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ON CONVERGENCE PROPERTIES OF GAMMA-STANCU
OPERATORS BASED ON ¢-INTEGERS

OZGE DALMANOGLU AND MEDIHA ORKCU

(Communicated by K. Nikodem)

Abstract. In this paper we introduce Stancu type generalization of Gamma operators based on
the concept of g-integers. We first establish local approximation theorems for these operators.
Next, we investigate the weighted approximation properties and give an estimate for the rate
of convergence using classical modulus of continuity. Lastly, we obtain a Voronovskaya type
theorem.

1. Introduction

Let f be a function defined on [0,0) and satisfies the growth condition:

f) <MP' (M =0; B> 0;1— ).
In 2005, Zeng [20] defined the following Gamma operators

Gn (f3) x"F

/ " levidr, x>0, (1)
0

for functions satisfying exponential growth condition. He studied the approximation
properties of these operators to the locally bounded functions and the absolutely con-
tinuous functions. One of the important generalizations of the Gamma operators is due
to Mazhar [13], namely

oo

<7 2 |xn+1
= [ etsaen s = S [ L s
00

0

where g,(x,u) = ﬂﬂ—?e_x“u", n>1, x> 0. In [8] Karsh considered the following
Gamma type linear and positive operators

=

T (20 + 3) L+
0/ 0/ usa (o) Oduds = S [t 0, @)

0
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for x > 0, and obtained some approximation results. Karsli, Gupta and Izgi [9] gave
an estimate for the rate of convergence of these operators on a Lebesgue point of a
function f of bounded variation defined on the interval (0,c0). In [10], Karsli and
Ozarslan also gave some local and global approximation results for the same operators.

In the last two decades g-calculus are intensively used in the area of approximation
theory. Pioneer work is due to Lupag [12] and Phillips [14], as they introduce the g-
analogue of well-known Bernstein polynomials. After g-Bernstein operators, several
operators’ g-generalizations are defined and approximation properties are investigated.
We now recall some concepts from g-calculus. Details can be found in [7].

For any real number g > 0, the g-integer and the g-factorial of a nonnegative
integer k are defined as

l—qk
[k]q::[k]: 1—q’ q#1
k, g=1

Kk—1]...[1], k=1,2,...

k], = [k}!:{ 3 o

respectively. For the integers n and k, the g-binomial coefficients are also defined as

[ZL:: m :% (n>k>0).

The g-integral and the g-improper integral are defined as

=3

[ @)dx=(1-) 3 aq’flag)).
0

J=0

M wdp=-9 3 (L)L, as0 3
o J(x)dgx = ( —Q)nzwf a) a0 A0 3)
respectively, provided the sums converge absolutely. The classical exponential function
€* has the following two g-analogues:

= xk 1
)= 2 11 = T (1 =g

=3

k
Ex) = ¢ E P — (14 (1—g)x)7, @)
far [k]! q

oo

where (1+x); = TT(1+ ¢’x). The g-Gamma function was introduced by Thomae
j=0
[18] and later by Jackson [6] as the infinite product

oo l_qn+l

L0 = 0-0)" Tl = fer
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The integral representation of g-Gamma function [15] is given by

1

T,(t) = /xf—lEq(—qx)dqx (5)
0

which satisfies the functional equations

L (r+1) =[t]Ty(r), >0, T,(1)=1,
L) =[—1]!, t>0. (6)

Note that (5) can also be rewritten via an improper integral as

=/l=q
T,(1) = / P VE (—qx)dyx 7
0

since E, (—%) =0 for n < 0. For more detailed information, see [1] and [16].

As the g-generalizations of linear positive operators have been introduced by sev-
eral authors, similar studies are also valid for the Gamma type operators. In [4], Cai
introduced a g-analogue of the Gamma operators defined by (1) as

. _ 1 oo/A 1 n—1 qt
G,w(f,x)_m/O f(m)t E, (L) dyt ®)

and investigated the approximation properties of these operators. In [3], Cai and Zeng
introduced a g-generalization of gamma type operators given by (2) using the con-
cept of g-integral. They estimated the rate of convergence and examined the weighted
approximation properties. Later then Zhao et. al. [21] proposed the Stancu type gen-
eralization of the same g-Gamma operators and studied similar concepts. Stancu [17]
was the first to modify Bernstein operators as

PEB(fix) = 3, (Z)xk(l ey (%)

k=0

for x € [0,1] and a,f are any numbers satisfying 0 < a < 8. For more studies on
g-Gamma type operators see also [ 1] and references therein. Another operator that is
related to our study is the Post-Widder operators. Unal et. al. [19] studied the statistical
approximation properties of real and complex Post-Widder operators based on the g-
integers. Recently Aydin et. al. [2] also introduced a generalization of g-Post-Widder
operators and studied approximation properties.

In the present paper, we introduce the Stancu type modification of the g-Gamma
operators. We study the approximation theorems for these operators. Local approxima-
tion theorems, weighted approximation and rate of convergence results are investigated.
Voronovskaya type theorem is also obtained in the last section.
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2. Construction of the operators

By Cg(0,0), we denote the space of real valued functions defined on (0, ) which

are bounded and continuous with the norm || f|| = sup|f(x)|.
x>0
We define the Stancu type generalization of the g-Gamma operators for n € N,

0<g<1as

1-q
wfipon L =/ 5 o\ i at
Guy (f’x)_xi"l"q(n)/o f<—[n]+[3>t Eq< x)dqz, x>0. (9

where o and [ are two numbers satisfying 0 < oo < . It is easy to check that (9)
is linear and positive. By putting oo = 8 = 0, the operators reduces to the Gamma
operators defined by (8) with A = l;—q.

We first give the following Lemma in order to investigate the approximation theo-
rems in the proceeding sections.

REMARK 1. Note that we take 1)6;’1 instead of A in the definition of the improper
integral, so that we are able to get the function I', (n) after making the change of vari-
able when finding the test functions. We have to be careful when writing the upper
limit of the integral after making the change of variable as it differs from the ordinary
calculus.

LEMMA 1. For g € (0,1), x € (0,00), we have the following test functions for
the operator defined in (9).

o, . —
G (1x) =1

o,B x) = [n} X o
O ) = G B
wpay 7\ 2. 20 %
G (%) = G R <1+M) W+ B (4 BP
n3 n 2n
5t ) = Tl (1 R )
R AT L
(n + BY <1+[n1> o Wy
4 n n n
68 (4 ([n][ﬂ;sr‘ (”“HZHBM +<[2]+m;][22} B¢ +[2}[[j]}3q3 )
41n)? (2 2] g
<[n][i§4< + <[n}+q>+[[]§2 )
6[n]* o2 7\ 2 4[n] o N ot
([n]+ﬁ)4<+[”]> W B (4B
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Proof. We prove the first equality by making the change of variable t = ux.

1 o/ 51 t
ofB 1. — n—1 _q_
Gy (Lx) W, ) /O "E, ( p ) dgt

= #/N/l_qun_lx"_lE (—qu)xdu
X', (n) Jo q\—qu)xdq

=1.

For =0, B #0, and k=0,1,2,..., using the identity (6), we can write

o/ 124 ko
62 (") = 55, (arep) e (-5

1 ofl=q  ykxk o
= 2T ( )/ 7([n]—|—[3)ku Lxn 1l‘jq(—ql/t)xcz'ql/t
kT, (n+k) m4+k—1) X

(BT () =1t (] +BF

Now in the light of the above equality, we can write Gf,‘f (t*;x) in terms of GO B g (t5:x)
as,

1 /5t a t
o,B [ k. - - -1 _‘I_
Gng (t ,x) x'Ty (n) /0 ([n} +[3) "k, ( X ) dqt

%(IJC) ([”}iﬂ)iﬂ’l“,li (n) /0“’/¥ (] il;)kjtnlEq (—th) dgt
B 2 ( ) (5 “5) G ().

Using the identity [n+ k] = [n] + ¢"[k], for k > 0, one can obtain the desired equalities
after simple calculations. [

COROLLARY 1. Forevery g € (0,1), x € (0,00), we have

wpy ()., o
Gy ( ’)_<[n}+ﬁ 1) R

2 n n
ot (0-379) = (e (1) -y 1)

n] 1 . o?
”“(([nw)z [n]+ﬂ> e




1340 0. DALMANOGLU AND M. ORKCU

2P <1+q_n>+(12[n}a 4ot }x3

(W +B)° \ [/ (+p) [+B
6lo? (1 ¢\ _ 12lnjo® 602 }x2
+{<[n}+ >4< i) (n)+BY " (i +B)
4fnjo’ 40’ }x ot T
+{([n}+ﬁ)4 ORI T b
THEOREM 1. Let q = (q,) be a sequence satisfing
(qn) € (0,1), Y}LHOIOQnZI and Y}LH(}OQZ:& a#0. (12)

For each f € Cg(0,00), the sequence ( Gy B ;.) ) converges uniformly to the function
»qn

f on every compact subset of (0,00).

Proof. Let lim g, = 1. Since lim ¢} = a, a # 0, we see that
n—soo n—oo

from Lemma 1. Therefore from the well known Korovkin’s Theorem we get the desired
result. [
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3. Local approximation

Recall that the first-order and second-order modulus of continuities of the function
f € Cp(0,0) is defined by for 6 >0

w(f:8) = sup{|f(x-+h) = f(x)] :x>0, 0<h< Y,
wa(f:8) = sup{|f(x+2h) — 2f (x+ ) + f(x)] :x >0, 0<h< 8}

The Peetre’s K-functional of the function f € Cp(0,°0) is defined by

K> (f;8)= inf - Sllg"||V.
9= _nt {lr—el 3]

Here C2(0,0) is the space of functions f such that f, f’, f” € Cp(0,). The norm
on C3 is defined as

lsllcs = llgllc, + 18]l + 1" llc,,

It is known that there exists a positive constant C > 0 such that
Ky (f38) < Cwa(f;V8). (13)

LEMMA 2. For f € Cp(0,°0) one has

Gt (7)< 11

Proof. The proof follows from the linearity of the operator Gf,‘f and from the

first identity of Lemma 1. [

Here is our direct local approximation theorem for the operators Gfli qﬁ
THEOREM 2. Let f € Cp(0,00) and 0 < g < 1. For each x € (0,e0)

Gif (f:%) —f(X)I SCwa(f34/ Gng(x)) +w(fs tng(x))

for some positive constant C, where

2
5n,q(x) = Gg’qﬁ ((l —x)z;x) + ( [l’l] o _x>

and
[n] o

CEAMTEY

X

g (x) =

Proof. For x € (0,0) consider the following auxiliary operator 6,? ’qﬁ (f;x) defined
by

G () = G +70) £ (g g ) (14)
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From Corollary 1, (~},? qﬁ reproduce linear functions, i.e.

é,‘ff (t—x;x)=0.

Let x € (0,0) and g € C3(0,c). By Taylor’s Theorem we have
t
8(1) = 8()+ g (0 =)+ [ (1~ w)g ().
Applying 59,"3 to the both side of the above equality, we get

Gif (gl0):x) — ) =GP | [ (1= g (i

X

G:p (g5) — 00| < [|¢”] {sz ( - u>du;x)

e s
] o

DEATEY

_|_

X

" aﬁ _x2,x [n] X
< for? (oo + (e
//H

=8,4(x) ||

On the other hand from (14) and Lemma 2, we have

G (£3)] + 21111
171

Gt (£53)|

<
<
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Thus, from (14) we can write

(G2 (£3) — £(0)| <

Gl (f;X)—f(X)’+|f(x>_f<[n}[’—l£ﬁx+ 755)

<| G (1 = )| +10f — &) @I +|Gf (1) — 8 )
i (Gt as) /0
<40 = gll+8ug) |8 + 'f(x*f([n][ﬂﬁ” [n]iﬁ)'

Taking infimum on both side of the above inequality over all g € C3(0,), we get
] o )

X+ —X
B~ [ +B

Note that if ¢ = (g,) is a sequence satisfying the conditions given in (12), then we

have lim 8, 4,(x) =0 and lim p, 4, (x) = 0 which gives us the pointwise rate of con-

GEf (1) — £(0)| < 4Kalf38) + w ( :

from which we have the desired result by (13). O

vergence of the sequence (Gﬁ‘[ﬁ ( f;x)) to f(x) forevery x € (0,e0) and f € Cp(0, o).

4. Weighted approximation

Let B,2(0,00) be the set of all functions defined on (0,e0) satisfying |f(x)| <
My(1+x?). Here My is a constant depending only on f. We also have the following
subspaces of B 2(0,) :

C2(0,00) = {f € B2(0,e0) : f is continuous on (0,e)}

C%Q@:{fﬂkmwﬁy£{3L2@<w}

SO
o L+
In this section we give the weighted approximation theorem for functions f in
C, (0,00) using the Korovkin type approximation theorems proved by Gadjiev [5].

The norm on C%(0,°) is || f]],2 = sup

THEOREM 3. Let q = (q,) be a sequence satisfing the conditions given in (12).
Then for each f € C(0,0), we have

=0.

Gy (£ = F Q||

lim

n—00

Proof. In order to prove the theorem we need to show that

mnWﬁﬁehj—fo

n—00

=0, for k=0,1,2. (15)

X
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Then from the Korovkin’s type Theorem the proof is obvious.
Since Gﬁf}ﬁ (1;x) = 1, condition (15) holds for k = 0.
For k =1, we have

B/, 5 _ [”} X o
ozl | (G5 —1) wral.
< il — 1|sup + = sup
h [n]+B w0 L+x2 [+ B o L+
< [1] _1‘+ o
("] + B (] +B
Thus
fim 02 (5 =], =0
Similarly for k =2,
GEB (1) —
HGa,qli )= sup q1+xz ‘
P (8 g
(1 + B (” M) I] 0 1122
n 2[n] o sup LA o?
([n)+B)* >0 1+2% - ([n] +B)°
Wi+t |, 2k o
NG (In]+B)* () +B)*
Since nlgg qn =1 we get
fim 0782 =2 =

Hence the proofis completed from the Korovkin’s Theorem given by Gadjiev. [J

5. Rate of convergence

Let wy, (f;6) denote the modulus of continuity of f on the closed interval [xo, c],
0 < xg < ¢ with

Wig.e(f:0) = sup{|f(r) = f(x)| : 5, € [x0,c],0 <t = x| < 6}, 6>0.

THEOREM 4. Let n €N, g€ (0,1) and 0 <xp < c. For every f € C.2(0,0),

HGaﬁ ] S KYng+ 2w .c+1(f3v/ Tng) (16)
X0 ,C
where Y, 4 is given by (10) and K is a positive constant depending on f and c. ||., 4

denotes the classical sup-norm on the space C[xy,c].
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Proof. For x € [xg,c] and t > ¢+ 1, since  —x > 1
F @) = F 0] < My (2472 +27)
= M, <2+x2+(t—x+x)2>
< My <2+2x2+(t—x)2+2x(t—x)2>
ng((z+zx2) (t—x)2—|—(2x+1)(t—x)2>
< My (3+2¢+20%) (t—x)°. (17)
For x € [xg,c], xo <t <c+1,and 6 >0

| — x|

f(t)—f(x)|<wx0,c+1(f;t—x)<<1+ 5 )wxo,cﬂ(f;a), 5§>0. (18)

From (17) and (18), we get for all x € [xo,c] and 7 > xo

70 = r@l <K=+ (145 e (10

where K = M/ (3+2c+2¢?). Thus we have
12
G (130) )| < RGP (=73 g (1) |15 (658 (1-%))

Using the identity for the second central moment of the operator Gfli qﬁ in (10) and
taking supremum over the interval x € [xo,c], the proof is completed. [J

COROLLARY 2. Let g = (q,) be a sequence satisfing (12) and 0 < xo < c¢. For
every f € C2(0,0), we have

=0.

n—00

lim Hcgqﬂ (fs.) —

[XQ,C]

Proof. Now taking a sequence g = (g,) satisfing (12) instead of a fixed num-

ber ¢ € (0,1) in Theorem 4, we obtain ¥, ,, , given by (10) tends to zero as n — oo

which gives us lim wy, c1+1(f3\/%hg,) = 0 since f is continuous on [xg,c+ 1], xo >
n—oo

0. Consequently, it follows from Theorem 4 that for every f € C2(0,%0), we get

hmHGnqn O—fl =0 O
[XQ,C]

6. A Voronovskaya type theorem

In this section we give a Voronovskaya Type asymptotic formulas for the operators
,‘ff with the help of the second and fourth central moments. Before the main theorem

it is meaningful to give the following Lemma.
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LEMMA 3. Let Gfli’qﬁ be the operator defined by (9). Let (gn) be a sequence such
that the conditions in (12) are satisfied. For all x > 0 we have,

lim [1] Gif) (1 —xix) = . — P (19)
lim [1] GE:f (1= )% 5x) = a? (20)

and
lim []* G <(t—x)4;x> = 3%, 1)

Proof. The first equality is obvious. For the second one we have,

im [2)G*P ((1—x)*:x) = 1i qZ[n]2+ﬁ2["]x2_ 20 [n] ¥ o’ [n]
fm G (0 =75) m( WIBP (B

= ax2

For the last one, making some computations, one can easily see that the limit of the

coefficients of the terms x', i=0,1,2,3 tends to zero as n — co. We have the coefficient
4

of x* as

)

4
g+ (3R Bl I 4841 )] T

(I +B)*

Using the identity [n] = %7 and applying it to the term [n]*, we can rewrite (22) as

q'(1-q)°

[}’

nl_n2 ,
a=d) (M +B)°

+ (=302 + B+ 2I[3)¢*" +4Bq" (1~ )]

from which, we get the limit 3a> for n — oo. Consequently we have

tim [ G (= x)* ) = 302

n—00

as desired. [

Now we present the Voronovskaya type result for the operator (9).

THEOREM 5. Let f,f,f" € C.2(0,00) and (qn) be a sequence such that (12) is
satisfied, then we have

ax2

@,

tim 1] { G (£3x) — £ (0)} = (= B) £ (x) +

n—o0

uniformly with respect to x € [xg,c], 0 <xp < c.
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Proof. For f,f’,f" € C2(0,00) and x > 0, we define a function as

fO—F@) =01 () =3 /" 0)=x? .
r(l):r(t7x) = (t—x)2 s lf t#x
0, if t=ux.

From the definition, r(x,x) =0 and the function r(.,x) € C;2 (0,°). So, by the Taylor’s
formula we write

J0) = F0)+ (@ =x)f (x)+ %f” () (£ =x)? + (2,0 (e = x)? (23)

where r(,x) is the Peano form of the remainder and }im r(t,x) =0. Applying G, ’q[i (f3x)
to the both side of (23), we have

] (G (£1) = F)] = [l £/ () G (o —x:) (24)
5l (6p (1602 5) + GEE (- 0Pr(r,2):)

If we apply the Cauchy-Schwarz inequality for the last term on the right hand side of
the equality (24), we get

GEE (0= 22r1.05) < \/GEf (2,000 PGS ((—0%0). 29)
Observe that 7%(.,x) € C2 (0,00) and r?(x,x) = 0. Also, from Corollary 2, we have

lim G 13 (rz(t,x);x) =r(x,x) =0 (26)

n—oo

uniformly with respect to x € [xo,c]. In the view of (25), (26) and the Lemma 3, we

obtain
lim [n]GP ((1 —x)*r(t,x);x) =0. 27)

n—oo

Combining (19), (20) and (27) we get the desired result. [
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