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Abstract. This paper addresses weak and strong type Lebesgue space estimates for the com-
mutators of n-dimensional Hausdorff operators when the symbol functions belong to Lipschitz
space. Strong type estimates for such commutators on classical Morrey spaces are established as
well.

1. Introduction

Let us begin our discussion by introducing one dimensional Hausdorff operator:

hof(¥)= [ O (%) ar, (L1)

t

where @ is a locally intergrable function on (0,e). By changing variables, (1.1) as-
sumes the form:

hof(x) = [ =20 (12)

Having fundamental importance in analysis the operator has been well studied by many
authors. Especially, the boundedness of above operators on various function spaces has
been a main focus of study in the past (see, [19, 21, 22] for instance). Among some
recent developments the important ones are the multidimensional extensions of s¢ and
he. In this regard the seminal work was done in [17] and [20]. However, we consider
here the following two extensions of (1.1) and (1.2) discussed in [3]:

s = [ $007 (2 ) ar

Fnaf) = [ T Q0010)ay

where Q(y’l is an integrable function defined on the unit sphere "1 When Q =1,
we denote He,| by He.
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Besides its importance in analysis, kg takes many classical operators as its spe-
cial cases if the kernel function @ is suitably chosen, see [8] for more details. Since we
are mainly concerned with the high-dimensional Hausdorff operator, so, by replacing
@ with @y (7) =17")(1)(t) and () = x(0,1)(#), in the definition of He we obtain
n-dimensional Hardy operator and its adjoint operator [6], respectively. The Hardy op-
erator has also undergone several generalizations and refinements in the past [2, 9]. For
the recent account of the boundedness results for high-dimensional Hausdorff operator
and its generalizations we refer the interested reader to see [4, 5, 7, 8, 11, 12, 13, 18].

On the other hand, boundedness of commutator operators also play very important
role not only in the regularity theory to second order elliptic and parabolic partial dif-
ferential equation (PDESs) but also in the well posedness problems of solution to many
kind of PDEs. Especially, the boundedness of commutators can be used to produce
characterization of some function spaces. Keeping these facts in mind, some authors
considered the commutators of high-dimensional Hausdorff operator on various func-
tion spaces [10, 15, 16]. Here, we define the commutators of He ¢ as:

HE o(f) =t bHoof — Ho.a(bf),

where b is a locally integrable function on R"”. When Q =1, we obtain the commutator
operator He, discussed in [10]. Also, the boundedness of

H}(f) =: bHof — Ho(bf)

on Herz-type spaces was obtained in [15]. Remark (3.1) in the same paper indicates
that (L?,L7) boundedness of H2 cannot be deduced from the results presented at there.
Therefore, there arise a question regarding (L”,L?) boundedness of Hfl’) . To answer this
question, contrary to [15], here we use fractional maximal function to control the com-
mutator of Hp. Moreover, this technique allows us to study H('f, on classical Morrey
spaces.

One of the major result of harmonic analysis is Marcinkiewicz interpolation the-
orem (see [14]) which uses weak L”(R") spaces defined as the set of all measurable
functions f such that

1
[f1lpeo(rey = sup A[{x € R" : [ f(x)[ > A}|7,
A>0

where 0 < p < eo. Operators that map L” to L? are called of strong type (p,q) while
operators that map L? to L9 are called weak type (p,q).

In this paper we will prove that ﬁfl’,ﬂ is of weak type (p,q) when the symbol
function b belongs to homogeneous Lipschitz space which, for 0 < 8 < 1, can be

defined as: bt h) — bl
X+hn)—b(x
Bl = sup T
xheRn |
Using Marcinkiewicz interpolation theorem it is asserted that the operator also follows
the strong type estimates. In addition, when b € Ag, we obtain some size conditions

on @ so that the operator Hff, is bounded from classical Morrey space LP’A(R") to
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L%*(R™). The space L+ (R") was first introduced by Morrey [24] in 1938 to study the
local behavior of second order elliptic and parabolic PDEs. For 1 < p <o, 0< A <n,
we define the Morrey space LP* (R") as

Lp7 ( ) {f € Lloc( n) : Hf”LpJL(Rn) < 00}7
where

1 1/p
fll7paeny = sup (—/ flx pdx) ,
11 o2 (geny roon i \ 7 Q(W)\ €3]

and Q = Q(xo,r) denotes the cube centered at xy with side length r along the coordi-
nate axes. It is easy to see that LPO(R") = LP(R") and LP"(R") = L= (R"). If n < A,
then we have L (R™) = 0. Hence, we only consider the case 0 < A < n.

In the sequel, we shall use the notation A < B to mean that there exist a positive
constant C independent of all essential variables such that A < CB.

2. Weak and strong estimates for ﬁ(’l’, a
We begin this section by stating first the following weak type result for ﬁ(’l’, a

THEOREM 1. Let 1 <p,g<e, 0<B <1, n>Ppand 1/p—B/n=1/q. If O
is a radial function, b € Ag(R") and

/ 1/17,
= D)) By
Cpp= (/0 P max{1,7 "7 }dt < oo,
then

"]

q
1 o0y < ( ) Cp 1Bl 1y 12 51y |l

where |S"~| denotes the volume of unit sphere S"~ .

Proof. Note that

\ﬁrlfmf(x)\ <

J O(xl/IyD) ¢ ()(b(x)—b(o))f(}’)dY’

y|"

# | [ 2 ) 600 - 00 s
< Wl [, |2 0000500| a0

|y|"

+bAﬁRn/| |yTn/|y| )f(y)ldy

=1 +5.
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We use Holder’s inequality to approximate I, as:

I 1/p
L < (16| i rry (/ dY> 11l ) -

With the help of polar coordinates and change of variables it is easy to see that

/ 1/p / 1/p'
V4 oo p
0 —14B )" gy
(/ dy) ” ”U"<S"*1)|x| ! (/0 t"(l—P’)Ht vt

Therefore,

(/b))
s o)

S(/) .,
ppp )

/ /17,
_n < |DE)P g,
b < 15l o) 2] g5 ( | ﬁ"dt) I llp e

By a similar argument we estimate /| as:

/ 1/17,
i [ e 0P
I < “b“Aﬁ(R")“Q“Lp’(srz—l)‘x‘ »tP </o mdt 11 zr (-

From these estimates for I; and I, one can have
|Hg of (x)] < Cp.plloll g 1201 o1y XL [ £ Ml o ey
where we have used the condition 1/p — 8 /n=1/¢. Now for any A > 0, we have
[{x € R": |Hg of (x)] > A}
< {x € R+ Cp 1Bl ) 12 ooy 6L Loy > 23]

C 1B gy 19 gy 1 U
A4 ’

<exeR":x|" <

which implies that Hﬁé’,ﬂ Fllza=@ny = || fllzr(rny- Thus, we conclude that I:I'ff>7(2 fisof
weak type (p,q). O

In the next theorem of this section, we are going to prove that strong type estimates
also hold for H f.

THEOREM 2. Let 1 <rs<e, 0<B <1, n>Pr, 1/r—B/n=1/s. If ® isa
radial function, b € Ag(R") and for small € >0, Cp ,4¢ < oo, then

1HG of N2y = Nf |-
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Proof. Since r and s run through open interval, therfore, we can select r; and
r» such that ry =r—¢€ and r, = r+ € and choose s; and s, such that s; <5 < 57
satisfying

then by Theorem 1, we have
|Hg o f |lsi=@ny = I flligny,  (i=1,2).
Hence, using Marcinkiewicz interpolation theorem, we obtain
||I‘~I<}17>,QfHLS(Rn) = Al @y
Which is as required. [J

REMARK 1. Taking Q =1 in Theorem 1, one can deduce the weak type (p,q)
estimates for the commutators of Hardy operators (see, [23] for definitions)

3. Boundedness of H(’I’, on Morrey space

Given a locally integrable function f and 8, 0 < B < n, define the fractional
maximal function by

1
mﬁw=g&gbﬁémw@,

where the supremum is taken over all cubes Q containing x. When § =0, then My f =
M f denotes the usual Hardy Littlewood maximal function. For the boundedness of M
on Morrey space we have the following lemma from [1].

LEMMA 1. Let 0< B <n, 1<p<n/B, 0<A<n—Bpand 1/g=1/p—
B/(n—A4). Then Mg is bounded from LP*(R") to L9*(R").

The next lemma is very useful in proving our main result for this section.
LEMMA 2. ([25]) If b € Ag(R") with 0 < B < 1, then for any cube Q C R",

B
sup.eq |b(x) = bol < ClO| 7 |||l ) where bo = o Job-

THEOREM 3. Let 0<f <1, 1<p<n/B, 0<A <n—PBpand be Ag(R"). If
1/qg=1/p—B/(n—A) and

D), i
Cpap= [, Bt bl (1 Iyl )y <o

then we have
HH(}I))f”L‘]JL(R") j ||fHLp.l(Rn)~
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Proof Let b e AB (R™). For any ball Q C R”" such that z € Q, we have

ﬁ/Q‘Hgf(x)‘ \QI//n |y|n — b(xly[ ") S (xly|~")|dydx
\QI R |y|n|/ b(xly| ™) f(xlyl ) ldxdy
s \QI R |y|”|/ )£ (x[y| ") |dxdy
ﬁ R y"I/ (bg = by-10).f (xly ™) ldxdy
+ﬁ R" y"|/ (I = byyp10) £ (xlyl ) ldxdy
— [+I1+1I1.

Using lemma 2, we approximate / as

D(y 1 _
1< Clliygae [, T (g [ bl i) ay

D(y
< Clplsy e [, TP (g o112))

Similarly, for 711, we have

D(y _
11 gCHbHAﬁ(W)/RH | y(n)| (Mg f(|y|""2)) dy.

It remain to estimate I7. For 0 < 8 < 1, we first compute
1
‘bQ — b\y\*1Q| S @/ \b(x) — belQ|dx
b(t)|dtdx
\Q| v~ IQ\ / /M '0

) _ _ - B

S 1803, ey (QI /Q"“ @5+ g [ ‘”)
< IO/ bl ey (1+ b1 P)

Therefore.

o 1
II<C||b||Aﬁ(Rn)/Rn | |y(|)’}“)| (1+ ]y (W/ |f(xy1)dx) dy

< Clllay e, SO0+ 1) (72

We combine the estimates for I, I and 111, to have

1 )
@/Q‘Hg)f(x)‘dxgCHbHA,B(R")/Rn ‘ |y(|):l)|(1+yl3) (M/if(|}’|_12)) dy
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Taking the supremum over all Q such that x € Q along with L% (R") norm on
both sides and using the Minkowski inequality, we obtain

D(y _
G ) ey < gy [, T2+ DI MBS ey

[P0y n
:C”b”Aﬁ(R")/Rn I (14 Py P2 Py M £ ()| gy -

Since HE f € L}, (R"), therefore, by Lebesgue differentiation theorem |HS f(z)| <
M (H}f) (z) a.e. Finally, an application of Lemma 1 yields the desired result. [

Now the question of (L?,L9) boundedness of HZI’) can be answered by stating the
following theorem:

THEOREM 4. Let 0<B <1, 1<p<n/B,and be Ag(R"). If 1/g=1/p—PB/n
and

Q(y)|, »
c :/' P+ |B)dy < oo,
Br= Jou ol [P (L+[y[")dy

then we have
1HG Nl za(eny = 11 llzo@en)-

Proof. The proof is similar to the proof of Theorem 3, so we omit the details. [
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