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SOME GENERALIZATIONS AND PROBABILITY
VERSIONS OF SAMUELSON’S INEQUALITY

HONGWEI JIN AND JULIO BENITEZ

(Communicated by C. P. Niculescu)

Abstract. Several generalizations of Samuelson’s inequality are given, including complex data
and inequalities concerning random variables in a probability space. The proofs of these gener-
alizations need only a well known result from inner product spaces, namely, Bessel’s inequality.
Finally we apply these generalizations to locate the eigenvalues of certain matrices and tensors,
as well as the complex roots of polynomials.

1. Preliminaries
Samuelson’s inequality establishes that for xi,...,x, € R, one has
brj = m(@)? < (n=1)s%, (1

where m(x) is the arithmetic mean and s is the sample variance of the real data
XlyeoosXn, i.e.,

(xi —m(x))*.

-

n
m(x) ==Y x;, 2 =
iz

S| =

i=1

Samuelson’s inequality was proven in [7]. Several proofs of this inequality can be found
in the literature (see [3]). We present some generalizations of Samuelson’s inequality
with simple proofs which require Bessel’s inequality.

Bessel’s inequality is a well known fact of inner product spaces. If {vy,...,V,} is
an orthonormal set in a complex Euclidean space E and x € E, then

VP -+ (%) < ] @)

Furthermore, the inequality (2) becomes an equality if and only if x € span{Vy,...,V,}
(see, e.g., the proof of Bessel’s inequality given in [1, p. 441]).
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2 H. JIN AND J. BENITEZ

2. Generalizations of Samuelson’s inequality

In this section, we will give several generalizations of Samuelson’s inequality.

We shall review the definition of the expectation and variance of complex random
variables since usually the real random variables are studied. Let (Q,%, p) be a proba-
bility space and let Z : Q — C be a complex random variable, i.e., ReZ : Q — R and
ImZ: Q — R are random variables. For any measurable A C C one has

pzeA) =pz W)= [ dp.
z7H(A)
The expectation of Z is defined by

E(Z):/Zd[p:/ReZd[p—l—i/ImZd[p,
Q Q Q

provided the two integrals in the right hand side exist. The variance of Z is defined by
Var(Z) = E (|Z—E(Z)|*) . Observe that although Z is complex, Var(Z) is always real

(and non-negative). Since E(Z) = E(Z), after few manipulations, one gets Var(Z) =
E(1Z1%) - [E@).

Let S € X be such that p(S) # 0. Define g ={RNS:R € X} and pjg: L5 — R
given by pjs(R) = p(R)/p(S). It is easily checked that (S,Xs,p|s) is a probability
space. Therefore, if Z: Q — C is a complex random variable and A is a measurable
subset of € such that p(Z € A) # 0, then the restriction of Z to Z~!(A) is a random
variable defined in the probability space (Z~! (A),Z)7-1(a):P|z-1(a)) - This new random
variable is called the A-truncated distribution of Z and this distribution will be denoted
by Z|A (intuitively speaking, Z is truncated so that only the values in A are observed).
The expectation of Z|A is

1
E(Z‘A) = ‘/Zil(A)Zd[p‘Zfl(A) = r(z GA) /Zfl(A)Zdlp

THEOREM 1. Let (Q,%,p) be a probability space and let Z : Q — C be a random
variable whose expectation and variance are finite. If A is a measurable subset of C
such that p(Z € A) # 0, then

P(Z¢A)

p(ZcA) Var(Z) > [E(Z) - E(Z|A)[*. )

This inequality becomes an equality if and only if p(Z € A) = 1 or Z takes two values
o and B suchthat oo € A and B ¢ A.

Proof. If p(Z€A)=1,then p(Z¢A)=0and E(Z|A) = [;-14)Zdp = [ Zdp=
E(Z) because Q\ Z'(A) has measure zero. Therefore, if p(Z € A) = 1, the inequality
becomes an equality. Thus, in the rest of the proof we can assume that p(Z € A) < 1.

We will consider the Hilbert space £2(Q,p) = {u:Q — C: [o|ul*dp < =}
endowed with the inner product (u,v) = [quvdp. For S C Q, we denote its indicator
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function by 1y (i.e., Lg has value 1 at points of S and 0 at points of Q\ S). We denote
p=p(Z€A)and g=1-p=p(Z¢A).

It is simple to prove that the functions 1o and —gly-1(4) + plg z-1(4) are or-
thogonal:

<Jlg, —qlz-14)+ plg\zf1<A)> =—qp(Z€A)+pp(Z¢A) = —qp+pg=0.
The following equalities are trivial: ||Z||> = [, |Z|>dp = E(|Z?), (Z,1q) = [oZdp =
E(Z),and || 1g|? = o dp = 1. Also we have that

<Z7—q]]_Z,I(A)+p]].Q\Z—l(A)> =—q Z*I(A)Zdlp—'—p/Q\Zfl(A)Zdlp

= (—q—p)/zfl(A)deer/Qde
=p[E(Z) —E(Z]A)],

and by noticing that 1,-1(,) and 1g z-1(4) are orthogonal,

2 2 2 2 2 2 2
H—qllzfl(A)Jrl?Jlg\zfl(A)H =q H]]-Z*I(A)H +p H]]-Q\Z*I(A)H =qp+pq=pq#0.

Now, it is sufficient to apply Bessel’s inequality (2) when x =Z, V| = 1g, and v, =
| =qlz-14)+PLlayz1(a) ™ Y(—ql, 1(a) F PLag\z-1(a)) to get the inequality (3).

If the 1nequa11ty (3) 1s an equality, then Z € span{lq, —qlz-1(4) + plg\z-1(a)} -
Therefore, there exist A, € C such that

Z=21a+1 (~qlz 10+ Playz 1) - @)

This equality implies that

Jr—ug ifeezl(A),
Z<w)_{7t+[.lp ifo ¢z 1(A).

Observe that Z~!(A) and Q\ Z7!(A) are not empty sets because p(Z € A) # 0 and
P(Z ¢ A) # 0. Therefore, exist @; € Z~'(A) and @, ¢ Z~'(A), and thus, Z(w;) =
A —uq and Z(ap) = A +up. If A+up €A, then wy € Z7 YA +up) C Z71(A),
which is not possible, hence A + up ¢ A. Similarly, one gets A — g € A.

If Z takes two values o and 3 suchthat o € A and B ¢ A, then Z = atl; 14 +
Blg\z-1(a)- Define A = op+fq and p = —c. Itis notdifficult to see that A — jig =
a and /l + up = B. Therefore, Z can be written as in (4), and by Bessel’s inequality,
the inequality (3) becomes an equality. U

REMARK 1. Let (Q,Z,p) be a probability space and let A be a measurable subset
of C. We denote by A the complementary of A in C, ie., A=C\A. If Z isa
complex random variable such that p(Z € A) # 0 and p(Z € A®) # 0, then

P(Z € A%) [E(Z|A%) —E(Z|A)] = E(Z) —E(Z|A). (5)
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In fact,

b(z € 4% [E(2A) ~EZ) = [ | zp-BEER [ zap

(ZEAC))/
= [ Zdp zd
/ < (ZzeA) 1(4) P
= [ Zd —7/ Zdp,
/Q P pP(Z€A) Jz-1a) P
which proves (5).

REMARK 2. In view of the equality (5), under the assumptions of Theorem 1 and
in addition p(Z ¢ A) # 0, we have

Var(z) > p(Z € A)p(Z ¢ A) [E(ZIA) — E(Z|A) .

To the best knowledge of the authors, the following result is not known in the
literature. It generalizes Samuelson’s inequality (1) in two ways: it deals with complex
numbers and more than one data is compared with the arithmetic mean. The sample
variance of the complex data {zi,...,z,} is defined by 1 37 [z —m(2)[*.

THEOREM 2. For zy,...,z0 € C and p € {1,...,n}, one has

n—p
Im(@) —mO)F < —=, (©)
where m(z) and m(y) are the arithmetic mean of {z1,...,z,} and {z1,...,zp}, respec-
tively, and s* is the sample variance of {z1,...,2,}.

Proof. Let Q=1{1,...,n}. If we set p(R) = card(R)/n for R C Q, then it is clear
that (Q, Z(Q),p) is a probability space. Let € >0 and for k =1,...,n, let wy € C
be such that |w; —z;| < € and wy,...,w, are pairwise distinct. Let W : Q — C be
the complex random variable defined by W (k) = wy. Finally, let A = {wy,...,w,}. It
is clear that E(W) = Y7, wip(W = wg) = (wi+---+w,)/n, EW|A) = (w1 +---+
w,)/p, and Var(W) = E(|W —E(W)|?) is the sample variance of wi,...,w,. Itis
enough to apply Theorem 1 and let € — O to prove this theorem. [

REMARK 3. The inequality (6) can be proved by using Bessel’s inequality without
proving Theorem 2. The idea is to use (2) for x = (zj,...,z,), the subspace spanned by
1,=(,...,1)anda=(p—n,...,p—n,p,...,p), where p —n is repeated p times,
and C" is endowed with the standard inner product, i.e., if uw = (u;)}_, € C" and
v=(w)i_, € C", then (u,v) =¥} | wivy.

REMARK 4. The procedure established in the previous remark can be considered
to prove that the inequality (6) becomes an equality if and only if x € span{1,,a}, and
this is equivalent to say that {zi,...,z,} and {z,11,...,2,} are both singletons.
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REMARK 5. Observe that the case p =1 and zy,...,z, € C reduces to
2 2
Im(z) —z|"<(n—1)s", ie{l,...,n},

which is the complex version of Samuelson’s inequality, and p =1, z1,...,z, € R
reduces to the classical Samuelson’s inequality.

REMARK 6. The inequality of Theorem 2 can be written in another way. Under
the notation of this theorem, the next equality can be easily checked, (n— p)[m(y) —

m(x)] = n[m(y) —m(z)], being m(x) the arithmetic mean of {z,11,...,z,}. Hence,
my) —mo)f < =2
m(y) —m(x)]” < ——s~.
g p(n—p)

Also, we can compare the arithmetic mean of a whole sample with the mean of
two subsets of the sample.

THEOREM 3. For z1,...,2, € C and p,q € {1,...,n}, we denote by m(z), m(y),
and m(x) the arithmetic mean of {z1,...,2n}, {21,---,2p}, and {2p41,...,2p1q}, re-
spectively, and by s* the sample variance of {z1,...,z,}. If p+q < n, then

2o |p(1=a)m(z) —m(y)] + (1 = B)m(z) — m())f
- pala—1)+qB(B—1) |

where o, € C satisfy n=p(1 —o)+q(1 - ).

Moreover, the inequality (7) is an equality if and only if exist A,B,C € C such that
{A} = {Zlv' X 7ZP}’ {B} = {Zerl?' o 7Zp+q}’ {C} = {Zp+q+la' X 7Zn}) andA(l _ﬁ) +
B(aa—1)+C(B—o)=0.

(7

Proof. The symbols 1; and 0; will denote the vectors of R all of whose com-
ponents are 1 and 0, respectively. Set X = (z1,...,z,) and a= (a1, | BLy [ L, (p1q)-
Since p+¢g <n we have a #£0,. Since n=p(l —a)+¢(1l — ) we get that 1,, and a
are orthogonal. Now we have

(x,a) = ot(z1+ - +2p) +B(Zpr1+ -+ 2prg) T Zprgri ot
=(a—1)(z++z)+B-1(zpr1+ - +zprg) tz+ -+
=pla—1)m(y B—1)m(x)+n-m(z)
= pla—1Dm(y) +q(B—1)m(x) +[p(1 = o) +¢(1 = B)]m(z)
= p(1 = a)[m(z) =m(y)| +q(1 = B)[m(z) — m(x)]

+4(
+4(

and

lal|* = pa® +gB*+n—(p+q) = po’ +qB*— po—qB = pa(o—1)+gB(B—1).

From Bessel’s inequality we get (7).
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The inequality (7) becomes an equality if and only if x € span{1,,a}, i.e., if and
only if exist A,u € C such that x = A1, + pa. Therefore, the inequality (7) is an
equality if and only if exist A, u € C such that

Zi=A+po (i=1,....,p), zi=A+up (j=p+1,....p+q),

and

z=A+uU (k=p+qg+1,....n).
This is equivalent to say that the sets {z;}/_,, {z j}f;rg vpsand {z}p_ ., . are single-
tons, and if we denote by A, B, C their unique elements, respectively, then exist A, u € C

laA
suchthat A=A +pua, B=A+uf, C=A+ u (equivalently, the rank of [1 %’B] is

11c
two). [

REMARK 7. Theorem 3 is a generalization of Theorem 2. If we choose oo = 8 or
o= 1,0r B =1, in Theorem 3, one gets Theorem 2.

Until now, we have used Bessel’s inequality with two terms. We will use this
inequality with more terms to study the arithmetic mean of several nested samples.

THEOREM 4. Let zy,...,2, be complex numbers and py,...,pr € {1,...,n} such
that 1 < py < --- < p1 <n. Let m and s* denote the arithmetic mean and the sample

variance of z1,...,2, respectively. If m; denotes the arithmetic mean of zi,...,2p;,
then
2 P1 2, b1 P2 2 Pi—1 Pk 2
5T > m—my| "+ ————m —m| "+ -+ —————— |myp_ —my|".
n—pi n pi1—p2 n Pk—1— Pk

This inequality becomes an equality if and only if {z1,...,2p. }» {Zppt1s--52p 1} -
and {zp,41,-..,2n} are singletons.

Proof. Define x = (z1,...,2,) and let the symbols 1; and 0; have the same mean-
ing as in the proof of Theorem 3. Define the vectors a; = ((p1 —n)1,, | p1la—p,),
a = ((p2=p1)Lp, | P2Lpy—p, | Onp)s a3 = (3 = P2)1p; | P3Lpy—ps | Onp,), and
so on, until a;. Now, it is sufficient to apply Bessel’s inequality to x and the subspace
spanned by {1,,a;,...,a;}. O

3. Some applications

We will show some applications of the previous results.

APPLICATION 1. We shall use Theorem 2 to locate the eigenvalues of a complex
matrix. Recall that the spectrum of a square matrix A is the set of the eigenvalues of
A and usually is denoted by o(A). If A,...,A, are the eigenvalues of a matrix and
f:0(A) — C, we denote by m(f(A)) the arithmetic mean of f(4,),...,f(4,).

In [5, 8] the authors proved that for a definite positive matrix A of order n and A €
G(A), one has (8). We extend this inequality to matrices whose spectrum is contained
in R.
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THEOREM 5. Let A be a complex n x n matrix such that 6(A) CR. If Ao € 6(A),
then

ERGAUEE R ®)
where
E= V/(n—1)(ntr(A2) —tr(A)2).

n
Moreover, Ay € {tr(A)/n— &, tr(A)/n+ &} if and only if 6(A)\ {Ao} is a singleton.

Proof. Let Aq,...,A, be the eigenvalues of A, counting algebraic multiplicities. It
is known that tr(A) = A +- -+ 4, and tr(A%) = A2 +---+ A2 (this last equality follows
from Schur’s triangularization theorem). Now it is sufficient to apply Samuelson’s
inequality to the real data A,,...,A, and observe that

Mt A tr(A)
B n on

m(1)

and if s> denotes the sample variance of A1,...,A,, then

O

2= m(A2) —m(A) = APt +A2 <7L1+---+7L,,>2: tr(4%)  tr(4)?

n 2

n n n
Recall that the spectrum of any Hermitian matrix is always contained in R, which
shows that the hypotheses of the previous theorem are not artificial.
Also, Theorem 2 permits to locate the spectrum of any complex matrix. It is known
(see e.g., [9, Th. 9.1]) that tr(AA*) > |A;|*> +--- 4 |A,|?, where A is a complex n x n
matrix and Ay, ..., A, are the eigenvalues of A. Moreover, tr(AA*) = |42 44| A, |?
if and only if A is normal, i.e., AA* = A*A.

THEOREM 6. Let A be a complex n x n matrix. If Ay € 6(A), then

‘%_tr(:\)‘ < V(1= 1)(ntr(AA) — [r(4)]?)

n

This inequality becomes an equality if and only if A is normal and c(A)\{ A} is a
singleton.

Proof. As in the previous theorem, we have tr(A) =n-m(A). By the paragraph
preceding this theorem, tr(AA*) > n-m(|A|?). An obvious application of Theorem 2
finishes the proof. [

EXAMPLE 1. Let
124 1 0 i/V2
A= [245], B 0 1 —i/V2
456 i/vV2—i/v2 1
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Since A is Hermitian, 6(A) C R. By using Theorem 5, we have that 6(A) is
contained in [—4.61,11.94]. Observe that by Gershgorin’s disk theorem, we have
o(A)C[1—-6,1+6]U[4—7,44+7)U[6—9,6+9]=[-5,15], a poorer location than the
previous one. By using a numerical software, we get o(A) = {—1.40,0.54,11.863}.

The matrix B is normal. By using Theorem 6, we get 6(B) C {2 € C: |2 —1] <
2v/3/3}. By Gershgorin’s disk theorem, we get o(B) C {2 € C:|A —1| < V2}.
Since 2v/3 /3 ~ 1.154 and /2 ~ 1.414, the bound obtained by Theorem 6 is better
than the bound obtained by Gershgorin’s disk theorem. A computation shows that
o(B)={1,1+i,1—1i}.

The spectrum is usually seen as part of the closed disk D,(A)(O) centered at 0,
being r(A) the spectral radius of the matrix A. It is known that r(A) < ||A]|, where
|| - || is any matrix norm. We can choose || -||; or || - |~ in view of the easiness of
computing these norms. But for the above examples we obtain ||A|; = [|Al|. = 15
and ||B||; = ||B||« = 1 + V2 ~ 2.414. Therefore, 6(A) C [~15,15] (recall that A is
Hermitian, and thus, 6(A) € R) and 6(B) C D, 5(0).

‘We can improve the bounds of the previous paragraph by using other matrix norms.
In particular, if the matrix is normal, then its spectral radius equals the Euclidean norm
(|l |l2) of the matrix. Let us note that the aforementioned examples are normal matrices
and we have ||A||, ~ 11.863 and ||B||» = v/2 ~ 1.414. In general, for a normal matrix
X, it must exist A € o(X) such that |A| = ||X|]2.

However, let us note that the Euclidean norm of a matrix is harder to compute
than the bounds obtained by Theorems 5 and 6 since the computation of tr(A) and
tr(A%) — or tr(AA*) — are simpler than the computation of ||A||,, since ||A[| is the
largest singular value of A. Precisely, the purpose of Theorems 5 and 6 is locate the
eigenvalues by means of easily computable terms.

The different circles containing the eigenvalues of the matrix B can be seen in
Figure 1.

COROLLARY 1. Let A be a complex n x n matrix.
() If 6(A) C R and (n—1)tr(A?) < tr(A)?, then A is nonsingular.

(i) If (n—1)tr(AA*) < |tr(A)|?, then A is nonsingular:

Proof. We will prove the first item, since the proof of the second one is similar. If
A is singular, then 0 € 6(A). By Theorem 5, —& < tr(A)/n < &, where the meaning
of & is also given in Theorem 5. Therefore, tr(A)?/n? < &2, which is equivalent to
tr(A)> < (n—1)w(A?). O

REMARK 8. The reverse implications of the previous corollary are not true. Take
the nonsingular matrix A = [ }]. Observe that 6(A) = {—1,1} C R.

APPLICATION 2. Next, we will use Theorem 2 to locate the complex roots of a
complex polynomial. Laguerre focused ([4]) on n-th degree polynomials with all its
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Figure 1: The location of the eigenvalues of the matrix B. The solid points correspond to the
three eigenvalues. The solid circle corresponds to the bound obtained by Theorem 6. The dashed
circle corresponds to the bound obtained by Gershgorin’s disk theorem. The inner dotted circle
corresponds to the bound r(B) < ||B||2, and the outer dotted circle corresponds to he bound
r(B) <|Bl|1.

roots real. Let 71, ...,, denote the roots, all of which we will assume to be real, of the
n-th degree polynomial equation with n > 2:

ap+aittat* +-+ap "1 =0.

Lagerre proved that

Il i<y <SS hbyn—1,  j=12,...n, 9)

n n
where
b (n—1)a_, ~ 2ap—2
n? n

In [3] it is shown that —a,,_;/n is the arithmetic mean of 71,...,#, and b is the sample
variance of fq,...,t,. Therefore, (9) reduces to Samuelson’s inequality.

Given the complex polynomial p(t) = co+cit + -+ +c,_ 1"~ ! +1", the matrix
00---0 —co
10---0 —cy
C(p) — 0Or---0 —C2
00---1—cp1
is called the companion matrix of the polynomial p. It is known that the eigenvalues of

C(p) are the roots of the polynomial p. An application of Theorem 6 permits locate in
an easy manner the roots of p.
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THEOREM 7. Let p(t) = co+cit +---+c,_1t" "L +1" be a complex polynomial
andlet z1,...,z, be the roots of p(t). Then

n— 1 :
€ l)g—\/(n—l)(na—l—\cn,ﬂz), j=1,...,n,

Zj+
g p

n
. n—11 .2
where o =n—1+3%1"c;|*.

APPLICATION 3. Next we will give some bounds for the eigenvalues of a tensor.
Firstly, let us recall some concepts concerning tensors. A tensor can be regarded as a
higher order generalization of a matrix, which takes the form

%:(aihm-,im% iy ,...im E(I; ij6{17...,n}7 jE{L...,m}.

Such a multidimensional array is called an m-order n-dimensional complex tensor and
the class of m-order n-dimensional real tensors is denoted by .7 (C",m). The m-order
n-dimensional identity tensor, denoted by .#, is the tensor with entries

{1ifi1=---:im,

ai i = .
n 0 otherwise.

seeslm T

Given a column vector x = (x1,...,x,)T € C", we define &/x"~! to be the vector
in C" whose i-th coordinate is the scalar

(X" V=Y gy inXiy Xy

The following definition, borrowed from Qi [6], extends the classical concept of
eigenvalues of square matrices.

DEFINITION 1. Let &7 € .7 (C",m), .# € 7 (C",m) be the identity tensor, and
A € C. If exists x € C"\ {0} such that (& —A.#)x""! =0, we say that 1 is an
eigenvalue of the tensor <7 and x an eigenvector of </ associated with A .

Let the differential operators g; be defined by

gi= z z ai,iz,...,imaaf'“—', ie{l,...,n},
i = iy

where A is an auxiliary n X n matrix consists of indeterminate variables «;;’s. Hu et
al. [2] defined the d-th order trace of the tensor .« by

_ n-1 (@)% (m—1)d
wlel)=m =1 | 5 T gy | A,

n
> ki=d
=1

i

Next result can be found in [2, Corollary 6.5].
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LEMMA 1. Let o7 € 7 (C",m). Then
(i) () = Xpco(a) Mikis
(i) () = peo(er) Miri

where () is the set of all the eigenvalues of the tensor </ and m; is the algebraic
multiplicity of the eigenvalue A;.

And next result can be found in [6, Theorem 1 (b)].

LEMMA 2. The number of eigenvalues of an m-order n-dimensional tensor </
is n(m—1)""1.

Now, we give a new estimation of the eigenvalues of a certain class of complex
tensors by using the first order and second order trace of 7.

THEOREM 8. Let o € T (C",m). If 6(&/) CR and A € 6(), then

try (o (<) tr()?
N N N?
where N =n(m—1)""1.
Proof. Let Ay,..., Ay be the eigenvalues of <7 and let s> be the sample variance

of these eigenvalues. By Lemma | and Lemma 2, we have
, () try()?
§° = — .
N N?
Applying Theorem 2 to Ay, ... Ay, we get (10). O
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