

We know that if f:=R* — R* is a concave function then @ is not increasing
(see for instance [11, page 142] and [17]). This is one of the reasons it is natural to
deal with quasi-monotone functions, that is with y-quasidecreasing functions. About
the importance of this notion especially to theories related to approximation and inter-
polations see [11].

The notion of a y-quasiconvex function is analog to a quasimonotone function
(thatis to y-quasiincreasing functions). Therefore we hope to get in future publications
analog results to those we know about quasimonotone functions, in addition to those
mentioned above related to Hardy’s inequalities and to those dealt with in this paper
which are related in particular to Jensen, Holder and Slater Pecari¢ inequalities.

Y-quasiconvex functions and superquadratic functions are closely related and there-
fore it is interesting to show side by side results related to these two sets.

We start with a definition of and lemmas about y-quasiconvexity.

DEFINITION 1. Let y be a real number. A real-valued function f defined on an
interval [0,0) with 0 < b < e is called y-quasiconvex if it can be represented as the
product of a comvex function and the power function x”.

A convex function ¢ on [0,b), 0 < b <  is characterized by the inequality
() —9x) 2Cp(x)(y—x), Vxye(0,b], CypeR, (L.1)

from which we establish easily the following lemmas:

LEMMA 1. [6, Lemmal] Let yy(x) =x"¢(x), y € R, where ¢ is convex on
[0,), that is, Wy is a Y-quasiconvex function. Then

vy (v) — vy (x) = @ (x) (07 —x7) +Cyp (x) ¥ (y — %), (1.2)

holds for all x € [0,b), y € [0,b), where Cy (x) is defined by (1.1).
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The following is derived by some computation on the right handside of (1.2), see
also [7, Lemma 2]:

LEMMA 2. [7] Let ¢ be convex differentiable function and let y (x) = xF¢ (x),
k=0,1,...,N, then the function yy (x) = x" ¢ (x), satisfies for x,y € [a,b), a >0

wn (v) — v (x) (1.3)

> (un (x) =2+ (=2 D ¥y ()

v TM:=

xX=Y

o
= () 00+ - 5 (S0
Now we quote a definition and some basic properties of superquadratic functions.

DEFINITION 2. [4, Definition 2.1] A function ¢ : [0,00) — R is superquadratic
provided that for all x > 0 there exists a constant C(x) € R such that

P o) —e(y—x)) >Cx)(y—x) (1.4)
forall y > 0.

From this definition we get that when ¢ is a superquadratic function, if ¢ > 0,
then @ is convex and @(0) = ¢’(0) =0, see [4].

When ¢:[0,h) — R is differentiable non-negative, incresing convex and ¢(0) =0
the function yy (x) = x¥¢ (x) is not only N-quasiconvex where N is a non-negative
integer but also superquadratic. In particular the power functions f (x) =x”, p > 2,
x > 0 are superquadratic functions as well as 1-quasiconvex functions. The power
functions f(x) =x”, p>N+1, N> 1, x >0, are also N -quasiconvex functions.

In Section 2 we deal with Jensen’s type and Slater-Pecari¢ type inequalities when
the coefficients o; > 0, i = 1,...,n. In Section 5 we deal with inequalities for which
the coefficients are not always non-negative. We call these coefficients Steffensen’s
coefficients. For such coefficients and for a function ¢ we get:

LEMMA 3. Let ¢ : [0,00) — R be a given function, let x be a nonnegative mono-
tonic n-tuple in R", and p a real n-tuple satisfying Steffensen’s coefficients, that is

0<P<P, j=1l,..n P>0, (1.5)

i
Pi=Ypi Pi=Ypi j=1l..n
i=1 i=j

Then
n k—1
Y. pio(xi) =D Pi (¢ (xj) — ¢ (xj41)) + P (x) (1.6)
i=1 Jj=1

n

+I_Jk+1(P(xk+l)+ 2 Pj(¢(xj)_(p(xj*1))'
J=k+2
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Identity (1.6) is used in the proofs in Section 5 related to N -quasiconvex functions
in a similar way as they are used in [15] and [1] for convex functions, in [2] for su-
perquadratic functions and in [7] for 1-quasiconvex functions.

By using the results stated in Section 2 we get in Section 3 Holder’s type inequal-
ities which are of the type

[ fedvs ( / quv> l/q ( / f”dV> e

that lately are widely discussed (see for instance [10], [12], [14], [19] and their refer-
ences).

In Section 4 we prove Minkowski type inequalities by using again the results stated
in Section 2.

In Section 5 we get more inequalities which are derived from the results from
Section 2.

In Section 6 we get inequalities related to differences of “Jensen’s gap” motivated
by the work of Dragomir in [8]. The results in this section are analog to the results in

[3].

2. Jensen and Slater-Pecari¢ type inequalities for N -quasiconvex functions

We quote first extensions of Jensen and of Slater-Pecari¢ inequalities for super-
quadratic functions which are proved in [4] and stated in Lemma A and in Theorem
B.

LEMMA A. [4, Lemma 2.3] Supppose that  is superquadratic on [0,b) then

Lo -v([r6as)= [v(jro- [ )| )awo.
2.1
where f is any non-negative |L-integrable function on a probability measure space
(@) and Jo f (s)du (s) > 0.
The discrete version of (2.1) is:
Suppose that  is superquadratic on [0,b). Let 0 < x; <b, i =1,...,n and let
X=X, ox; where o; >0 and Y} 0; = 1. Then

OC,‘l//(‘xi—)_CD . (2.2)

-

S oy () — w(3) >
i=1

i=1

LEMMA B. [4, Theorem 2.4] Suppose that y is superquadratic and that C (f (s))
is given as in Definition 2. If W is a probability measure, [ is any non-negative [l -
measurable function, [C(f(s))du(s) #0, and m and M as defined by

JI(s)C(f(s))du(s)
JC(f(s))du(s)

mz/f(s)d/,t(s) and M=
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then

M= [ (17 (s) = Ml)du (s).

The discrete version is: Suppose that y is superquadratic and C is as in Definition
2. Let xi >0, i=1,.,nandlet 0; >0, ¥ oy =1.If X! | 04C(x;) # 0 we define

_ , 1 OiXi (Xl)
M= ST ) - Then

2 ailI/(xi) X Zaz ‘xl
i=1

The following Theorem | may be considered an analog of lemmas A and B. In
it we get refinements of Jensen’s inequality and Slater-Pecari¢ inequality (see [1] and
[15]). The refinements are obtained just by using (1.3) in Lemma 2 for each i and then
summingup fori=1,...,n

THEOREM 1. Let ¢ : [a,b) — R, a > 0 be convex differentiable function, and
let yi (x) be wi (x) =xf@ (x), k=0,1,....N, where yp = @. Let o; >0, x; € [a,b),
i=1,..,n, ¥ 04=1. Then:

1) A Jensen’s type inequality holds where X = Y| ox; :

n

EOC,'I[IN (x,-) — YN ()_C) (2.3)

Y]
™M= T
K

Il
—_

w@&%ﬁm+iwd®w@ﬁa
_)2)6?71 (wn—i (X))

-2 (o).

X —Xi

Il
M:
M=
8
=
|
=

I
—_
~
Il
—

|
R

—

If ¢ is also non-negative and increasing then for N =2, ..., the above inequality refines
Jensen’s inequality. For N =1 we get for y (x) = x¢ (x)

Y o ()~ v (8) > 3 069’ Mo -1) = Soip @ -07. (24)
i=1 i=1 i=1

If ¢ is increasing and convex (and not necessarily non-negative) then again (2.4) is a
refinement of Jensen’s inequality.
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2) For a fixed C € [a,b) we get when o; >0, i=1,...n, Y o, =1 that

=

CNo (€)=Y oixl o (x)
i=1

1

W (C) - _leaiw (x)

|
<

n

N
(o) (C—x)+ Y o (c—xl-sz ! (i (1))
i =1

i=1

WV
M=
)

Il
-

I
M=

Il
-

/! _ (N
o ()C;V(P(xi))/(c—xi) +§IOC,- (C—x,-)2 ain <x€;_€ (P(Xi)> )

3) Especially if Y7, oy, (x;) >0, and if C =My, = %?#W € [a,b), then
i—1 0 Wy (Xi

by using Y}, oy (xi) (MWN —x,-) = 0 we get a Slater-Pecaric type inequality

v (M) — 3, o ()
=1

1

2
0 (Myy, —x;)” My (v (1))’

\%
M=
M=

i=lk=1
St (M
_Zial(MWN_xl) 8_xi<Mu/N—xi(p(XL) .

If ¢ is also non-negative and increasing then for N = 1,... the above inequality is a
refinement of Slater Pecarié¢ inequality.

Theorem | Case 1 appears in [5, Corollary 1].
We get in [7, Theorem 1] the integral form of Jensen’s type inequality for y-
quasiconvex functions and the special case when y =1 is:

LEMMA C. [7] Let f be a non-negative function. Let f and Qo f be U-
integrable functions on the probability measure space (Q, ) and [q f(s)dp (s) > 0.
Let also y (x) =x@ (x). If @ is a differentiable convex on [0,b), 0 < b < o

[wrenant-v( [ reau)

> [0 ([ r@an) (f(S)—/Qf(G)du(G))2du(S)~

hold. If ¢ is also increasing we get a refinement of Jensen’s inequality.

EXAMPLE 1. Let ¢ (x) = e, v(x)= xe* then from the convexity of y we get
1
that fol v (x)dx > 4 and from the 1-quasiconvexity we get the better result fol v (x)dx
1

5e8
>3
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REMARK 1. In [7, Proposition 5] it is proved that: Let f be a non-negative func-
tion. Let f and ¢@o f be u-integrable functions on the probability measure space
(Q,u) and [, f(s)dpu (s) > 0. Let also y(x) =x¢ (x). If ¢ is a differentiable non-

negative convex increasing on [0,5), 0 < b < e and ¢ (0) = lir(r)1+z(p/ (z) =0 then y
7

is also superquadratic and the inequalities

/ w(f(s))du(s)—w( [ r6au)
Lo ([ r@an) (10 [ r@uio)) auty
Qw(‘ /f )du (o Ddu(s>,

hold when 0 < f(s) <2 [o f(0)du (o) for every s € Q, in particular when 0 < a <
f(s) <2a, seQ.

The discrete form says there that: when 0 <x; < 2%, i=1,...,n and y (x) =x¢ (x)
where ¢ (x) is non-negative increasing differentiable and convex then Inequality (2.4)
is better than (2.2) when ¢ (0) = 1i1(1)1+z(,0, (z) =0.

—

3. Holder type inequalities derived from y-quasiconvexity and superquadracity

In this section we use Jensen’s type inequalities to prove new Holder type inequal-
ities and reversed Holder type inequalities. We use in particular Lemma A, Lemma C
and the following lemmas D and E to get refinements for p > 2 of Holder inequality,
lower bounds for 1 < p < 2 and upper bounds when 0 < p < 1.

LEMMA D. [7, Corollary 1] Let 0 < p < 1, and let f be a [ -measurable and
positive function on the probability measure space (J1,Q) and x = [, f (s)du (s) > 0.

Then
—11+</Qf(s)du(S)>p</Q(f( Y du (s) (/f )du (s )
p([roan) (1= [ 0o [ 06 we) o

LEMMA E. [7, Corollary 2] Let 0 < p < 1, let f be a non-negative |L-measurable
function on the probability measure space (,11) and x= [ f (s)du (s) > 0. Then

—Iz+</gf(s)du(S)>p</Q(f( Pau) < ([ r6)auts ) G.1)

=p( [ £ts)au <s>)pl i %du (s). (32)

where

where
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As the power functions ¢ (x) = x”, x > 0 are superquadratic when p > 2 and
subquadratic when 1 < p < 2, we get from Lemma A that for p > 2

Loeras-([ o) > [ (10 [ rowo)]) wo.
3.3)

holds, where f is any non-negative U -integrable function on a probability measure
space (Q,u) and [o f(s)du(s) > 0.
In [18, Theorem 1.4] a refinement of Holder’s inequality is proved:

THEOREM 2. For p > 2 and for any two non-negative v -measurable functions f
and g and for 11—7 + é =1 we get a refinement of Holder inequality

s (o r-o Bz ) (o)
o v) ( [ quv)

/ fpdv / f 1—q _ fQ fng
Jogidv
we get for any two non-negative v-measurable functions f and

2
fo|f g7 L] av, thar

(fras) (fyea)

1 Jofedv]’ ’ i
2/9fgdv></gf”dv—/g‘f—g‘f fogidv dV) (/ngdv>

From Lemma C we get that for the 1-quasiconvex functions ¢ (x) = x?, x > 0,
p = 2 the inequality

Ly (/f Yy (s ) (3.4)

> (p—U(/Qf(S)du(S)) /Q(f<s>—/gf<s>du<s>)2du<s>
holds.

Theorem 3, which is another refinement of Holder inequality, follows in the same
way that Holder’s inequality follows from Jensen’s inequality by fixing a non-negative
v-measurable functions f and g and applying (3.4) with fg'~¢ in place of f and

J.é‘;i;v in place of du where %—l— é =1:

In the case 1 < p <
g when [ fPdv >
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THEOREM 3. Let p >2 and define g by L +1 = 1. Then for any two nonnegative
P g

v -measurable functions f and g

/fgdv
Q

Jo f8dv e (1-q) Jo f8dv g ’
< (o= (o) [ (o L2

:
X </ quv> .
Q

- p—2 B - d 2
I 1< p<2wegetwhen fo fPdv > (p—1) (BL0) " (7510 — falev) gaqy,

that
’ , 0
( /Q fpdv) ( /Q P dv) (3.6)

> / fedv
Q

Jo fgdv P (1-q) Jo fgdv ? ’
><Lﬂ”‘@‘”QEaﬁ> NG R

‘l]
X / gldv | .
Q
The last inequalities emphasize that through the 1-quasiconvexity and 1 -quasiconcavity

notions we get refined Holder inequality for p > 2 in (3.5) and a lower bound in (3.6)
for 1 < p<2.

(3.5)

From Remark 1 it follows that:

THEOREM 4. Under the same conditions as in Theorems 2 and 3 we get that the
refinement of Holder inequality derived from the I-quasiconvexity of x, x 20, p > 2 is
better that the refinement derived from its superquadracity when 0 < f, g(l’q) <2 ﬁg fg“:

that is we get that

[ peav < ([ rav-n)” ([ soas)’
< (/Qf"dv—Azf (/ngdvf,

dv\ P2 dv\ 2
s=G-n () (- )

where
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and

dv|P
Ay = (I=q) _ Jafg a4
? /Q ‘fg Jogidv s

From Lemma E we get a two sided Holder type inequality:

THEOREM 5. Let 0 < p <1, f and g be non-negative L -measurable functions
on the probability measure space (Q,V) then

< /Q fpdv) ( /Q quv> 3.7)
< /Q fedv
fgfgdv)’” ( (1>_fgfng)2g2’“ ’
<</Qf’7dv+p<rquv /Q fe' 1 gy 7 dv

X (/ngdvf

Proof. To get a refinement of Holder inequality, from Lemma E we fix as before a
non-negative v measurable functions f and g and apply (3.1) and (3.2) with fg!=¢ in
place of f and q;,v in place of du where l + l =1 and get the right side of (3.7)
by a simple computatlon and together with Holder mequahty for 0 < p <1 which says

that 1 .
( /Q fpdv)p ( /Q quv>q < /Q fedv

(3.7) is obtained. [
Similarly we get from Lemma D that

THEOREM 6. Let 0 < p <1, f and g be non-negative | -measurable functions
on the probability measure space (97 V), then

Jo fedv?  Jofgdv gzq LYY
< </prdv+p<f98qdv) </ng Jogidv Jo ))

Holder type inequality for 0 < p < % and for % < p < 1 which we get now are
derived again from the theorems related to 1-quasiconvex functions but are obtained
by different substitutions that those employed up to now.
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THEOREM 7. Let 0 < p < % and define %—l—é = 1. then for any positive V-
measurable function f and g

1 1
/ fedv > ( / f”dv)p ( / quv)q (3.8)
Q Q Q
1 P [ oddy — od [ FP 2 ,q
1+<__1>/ <f Jogldv—g? o f d") 87 4y
p Q Jo frdv Jagidv
is derived, which is a refinement of Holder inequality.

For % < p < 1, we get the reverse of inequality (3.8) and together with Holder
inequality for 0 < p < 1

X

( /Q quv)% ( /Q fpdv)p (3.9)
< [ seav
<(frar) ()

1 1P Jogtdv — g4 foPdv)2 g4
1+<P 1>/9< Jo frdv ngqudv

X

is derived.

Proof. For simplicity we denote [, as | . For % > 2 we use the inequality for the

1
1 -quasiconvex function x?

/f%du = (/fduy <1+ (%—Q/(%)zdu). (3.10)

We fix now non-negative v measurable functions f and g and apply (3.10) with fPg=4
p 1
in place of f and du = £4  Therefore J fdu is replaced by Lfrdv [ frdu is

. = Jgddv: Jgddv>
replaced by -}g 33“: , and apply (3.10) and get
1 —g_ [frav\?
Jfedv _ ([rrav\e | (1 / f e | ¢l e
Jgadv = \ [gidv P §-§§j§ Jgadv | T

from which (3.8) is obtained.
1
The proof of (3.9) is similar using the 1-quasiconcavity of x7, % <p<l. O

1
Similarly, using the superquadracity of x», x > 0, 1% > 2 and the subquadracity

1 o . . .
of x», 1 < + <2 and under the same condition as in 7 we get in a similar way when

1
P
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0<p< % the inequality

/ fedv > ( / fpdv); ( / gl’dv>é

o AT g frav|»

J frdv
and the reverse inequality holds when % < p < 1, and together with Holder inequality
for 0 < p <1 we get

(/fpdv)’l’ (/gpdv)‘l’ < /fgdv l L
(jre) (oo

- f?[g%dv — g1 [ frdv|r gdv
Jgrdv

[ frdv
4. Minkowski type inequalities using 1-quasiconvexity

gdv
Jgrav

By using Theorem 3 we get Minkowski type inequalities:

THEOREM 8. Let p > 2 and let -~ =1— -. Then for any two non-negative Vv -
measurable functions f and g

(/kf+ngv);< (/fmhw—n(/31f+gvun)p2)% @
+ (/g’%lv—D(/g(f—kg)p1dv>p2>%

dv

(/P av—rratr+g) " av) (£ +g)
p=0-u| T+ e avy
4.2)

Proof. Inequality (4.1) follows from inequality (3.5) in the same way that Min-
kowski’s inequality follows from Holder’s and as Minkowski’s inequality for super-
quadratic functions x”, p > 2, x > 0 follows from Holder’s inequality for superquad-
ratic functions (see [18]).
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Let p > 2 and apply (3.5) with g replaced by (f+g)” " and we get

[rir+erav< (/(f+g)”d\/)q
X [/fﬁdv_(p %W)pz

_ 2 Iz
></< Lo LIy ldv> (f+g)pdv] :

f+e  [(f+gldv

Interchanging the roles of f and g yields

¢ JerrgavY ’
X/<f+g_ J(F+g)dv ) (f+g)pdv] '

Adding the last two inequalities gives after simple computation Inequality (4.1). [J

The following Theorem 9 follows from inequality (3.6) by a similar argument as
Theorem 8 follows from inequality (3.5).

THEOREM 9. Let 1 < p <2 and let ~ = 1— —. Then for any two non-negative
v -measurable functions f and g

(/f”dv)%—l-(/gpdv) ( (f+g) pdv)% 4.3)
(/fpdv D /f (f+g)" 1dv>p2>%
+</g1’dv—D</g(f+g)pldv)p2>p

|—

dv

(fr(r+er tav—rra(r+e) " av) (r+g)"
p=(-n] [ TU+a7 vy
4.4)

and [yrav=D([1(F+8) av)" " fgraveD(fe(r+gyrtav)
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Now we get Minkowski’s type inequalities when 0 < p < % and when % <p<lL

THEOREM 10. Let 0 < p < % and define %—f— é = 1. Then for any two non-
negative v -measurable functions [ and g

(/ (f+g)1’dv) ! 4.5)

> ( / fpdv)”
1+ (% - 1) / (<f+g>"ffﬂdfvf;£f(f+g>”dv)2 Igigl,;vdv]
+ </gpdv> %

1o (f+8)" [g'dv—g" [ (f+8)"dv\* (f+8)"
1+ (P 1>/< ngdv ) f(f+g)pdvdv‘| .

When%<p<lweget

( / fpdv) < / gpdv> (4.6)
( / f—i—gpdv)
()

l+(l%_l)/((f+g)”ff”dv—f”f(f+g)”dV)2f(f+g)” dv]

X

o([ear)

1o (f+8)" [g'dv—g" [(f+8)"dv\* (f+8)"
1+ (P 1)/( [ grdv ) f(f—l—g)”dvdv]'

Jfrav (f+g)’dv

X

Proof. We use inequality (3.10) for ;—) > 2 to get (4.5). We fix non-negative V-

measurable functions f and g and apply (3.10) with <%>p in place of f and

7)P P . .. 1
du = % Therefore f(ff‘i% is in place of [ fdu, f_i;, is in place of f7,
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[ 1+ v
T(F+g)Pdv

Jf(f+g)r tav
[ (f+g)ldv

Jfrav \
g (f(f+g)”dV>
I )P/ [ (f+e)an) " (fre)
) 1+<p 1>/< [frav(f(f+g)fdv)™" ) J(f+gldv

1
is in place of [ fPdu and get

“4.7)

Interchanging the roles of f and g yields

[g(f+8)" 'av
[(f+g)ldv

[gPdv  \7
g <f<f+g>'”dv>
1 (f+e) e~ e ([ (f+0"av) \* (f+g)”
- l+<l’ 1>/ ( [grdv ([ (f+g)Pdv)™" ) S (f+g)fav av

(4.8)

Adding the last two inequalities gives (4.5). Similarly together with Minkowski’s in-
equality for 0 < p < 1 we get (4.6) for % <p<1l. O

5. Jensen and Slater-Pecarié type inequalities for Steffensen’s coefficients

In Section 2 we dealt with Jensen’s type and Slater-Pecari¢ type inequalities when
the coefficients o; > 0, i=1,...,n.

We prove now a Jensen-Steffensen type inequality and a Slater-Pecari¢ type in-
equality for N-quasiconvex functions, when N is an integer, and the coefficients are
not necessarily non-negative.

An extension of Jensen Steffensen inequality is proved in [2] for a non-negative
superquadratic function which is therefore also increasing and convex:

THEOREM 11. Let y:[0,00) — R be differentiable superquadratic and nonnega-
tive. Let x be a nonnegative monotonic n-tuple in R", and p a real n-tuple satisfying
Steffensen’s coefficients. Let X be defined by X = Pin > pixi. Then

n k—1
Doy () =Py (x) = Y Py (|xj —xjpa|) + Py (Ja — )
i=1 j=1
+ Pe1y (o1 — X)) + Z Py (’xj —Xj-1 ’)
Jj=k+2
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k n _
X pi(Jxi —x[)
(g i %1 ) v (Z Pi+z?=k+1ﬁi>

<Zi=(1npi ( l)giP; X)) )

holds where k € {1,....n— 1} satisfies x; <X < X1, unless one of the following two
cases occurs:

Z((n=1)F)

<

(1) either X = x| or X = xy,
(2) there exists k € {3,....,n—2} such that X = x; and P; (xj—xjH) =0, j=
L..k—1,Pj(xj—xj_1) =0, j=k+1,...n
In these two cases Y piy (x;)) — P,y (X) =0
An extension of Slater-Pecari¢ inequality is proved in [2], for a non-negative su-

perquadratic function which is therefore also increasing and convex:

THEOREM 12. [2] Let y:[0,00) — R be a differentiable nonnegative superquad-
ratic function. Let p = (p1, ..., Pn) be Jensen-Steffensen coefficients and x=(x1,...,X,)

be a non-negative increasing n-tuple. If Y1 piy’' (x;) # 0 we define M = %.
Then:
Case A: for s satisfying xs <M < xg11, s+1<n

_jleiw(x)

s—1
< Py (M)— (ZPJ‘I/ (Xj41=X)F P Y (M —x5)+ Py 1 W (X501 —M)+ ZPJW Xj—Xj— 1))
Jj=1 Jj=s+2

i i 1pilxi—M|
a0 5h 1B+ X1 P

< By () (- I)Pn)llf<7z?(;lp_i o)

holds, unless one of the following two cases occurs:

(1) either X = x| or X = Xxy,,

(2) there exists k € {3,....,n—2} such that X = x; and P; (xj—xjH) =0, j=
l,..,s—1,P; (xj—xj,l) =0, j=s+1,...,n. Inthese two cases Y| piy (x;)
_PWW(MWN) =0.

Case B: for M > = Sy piyy () < Py (M) — (nby) y ( E207).

For 1-quasiconvex function y we present a Jensen’s type inequality obtained in
[7, Theorem 3]:
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THEOREM 13. Let py,...,pn be Jensen-Steffensen coefficients, that is, 0 < P, =
Zi-;lp,- <Py, Pr=%",pi=>0, P,>0, k=1,...,n, and let x = (x1,...,x,) > 0 satisfy
0<x; <...<x,. Let ¢ be non-negative, increasing differentiable convex function
defined on x > 0, and let y(x) =x¢@ (x). Let X=3! p;,;f. Let s be the integer that
satisfies 0 < xy <X < X541 < Xy. Then we get

_nleiw(xi) Py ()

2
2P+ 2 P vzi=lpi‘x:;_x‘_
Jj=s+1 24‘j=lPl-_|_2‘j=s+lpj
i pilxi — X )2

P,max {s,n—s}

/ ZLIP;"X;'—J_C‘ ?
Z @' (x1) (n—1)P, (W) = 0.

> ¢’ (x1) Pymax {s,n — s} (

We state now a Jensen-Steffensen type inequality and Slater Pecari¢ type inequal-
ity for N-quasiconvex functions, when N is an integer. The proof of this theorem uses
(1.3) and some of the techniques used in [2]. This is done using identity (1.6) for the
convex function yy .

THEOREM 14. Let py, ..., p, be Jensen-Steffensen coefficients, and let x = (x1, ...,
Xn) satisfy 0 < x; < ... < x,. Let @ be non-negative, increasing differentiable convex
function defined on x > 0, and let yy (x) = x¥ ¢ (x) where N is an integer. Let ¥ =

n

" p Y Let s be the integer that satisfies 0 < xy <X < Xy 1 < X,. Then

Y. piv (xi) — Payy (%) G.D
N s s p-}x-—x| )2

> 1 j=1FJ ]
]le Wy (x1 (2 ,%1 ) ( 1P +Z, o1

; Sipib= o (V-
(2 +/%1P> ( ;=1Pj+2'}—s+11_3‘> dx ( X=X 4 )> e
> (Pymax{s,n—s})" (Zptxt x) <XN XN (x)) [x=x,

X—X1

> (- 1)P (zplxl x> 2 (20w i 20

X—X1

holds, unless one of the following two cases occurs:

(1) either X = x| or X = xy,
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(2) there exists k € {3,....,n—2} such that X = x; and P; (xj—xjH) =0, j=
1,...,k—1, Fj (xj—xj,l) =0, j=k+1,...,n

In these two cases Y piy (x;)) — P,y (X) =0
A refinement of Slater-Pecari¢ inequality in case that yy is N-quasiconvex func-

tions uses the same techniques as in Theorem 12 and in the proof of Theorem 13 is as
follows:

THEOREM 15. Under the same conditions as in Theorem 14 on (py,...,pPn), on

(X1,..,%) and on i (x) = X*@ (x), k=0,1,....N, if S, piwy (x;)) # 0, we define
X piviwy ()
My, = S pivy () Then,

Case A: for s satisfying x; < My, < Xe11, s+1<n

lipilmv (x) — Py (Myy) (5.2)
S noobe—xl \?

S (B 2.7 (S3%50)

(g 2) (o )

<« (Pomaxfsn—s}) (zp,x, ) ("N Rl L)) i

< —(n-1)P (zplxl x> S (=00 <0

holds, unless one of the following two cases occurs:
(1) either X = x| or X = xy,

(2) there exists k € {3,...,n—2} such that X = x; and P; (xj—xjH) =0, j=
L,....,s—1, P; (xj—xj_l) =0, j=s+1,...,n

In these two cases Y1 piy (x;) — Pyy (My, ) = 0.
Case B: for My, > xp,

ip,-lmv (x1) = Payiv (Myy )

i=1

2
< —(nP)"! (;Pi ’xi_MWN|> % <XN__XI1V‘P(X)) [x=x1.

X—X1
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Proof (of Theorem 14). The proof follows step by step the proof of [7, Theorem 3].
Here we only replace @' (x;) with % (x::flv (0] (x)) /x=x, Which is non-negative when
¢ is non-negative increasing and convex. Therefore the detailed proof is omitted. [J

Proof (of Theorem 15). 1t was proved in [1] that when p is satisfying (1.5), x is
increasing, and yy is non-negative increasing and convex and that Y\, p; l//}v (xi) >0,

S pixiwy () = 0, we get that x; < IV GD) g holds,
=1 PPN A 2 2 =X pivy(x) YN
Case A: For x1 < x; < My, <xg1 <x,, weuseidentity (1.6) for se {1,....,n—1},
andas P; >0, I_3j >0, j=1,...,n,and ¢ is non-negative increasing and convex func-

tion, we get that the N-quasiconvex function yy satisfies

Poyw (Myy) = piviy (xi) (5.3)
i—1

s—1
= zipj (IVN (xj+1) — YN (xj)) + P (‘/’N (MWN) — YN (x-\'))
j=

+Poy1 (Wn (Myy) — Wi (xe41)) + i fj (wv (xj-1) —ww (x)))
jat

s—1

zlp,-w,’v () (xj1 = ;) + Py () (Myy, — ;)

Jj=

=

+ps+1‘l/1,v (X541) (MWN —Xs+1) + 2 Fj‘l/J,v (x) (xj—l _xj)]

Jj=s+2
s—1 K — i
2 d J j+1
j=21 5 (51 =) dx; (xj—x,m (P(xj>>
2 0 x{V _M{XN
+Ps (My,, —xy) Er (mq’(xs)

N
— M‘I/N

_ 9 ()
+Py11 (xs+1—MWN)2 ( — (P(X.YH))

Oxgp1 \ Xgp1 — My,
" P 2 9 (=2
Pilxi—x: ) — | L—1— . .
" Z 5 =xi-1) dx; (xj_xj_l(p(x,)
It is shown in [2] that under our conditions on p, the first parenthesis in the right
handside of (5.3) for the convex functions yy is non-negative. Then from the N-
quasiconvexity of Wy, the convexity of f (x) = x> we get from (5.3) that

Py (Myy) — > piyw (xi)

n
i=1

s—1 8 xN_xN
> 0]+ Y Py (51 — ) e (Jimq?(w))

j=1 Xj—Xj+1
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9 (XN —mj
0,5 ()

_M‘I/N
_ 2 9 (X, My,
+Pgy (xs+1—Mu/N) P (x : My, (P(Xs+1)>
s s N
< 5 2 9 (¥ =
,:%z 163 =5) 9x; (x,-—le !

c )( 1P (1 =) + B (Myy —x5)

=1 P+ X P

X1 —X

_ - 2
+P-Y+1 (51— My, + Y2 Pj () —xj-1) aJ (lev_xzv
i P+ Y P dx

=<iPJ-+ 3 TD.,)I <2pl!x1 MW|> 2 (A=) =

X1

o)) fr=n

In the same way as in the proof of the Theorem 13, we conclude that

(ZP 3P >_1 (jilpfaxi—m))z

Jj=s+1
2
>((n—1)PR (Zpl }x, MWN|)>

holds and hence we get (5.2).

The proof of the special cases (1) and (2) in the theorem are the same as the proofs
of the equality cases in Theorem 2 and as proved in [1] and in [2].

Case B for M > x, is proved similarly to Case A.

Hence the proof of Theorem 15 is complete. [l

Theorem 15, besides being a refinement of Slater-Pecari¢ inequality is also an
analog of Theorem 12 which deals with non-negative superquadratic functions.

6. Bounds for differences of “Jensen’s gap” for N -quasiconvex functions

In this section we state one of many results that can be derived from the pre-
vious theorems. First we quote a result from [3] about the difference between two
“Jensen’s gaps” Y| piy (x;) — v (X,) and Y}, iy (x;) — w(X;). Then we present
a new theorem with results when y is a N-quasiconvex function. In particular for a
1 -quasiconvex function y the result is interesting.

The proofs in this section like the proofs in [3] employ some of the techniques
used in [8].

In [3, Theorem 2] the following is proved:
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THEOREM 16. Suppose that v : 1 — R, where I is [0,a] o [o o) is superquad-

i=1,.,n X, =X" pxi, pi =0, i=1,..,n, Y pi=1 and
pi

= min

ratic. Let x; € I,
" 1 qi= 1. Then, for m
2171 ! f 1<i<n qi

xq - 2?:1 qiXi, qi 2 Oa i= 1,...,71,

(épiww) - w(%)) m (21 4w (x)
and for M = max (Z‘)
(ilpiw(x,) - w@)) -M (21 qiv (x;) — w(xq)> (6.2)

(Mg — Pi)lV<xl_inxj>—ll/< x,-).
1 j=1

If the superquadratic function is also nonnegative and therefore is also convex
then (6.1) and (6.2) refine the following theorem by Dragomir in [8]:

6.1)

)

M=

)
3 i)
j=1

(qi — pi)

M=

1

I

=
=

(pi—ai)

-

1

M:

< -

THEOREM 17. Under the same conditions on p, q, X, Xp, X4, m and M, as in

Theorem 16, if W is convex then
M (zqwi) - w@)) > Y () - v ()
i=1 i=1

m (jzlqiww) - w(%)) .

Now we show another refinement of Theorem 17 this time for N-quasiconvex

(6.3)

function yy.
THEOREM 18. Suppose that yy : I — R where I is [a,b) <a, b<oo, is N-
=1,2,... where @ is convex on [a,b).

quasiconvex function, that is yy = xN ¢ (x), N
Let p, q, X, Xp, X4, m and M be as in Theorem 16, then
(Z Piyn (xi) — v (%)) —m (Z qiyn (xi) — Yy (%)) (6.4)
i=1 i=1
n 0 [N -
=2 Y i 14 _
> 3 (= ma) (-5, 5 ( — qo(xp>>

i=1
X Zi <H¢('¥P>> )

%) 5| 5 F
P q P
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and

(zpl"’N(xf)“”N(W) -M quWN(xi)_WN(xq)> 6.5)

i=1 i=1

N = J va__q —

< le(pl_Mql) (Xi_xq) 5_3?11 <xl_x‘1 (p(xq)>
S
—M (X4 —%, 8_)_6,1 ()_cq—)_cp (Xq)

(i pivi (xi) — v @a)) —m (iqﬂ/ﬁ (xi) —w (@)) (6.6)

and

(i iV (xi) =y xp) (i -y xq)) (6.7)

oo (g0} (o))

In particular if ¢ is also non-negative increasing then (6.4)—(6.7) are refinements of

(6.3).
Proof. To prove (6.4) we define y and d as
_Jx,i=1,.n d— pi—mgqi,i=1,...,n 6.8)
Yi= Xgi=n+1 " T m, i=n+1 ’

From (6.8) we get that y = 2;’:11 diy; = X, pixi =X, Then (2.3) for y and d is

(, i (5) v 5 ) (2 w(xq))

=

=

=

(pi —maq;) wy (xi) +myy (3) — yv (Xp)

n+1d A
) > (v — V) — i v) ).
i () = ¥ (50) > 3, s 1 =3) )

Il
—_

=
t

I
-

which after using again (6.8) is (6.4).
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To get (6.5), we choose z and r as
o= xi, i=1,..,n . q, M, i=1,..,n
! Xp,i=n+1 " ! M, i=n+1 ~

Then, as 2” (ri=1,1r>0,i=1,.,n+1 and 2” | TiZi = 2 qiXi = Xy, We
get that

ZCIL'WN (xi) — v (Xg) ) EPtWN (xi) — v (Xp)
i=1 i=1
1 _
- z (0= 52) wv () + 2w (%) =y (5)
n+1 n+1
= EVzV/N(Zz)—V/N Zr,-z,-
i=1 i=1
< Pi _2 0 fgv—va -
> . B _ —
z Z‘ (q’ M) (ki =) 0%, \ X,—x, ¢ (%)
1 _ 2 a xg’__p —
+M (xp —Xq) o5, \ Ty, ¢ (Xq) |,

which is equivalent to (6.5). U

Acknowledgements. The author wish to thank L.-E. Persson whose many advices
are as usual very useful and to the referee for the illuminating remarks.

REFERENCES

[1] S. ABRAMOVICH, M. KLARICIC BACULA, M. MATIC, AND J. PECARIC, A Variant of Jensen-
Steffensen’s Inequality and Quazi Arithmetic Means, Journal of Mathematical Analysis and Applica-
tions, 307 (2005) 370-386.

[2] S. ABRAMOVICH, S. BANIC¢, M. MATIC AND J. PECARIC, Jensen Steffensen’s and Related Inequali-
ties, for Superquadratic Functions, Mathematical Inequalities and Applications, 11, (2008), pp. 23—41.

[3] S. ABRAMOVICH AND S. S. DRAGOMIR, Normalized Jensen Functional, Superquadracity and Re-
lated Inequalities, International Series of Numerical Mathematics, Birkhduser Verlag, 157, (2008)
217-228.

[4] S. ABRAMOVICH, G. JAMESON AND G. SINNAMON, Refining Jensen’s Inequality, Bulletin Math-
ematique de la Societe des Sciences Mathematiques de Roumanie, (Novel Series) 47 (95), (2004),
3-14.

[5] S. ABRAMOVICH, L.-E. PERSSON, Some new estimates of the “Jensen Gap”, J. Inequal. Appl.
(2016), 2016:39, 9 pp.

[6] S. ABRAMOVICH, L.-E. PERSSON, AND N. SAMKO, Some new scales of refined Jensen and Hardy
type inequalities, Math. Inequal. Appl., 17, (2014), 1105-1114.

[71 S. ABRAMOVICH, L.-E. PERSSON, AND N. SAMKO, On Yy-quasiconvexity, superquadracity and
two-sided reversed Jensen type inequalities, Math. Inequal. Appl. 18 (2), (2015), 615-627.

[8] S.S. DRAGOMIR, Bounds for the normalised Jensen functional, Bull. Austral. Math. Soc. 74 (2006),
471-478.

[9] G.H. HARDY, J. E. LITTLEWOOD AND G. POLYA, Inequalities, Cambridge University press, 1964.



1226 S. ABRAMOVICH

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]

E. G. KWON AND J. E. BAE, On a refined Holder’s inequality, J. Math. Inequal., 10, no. 1, (2016),
261-268.

L. LARSSON, L. MALIGRANDA, J. PECARIC AND L.-E. PERSSON, Multiplicative inequalities of
Carlson type and interpolation, World Scientific 2006.

J. MATKOWSKI, Aconverse of Hélder inequality theorem, Math. Inequal. Appl. 12, no. 1, (2009),
21-32.

C. NICULESCU AND L.-E. PERSSON, Convex functions and their applications, a contemporary ap-
proach, CMS books in mathematics, 23, Springer New York, 2006.

L. NIKOLOVA AND S. VAROSANEC, Refinement of Holder’s inequality derived from functions y,, , 5,
and d)p‘q.l , Ann. Funct. Anal, 2, no. 1 (2011), 72-83.

J. PECARIC, F. PROSCHAN, Y. L. TONG, Convex Functions, Partial Orderings, and Statistical Appli-
cations, Academic Press, New York, 1992.

L.-E. PERSSON AND N. SAMKO, What should have happen if Hardy had discovered this?, J. Inequal.
Appl. (2012), 2012:29.

L.-E. PERSSON, N. SAMKO AND P. WALL, Quasi-monotone weight functions and their characteris-
tics and applications, Math. Inequal. Appl. 15 (2012) no. 3, 685-705.

G. SINNAMON, Refining the Holder and Minkowski inequalities, J. Inequal. and Appl. 6 (2001), 633—
640.

J.-F. T1AN, Property of Holder-type inequality and its application, Math. Inequal. Appl. 16, no. 3,
(2013), 831-841.

(Received February 1, 2016) Shoshana Abramovich

Department of Mathematics, University of Haifa
Israel
e-mail: abramos@math.haifa.ac.il

Mathematical Inequalities & Applications

v.ele-math.com

mia@ele-math.com



