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Abstract. In this paper we consider convex functions of higher order. Using the Cauchy’s er-
ror representation of Hermite interpolating polynomial the results concerning to the Hermite-
Hadamard inequalities are presented. As a special case, generalizations for the zeros of orthog-
onal polynomials are considered.

1. Introduction

We follow here notations and terminology about Hermite interpolating polynomial
from [1, p. 62]:

Let —o<a<b<oo,and a<a <ay...<a, <b, (r>=2) be given. For
f € C"[a,b] aunique polynomial Py(¢) of degree (n— 1), exists, fulfilling one of the
following conditions:

Hermite conditions

; . r
PI({l)(aj):f(l)(aj)§ 0<i<k;, 1<j<r ij-i-i’:n,
j=1
in particular:
Simple Hermite or Osculatory conditions (n = 2m, r =m, k;j =1 for all j)

Po(aj) = f(a;), Polaj)=f'(a;), 1<j<m,
Lagrange conditions (r = n, k; = 0 for all j)
Paj) = flaj), 1<j<n,

Type (m,n—m) conditions (r=2, l<m<n—1,kj=m—1,ky=n—m—1)

Pin(a)=fD(a), 0<i<m—1,
PO®B) = fOb), 0<i<n—m—1,

Two-point Taylor conditions (n =2m, r=2, ki =ky=m—1)
(@) = fO(a), PRB)=FO0), 0<i<m-L.
Mathematics subject classification (2010): Primary 26D15; Secondary 26D07, 26A51.
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DEFINITION 1. Let f be a real-valued function defined on the segment [a,b].
The divided difference of order n of the function f at distinct points xo, ..., x, € [a,b],
is defined recursively (see [7]) by

f[x,-] :f(x,-), (i:O,...,n)

and
Flxtse o xn] = f1x0, - Xn—1] '

Xn — X0

flx0y. - x0] =

The value flxo,...,x,] is independent of the order of the points xo, ..., X,.
The definition may be gxtended to include the case that some (or all) of the points
coincide. Assuming that fU~1(x) exists, we define

B FU=D(x)
f[)f»~~‘~,x} ERTEN
Jj—times

The notion of n-convexity goes back to Popoviciu ([8]). We follow the definition
given by Karlin ([6]):

DEFINITION 2. A function f : [a,b] — R is said to be n-convex on [a,b], n >0,
if for all choices of (n+ 1) distinct points in [a,b], n-th order divided difference of f
satisfies
flxos - ,xn] = 0.

In fact, Popoviciu proved that each continuous n-convex function on [0, 1] is the
uniform limit of the sequence of corresponding Bernstein’s polynomials (see for ex-
ample [7, p. 293]). Also, Bernstein’s polynomials of continuous 7n-convex function are
also n-convex functions. Therefore, when stating our results for a continuous n-convex
function £, without any loss in generality we assume that f(") exists and is continuous.

In [5] M. Bessenyei and Zs. Pdiles were investigating the case of higher order
convexity. The base points of the Hermite-Hadamard type inequalities turn out to be
the zeros of certain orthogonal polynomials. The main tools of the paper are based
on some methods of numerical analysis, like Gauss quadrature formula and Hermite
interpolation. They considered the following Gauss type quadrature formulae where
the coefficients and the base points are to be determined so that be exact when f is a
polynomial of degree at most 2n — 1, 2n, 2n and 2n + 1, respectively:

[ e zckf@k) (M)

/p (t)dt = cof(a +ECkf&k )

[ o= 3 (&) +enaso), ©
k=1

/ p(t)f(t)dt =cof(a +chf (&) + cn1 £ (D). “)
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Using this formulae and the remainder term of the Hermite interpolation they proved
Hermite-Hadamard type inequalities in cases of odd and even higher order convexity
separately in the subsequent theorems:

THEOREM 1. Let p : [a,b] — R be a positive integrable function. Denote the
zeros of Py, by &,...,&, where P, is the m-th degree member of the orthogonal poly-
nomial system on [a,b] with respect to the weight function (x —a)p(x), furthermore
denote the zeros of Qn by Ny, ..., NMm where Q,, is the m-th degree member of the or-
thogonal polynomial system on |a,b] with respect to the weight function (b —x)p(x).
Define the coefficients 0y, ...,0y, and Bi,...,Bny1 by the formulae

Ll L aahl)
W= g |, PP o= g [T o

and

1 b (b—x)Om(x) 1 /b 5

= x)dx, Bm+1:=—5- [ Onx)p(x)dx.
e b—nk/a (x—nk)Qén(nk)p( ) P 05,(b) Ja ®)p )

If a function f :[a,b] — R is (2m+ 1)-convex, then it satisfies the following Hermite-

Hadamard type inequality

@0f@) + 3, 0uf(6) < [ pLfWdr< 3 B ) + Buia ).
k=1 a k=1

THEOREM 2. Let p : [a,b] — R be a positive integrable function. Denote the
zeros of P, by &i,....&, where P, is the m-th degree member of the orthogonal
polynomial system on [a,b] with respect to the weight function p(x), furthermore de-
note the zeros of Qm—1 by Ni,...,Nm—1 where Qn_1 is the (m — 1)-st degree mem-
ber of the orthogonal polynomial system on [a,b] with respect to the weight function
(b —x)(x—a)p(x). Define the coefficients 04,..., 0y, and Bo,...,Bn by the formulae

= biPm(x) x)dx
w= [ e

1 b
b= G aigt | =003 1w,

By = 1 /h (b—x)(x—a)Om—1(x)
C-m)(&—a) o (x—M0)Q;, (M)
1 /h )
—_— x—a)0p,_1(x)p(x)dx.
b—a)0._ () (@)@ (9P ()
If a function f : [a,b] — R is (2m)-convex, then it satisfies the following Hermite-
Hadamard type inequality

and

p(x)dx,

B =

m m—1
S /(&) < [ Pl < o @)+ 3 Bef () + Buf 0).
k=1 a k=1
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In this paper we obtain generalizations of above inequalities for convex functions
of higher order by using the Cauchy’s error representation of Hermite interpolating
polynomial. As a special case, generalizations of Hermite-Hadamard type inequalities,
where the base points turn out to be the zeros of orthogonal polynomials will be con-
sidered. Similar results for Lidstone’s polynomial can be found in [4]. See also [2] and

[3].

2. Cauchy’s error representation
In [1, p. 71] the following theorem is proved:

THEOREM 3. Let F(t) € C""([a,b]) and suppose that F\")(t) exists at each
point of (a,b). Then

F() -~ 3 HiOF (@) = ~o)F(E), )

n!

where & € (a,b) and H;; are fundamental polynomials of the Hermite basis defined by

Ly | O a
Hu(t) T (Z—aj)kﬂrl*i kga k! |: o) - (¢ aj) , (6)
where r
ot) = [T(—a)*". o
=1

Motivated by (5) and formulae (1), (2), (3) and (4) we define functionals ®@;(f),
D, (f), @3(f) and D4(f) respectively, by

Q\(F)=F()— Z ) Hj(1)F(a;), (8)
j=1i=0
ki ) rokj )
Oy(F)=F (1)~ . Hu(t)F D (a) = 3 Y Hi;(1)F (a;), )
i=0 Jj=2i=0
r—1 kj ) ky
®3(F) = F(1)— > D Hij(t)F(a;) = Y Hir(1)F O (b), (10)
j=1i=0 i=0
ky r—1 kj ) ky )
O4(F)=F(t) — Y Hy(1)FD(a) = X Y Hi(t)FD (a;) = Y Hir (t)FD (b). (11)
i=0 j=2i=0 i=0

Now, using Theorem 3 we get the following corollaries:
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COROLLARY 1. Let F : [a,b] — R is n-convex function, and H;j are defined on
[a,b] by (6), such that k; is odd forall j=1,...,r. Then we have

D, (F)>0. (12)

Proof. Since k; is odd for all j=1,...,r, then using (7), we get that @(r) > 0.
By using (5) for n-convex function F', (12) obviously holds. [

REMARK 1. If we put that n = 2m, r =m and k; = 1 for all j we get Hermite
interpolating polynomial with simple Hermite or Osculatory conditions and then

F(t) = X, Hoj(1)F(a;) — 3, Hj(1)F'(a;) > 0.
j=1 j=1
COROLLARY 2. Let F : [a,b] — R is n-convex function, and H;; are defined on
[a,b] by (6), such that ay = a and k; is odd for all j=2,...,r. Then we have
@, (F) > 0. (13)
Proof. Now o(t) = (1 —a)" ™ [Ty (r —a;) . Since k; is odd for all j =

t
2,...,r,we getthat w(r) > 0. So, by using (5) for n-convex function F, (13) obviously
holds. [

COROLLARY 3. Let F : [a,b] — R is n-convex function and H;; are defined on
[a,b] by (6), such that a, = b. Then
(a) If kj is odd for all j=1,...,r, we have

@3(F) > 0. (14)
(b) If kj is odd for all j=1,...,r—1 and k, is even, we have

@3(F) <0. (15)
Proof. Now o(t) = (t — b)k*! H;;i(t —a;)kitt,
(a) Since kj isodd forall j=1,...,r, we get that o(¢) > 0.

(b) Since k; is odd forall j=1,...,r—1 and k, is even, we get that () < 0.
So, by using (5) for n-convex function F', (14) and (15) obviously hold. [l

COROLLARY 4. Let F : [a,b] — R is n-convex function and H;; are defined on
[a,b] by (6), such that a; = a and a, = b. Then
(a) If k;j is odd for all j=2,...,r, we have

D4 (F) > 0. (16)
(b) If kj is odd for all j=2,...,r—1 and k; is even, we have

®4(F) <0. (17)
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Proof. Now o(t) = (t — )k1+1( )k"HH Mt —aj)kitt,

(a) Since k; is odd for all j = ,r, we get that o(r) > 0.

(b) Since k; is odd for all j = 2, ...,r— 1 and k, is even, we get that ®(z) < 0.
So, by using (5) for n-convex function F', (16) and (17) obviously hold. [l

REMARK 2. If weput r=2, 1<m<n—1,ki=m—1,kh=n—m—1and k;
is odd then we get Hermite interpolating polynomial with (m,n —m) type conditions

and then
n—m—1

—me,-l(t)F“)(a)— S Hp(t)F (b) > 0.
i=0 i=0

For k, even, the above inequality is reversed.
If we put n =2m, r=2, ky =k, =m—1 and m is even then we get Hermite
interpolating polynomial with two-point Taylor conditions and then

m—1

Z Htl 2 H12 = 0.

For m odd, the above inequality is reversed.

REMARK 3. Similarly as in [3] we can construct new families of exponentially
convex function and Cauchy type means by looking at linear functionals (8), (9), (10)
and (11). The monotonicity property of the generalized Cauchy means obtained via
these functionals can be prove by using the properties of the linear functionals associ-
ated with this error representation, such as n-exponential and logarithmic convexity.

3. Generalization of the Hermite-Hadamard type inequalities

The classical Hermite-Hadamard inequality states that for a convex function F :
[a,b] — R the following estimation holds:

a+b 1 b F(a)+F(b)
F( 5 )gb_a/a F(1)di < ==2—=. (18)

As a consequences of our results given in Section 2, here we give the generalized
Hermite-Hadamard type inequalities.

THEOREM 4. Let F : [a,b] — R is n-convex function, p : [a,b] — R is a positive
integrable function and H;; and H;j are defined on |a,b] by

1 kj—i aj)kit! (k) .
Hii(r) = A t—a)k (19)
0= e S e }( )
and
- _1 S li—i 1 (t_b)l+l (k) N
Hij(t) = E(t z+1 ; 2 l_ [T}rb-(t_bj) ) (20)

J
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where

I~

o) = ﬁ(l —aj)k./"‘l, o) =TT _bj)l_,-+1

1

b,(r,7 >2) and Yikjtr=

VA T

fora<a <ay...<a,<b, a<b; <by...<b;
Sl r=n

Then, if ay =a, by =>b, kj odd forall j=2,...,r, ljoddforall j=1,...,7—1
and Il even, we have

)a)/abp(t) A dz+22F aj)/abp(t)Hij(t)dt

Jj=2i=0

I
2 S F / p () i(1)dt + zF / plr
If F is n-concave, the inequalities are reversed.

Proof. We use Corollary 2 and Corollary 3(b). [

COROLLARY 5. Let F :[a,b] — R is (2r—1)-convex function and p : [a,b] — R
is a positive integrable function. Then, we have

b r b r b
a) [ pHn(W)dr+ X Flay) [ pe)Hoj(e)dr + X F'lay) [ plo)tys(e)d
a j=2 a j=2 a

</ ’ p()F ()i @1

r—1 b B r—1 b B b B
< T F) [ pOHy0d+ X F ) [ 0 0d+Fb) [ p0Ho 0
j:1 a ,:1 a a

where
P
HOl(t) - Prz_ll(a)a
_ (r—a)P? (1) _ Pi(a)+(a;—a)PL,(a)) iy
o R P ) <l (aj—aF ey ’))’
(t_a)Przfl(t)
H ( ) — I
M @ —a) [P
oj(e) = —©=0Pea ) <1+ Pra(bj) = (b= b)Py (b)) (,_bl))
(r—b)) [13’, 1(b,-)] (b—b)) (b—bj)P,_(b))
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=2 —2

A1) = (b_t)Pr_l,,(t) . Holt) = 1_’;-71(0,
(1= b)) (b—bj) [P (b))] Py (b)
and
r r—1
Pr_l(t)ZH(t—aj), pr_l(t)ZH(t—bj)
=2 j=1

fora<ay...<ar<b,a<by <by...<b_;<b,(r=2).
If F is (2r — 1) -concave, the inequalities are reversed.

Proof. We put ky =0, kj=1for j=2,...,rand [; =1 for j=1,...,r—1,
[, = 0 in Theorem 4 and then calculate

-0 [ (-a 0
Hoi(t) = (t—a)l .[(t—a)Pfl(t)][a P,{ll(a)’
P 0 [ (—a) (—a | |
Hoilt) = oy [(t—a)Pé_l(t)],a, [(z—a)Pé_m L
_ (t —a)P* (1) _Pr’_l(aj)—k(aj a)P! | (a;j) ;
—a2 [Py (@) (45— a) <1 w-af ) ’>>
and
=P [ ()’ ] ~ (t—a)PZ (1)
sl = (t—aj) [(l—a)PE_l(t) . (t—ap(aj—a) [P (a))]"

Coefficients H s H, j and Ho, we get similarly. [

REMARK 4. If we choose P,_; and P,_; such that they are orthogonal with
weight ( —a)p(¢) and (b—1)p(¢) respectively, to all polynomials of lower degree,
ie.

b
/(t—a)p(t)Pr,l(t)zkdtzo, k=0,1,....r—2 (22)
and
b _
/(b—t)p(t)P,_l(t)tldtzo, [=0,1,....r—2,
a
we get that

b b _
/ p(t)H;(1)dt =0 and / p(0)Hy(t)dr = 0.
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Now, using the relation for coefficient Hy;(t), we get

/hp<z>H0j<t>dz
_/ t—a)P}(r) dt_P;—l(aj)+( /p VL (1)

j—a r—a,> [P (a))]? (a; = a)F;

Now, using (22), we have

/ R aff(o—f;éffi(ajrl)dﬁo

/
r

because
P_ (Z)

(t —a;)P_(a;)

where Q(¢) is polynomial of degree r — 3. So,

—1=(t—a;)0(),

t.

PN R,
t_

a O—aﬁz[i laﬂ

Similarly, we calculate | : p(t)Ho;(t)dt and get the following relations for coeffi-
cients in (21):

1 b
| pte)Ho = PR
’ plt (1)
/a P (0)Ho; (1)dr (aj—a)P_(a)) / t—aj ar,
b
| pm0a
’ p()(b—1)Pr1 (1)
/ P00t = = / =l
b
| p) ,
/p H()r( dt

which is result proved by M. Bessenyei and Zs. Pdles in [5] (see Theorem 1).

THEOREM 5. Let F : [a,b] — R is n-convex function, p : [a,b] — R is a positive
integrable function and H;j and H;j are defined on [a,b] by (19) and (20) respectively.
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Then, if by = a, by =b, kj oddforall j=1,...,r, lj oddforall j=2,...,7¥ —1 and
7 even, we have

zzF (@) [ ootz

j=1li=

< / p(1)F(1)d1

zF /p _il(t)dt—kfiliF /p (t)H;j(

j=2i=0
o b _
X FO) [ 00
i=0 a
If F is n-concave, the inequalities are reversed.

Proof. We use Corollary 1 and Corollary 4(b). O

COROLLARY 6. Let F : [a,b] — R is (2r)-convex function and p : [a,b] — R is
a positive integrable function. Then, we have

r b r b
S F(a)) / p(O)Ho;(1)dt + S F'(a;) / p(0)Hy ;(1)dr
P2 = i

\

/p YHo, (1 dt—i—ZF /p VHo;(t) (23)

/P )H 1 j(t)dr + F (b /P o(r+1)(

where
() — P:(1) Pl
)= e (L By )
PO = 0P
mi=— 00 gy = PP
O arer YT e @
Hoj(t) = (t—a)(b-1)P; (1)

_y 2
(bj—a)(b—bj)(t —bj)? {Pr—l (bj)}

y (1 y Bhimazbf () = (bbb =Py (b)), b,,.>> |
(b—bj)(bj—a)P,_(bj)
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) =2
Hlj(t) _ (t_a)(b_t)Pr—IEf) - HO(H»])(t) _ (t_a)Pig—l(t)
(1= b;)(b; — )b~ b;) [P (b))] (b—a)P,_(b)
and
P()y=T[G—a;), Pr1(t)=]]¢—b;)
j=1 j=2

fora<ai<ay...<a,<b, a<by...<b,<b,(r=2). If F is (2r)-concave, the
inequalities are reversed.

Proof. Weputkj=1for j=1,...,rand [;=1for j=2,....r, i =1, 1 =0in
Theorem 5 and then calculate

I ON RGN (—a)*]’
Hoj = (r—a»z{[ ) }+[ ) ] “‘“"’}

_ P [o—a,,»q -

—2
Hou(r) = (= =DP(0) l _ _ b0k,
e (t—a)t=b)P, ()], (b-a)P, ()
—2
o) = © —a>(<z —;j))frm

+ (t_bj): ] (t—=b))
D1, Le—a)t=0)P (1)1,

(—a)(b-P ()
— 12

(b —a)(b—b))(t ~b;)? [Py (b))]
y (1 L Chimam P (b) — (b-b)bi—a)P (b)) b,.>> |

—/

(b—=0bj)(bj—a)P,_,(b))

(t—a)(t—b)P,_,(1)
(t—bj)

(t—a)(b-0P ()
- 2"
(1= b)) (b; =) (b=b)) [P,1(5)]

Coefficient I-_IO(,H) we get similarly as coefficient Ho(r). [

Hyj(t) =

(t—b))? ]
(t—a)t—D)Pr (1)),
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REMARK 5. If we choose P such that it is orthogonal with weight p(¢) to all
polynomials of lower degree, i.e.

/p Nikdt =0, k=0,1,....r—1
we get that
b
| ;w0
a

Now, similar as in Remark 4 we get

b o 1 b P(I)Pr(t)
/a P(I)HOJ(’)df—p;(aj)L (t—a)) !

Also, if we choose P,_; such that it is orthogonal with weight (1 —a)(b—1)p(t), to all
polynomials of lower degree, i.e.

b _
/ p(1)(t—a)(b—1)B, ()i =0, 1=0,1,...,r—2,

we get that
b _
[ e 0ar =0

and then

/ Pt —a)(b—0P(0)
l‘_

b _
| pe)ose)de = : S

bj—a)(b b))

which is result proved by M. Bessenyei and Zs. Péles in [5] (see Theorem 2).

REMARK 6. If we put r =1 and p(r) = 1 in Corollary 6, we get n = 2 and for

a = “;h calculate

b
Hol(1) =1 =>/ Hou(1)dt = b —a,

b b
Hll(l):l—a+ =>/ Hll(l)dl:O,
_ —t b b—a

01(2) —a:>/u o1()dt = ——,
_ b—a
Hoo(t) = (1)dr = ——.

So, using (23) for n =2 we get classical Hermite-Hadamard inequality (18).
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COROLLARY 7. Let F : [a,b] — R is (2m)-convex function and p : [a,b] — R is
a positive integrable function. Then, if m is odd, we have

m b
F(a;) (t)Ho;(t)dt + Y F'(a; JH1(t)
Z, j /a P 07 Z j / p(t)H,

m—1 m—1 . b B
< z @) [ pwn@ars S FO0) [ pwat)ar
i=0 i=0 a
where Hy; and Hyj as in Corollary 6 with r = m

(=)= L (— Dkt k= 1))

i —a k an
Hj(t) = o 2 [(m—1)1}2(a—b)m+k(t )*, and
= o (=" =b) & (=DM mtk—1
sz(t)—ii! pa) [(m—1)1}2(b—a)m+k(t b)~.

If F is (2m)-concave, the inequalities are reversed.

Proof. We use Remark 1 and 2 and then calculate

N N () (G (—a 19
H,l(l) f (t—a)m*" fart (m_ 1)' |:( _a)m(t_b)m:| (l a)
(t=a) (e =b)" " (=D m+k—1)!

=7/ - —a)k.
- il 20 [(m—l)!]z(a—b)erk(t )

t=a

Coefficient Hj(¢) we get similarly. [
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