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QUALITATIVE UNCERTAINTY PRINCIPLES FOR
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(Communicated by J. Pecaric)

Abstract. We consider a new differential-difference operator A, on the real line. We study the
harmonic analysis associated with this operator. Next, we prove various mathematical aspects
of the qualitative uncertainty principles, including Hardy’s, Morgan’s, Cowling-Price’s and its
variants, Beurling’s, Gelfand-Shilov’s, Miyachi’s theorems for the generalized Hartley transform
associated to the operator Ay.

1. Introduction

The Hartley transform is an integral transform, attributed to Ralph Vinton Lyon
Hartley (cf. [2, 13]). This transform permits a function to be decomposed into two in-
dependent sets of sinusoidal components, these sets are represented in terms of positive
and negative frequency components, respectively. This is in contrast to the complex
exponential, exp(idx), used in classical Fourier analysis. The Hartley transform has
the advantages over the Fourier transform, it transforms real functions to real functions
(as opposed to requiring complex numbers), also this transform has complementary
symmetry properties with respect to its real and imaginary axis and of being its own
inverse. Moreover, is well known that the Hartley transform is in connection with var-
ious applications in mathematical physics. The familiar reciprocal pair of the Hartley
transforms for f in a suitable functions class, is given by

A (F)(R) = /R F(x)cas(Ax)dx

(1.1)
10) = 35 [ Ao R)eas(x)dn
where
cas(x) := cosx + sinx. (1.2)
Mathematics subject classification (2010): 35C80,51F15,43A32.
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The cas function (1.2) can be considered as a generalization of the exponential
function exp. A simple computation shows that the cas function is the unique C~
solution of the differential-reflection problem

(er)(x) = x’f(x)v f(O) =1, (1.3)

where Y, is the differential-reflection operator defined by

d /
N = ((Sor)f) @ = f(=. (1.4)
Here r is the reflection, acting on function f as

r(f)(x) = f(=x).

Further, the function cas(x) satisfies the product formula

cas(x)cas(y) = %((1 —r) cas)(x+y) + % <(1 +7) cas) (x—y).

This allows us to define the generalized translation operator related to the differential-
reflection operator Y, by

1 1
olf () =5 ((1=nf) @ty +5(1+0f) -y, (1.5)
and the generalized convolution product related to the differential-reflection operator
Y, by
Frrg@) = [ O ()80 (1.6)
R
The Hartley transform has the following properties:
He(Yrf)(A) = =2 (f)(A),
He (0 f)(A) = cas(Ax)Ac(f)(A),
He(fr8) (M) = HAe(f)(A) A (8)(A).

In this paper, we consider the first-order singular differential-difference operator on R

£ ()

Asf(x) =Y, f(x) +
where s € [—1,1]
1
A() = P B), o>,
B being a positive C* even function on R. We suppose in addition that

i) Forall x >0, A(x) is increasing and limA(x) = eo.

A/
% is decreasing and )}1_120 A0

ii) Forall x >0,
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iii) There exists a constant & > 0 such that for all x € [xp,), xo > 0, we have

A'(x) 2p+e ¥D(x), ifp>0
| 22t 4 S (y) if p = 0.

where D is a C™ -function, bounded together with its derivatives.

Due to our assumptions on the function A there is a positive constant C such that

cePM if p>0
VxeR, Ax) < (1.7)
Clx[***lif p = 0.

The purpose of the present paper is twofold. On one hand, we want to provide
a new harmonic analysis on the real line corresponding to the differential-difference
operator A;. More precisely, we study the generalized Hartley transform associated to
the operator Ay, we prove an inversion formula, a Plancherel and a Paley-Wiener theo-
rem, and we show how the intertwining operator V; can be used to define generalized
translation operators and a convolution structure naturally associated to the operator
As. On the other hand we want to study the qualitative uncertainty principles for the
generalized Hartley transform.

Classical qualitative uncertainty principles are not inequalities, but are theorems
that tell us how a function (and its Fourier transform) behave under certain circum-
stances. For example: Hardy [12], Morgan [18], Cowling and Price [6], Beurling [3],
Miyachi [17] theorems enter within the framework of the qualitative uncertainty prin-
ciples.

The qualitative uncertainty principles has been studied by many authors for various
Fourier transforms, for examples (cf. [10, 15, 25]) and others.

In this paper, we prove Hardy’s theorem, Cowling-Price’s theorem, Morgan’s
theorem, Ray-Sarkar’s theorem, Miyachi’s theorem, Beurling’s theorem and Gelfand-
Shilov’s theorem for the generalized Hartley transform associated to the operator Ay.

The outline of this paper is as follow: In §2, we study the harmonic analysis as-
sociated with the operator Ay;. More precisely, we study the eigenfunctions of this
operator. In particular we prove the Laplace integral representation for these eigenfunc-
tions. Next, we prove the inversion theorems and Plancherel’s formula for the Hartley
transform associated to the operator A, noted 77, . In §3 we prove an L” version
of Hardy’s theorem for the generalized Hartley transform. §4 is devoted to generalize
Morgan’s theorem for the generalized Hartley transform 77} . In §5, we prove the Ray-
Sarkar’s version of the Cowling-Price’s theorem for the generalized Hartley transform
S}, - §6 is devoted to obtain Beurling’s theorem for 774 and in the last section, we
establish the Miyachi’s theorem for J#, .
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2. Harmonic analysis associated with the operator A

In this section we study the harmonic analysis related to the operator A;.

NOTATION. We denote by

Zn(R) the set of homogeneous polynomials of degree m.

& (R) the space of even C-functions on R.

&(R) the space of C~-functions on R.

-Z(R) the Schwartz space of rapidly decreasing functions on R.

Ze(R) (resp. .%,(R)) the subspace of .(IR) consisting of even (resp. odd) func-
tions.

D.(R) the space of even C~-functions on R which are of compact support.

D(R) the space of C*-functions on R which are of compact support.

D'(R) the space of distributions with compact support on R.

2.1. The eigenfunctions of the operator A;

To study the eigenfunctions of A, we consider first those of the second-order
singular differential operator on R defined by

> Alx)d

o a4,
dx? * A(x) dx

Our basic reference about L will be the papers [22, 24] from which we recall the fol-
lowing result.

LEMMA 1. (i) For each A € C the differential equation
Lu=—A*+p%u, u(0)=1, ' (0)=0, (2.8)

admits a unique even C= solution on R, denoted @, .
(ii) For every x € R, the function A — @ (x) is analytic.
(iii) For every x € R,
e P < go(x) < 1. (2.9)

(iv) For all x >0 and A € C, the function @, possess the Laplace type integral
representation

0 ) = || H (ry)cos(@ydy (2.10)

where J (x,.) is a positive continuous function on (—|x|, |x|), with support in [—|x|,|x|].
(v) There is a positive constant C such that for all L € C, x € R and n € Ny, we
have
dn
dAr

92 ()| < Clafemt-p) b 2.11)
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REMARK 1. If A(x) = (sinh |x|)?**!(coshx)?P*!, o > B > 2, a # 3L, then
the differential operator L reduced to the so-called Jacobi operator. The eigenfunction
@, is the Jacobi function of index (c, ﬁ) given by

01() = F(5(p+4), 3(p —A); a1 —(sinh(x))?), (2.12)
where F is the hypergeometric function ,F; of Gauss.

PROPOSITION 1. For each A € C the differential-difference equation
Asu=Au, u(0)=1, (2.13)

admits a unique C* solution on R, denoted ®g4(A,.) and given by

(P\/QLZ 52+1)p2( )+l I\pY(P\/)LZ_(SZ_;,_l)pZ(x)a if 4 #Sp

D, (A,x) = (2.14)
s(A.%) 1+ sgn(x / Alr if L =sp.
Proof. Write u = u, + u, with
ey =MD ) —u),
2 2
Then (2.13) is equivalent to the system

Yoo+ 5 ;C = (A +sp)ue
Y,u, = (A —sp)u, (2.15)
u.(0) =1

If A # sp, the identity (2.14) is now immediate from Lemma I and the relation (2.15).
On the other hand we have

A ||
Yo ™) :sgn(x)Tp)/ P i AWl
Then, for A # sp

I (A+sp) [W
T PO ) = senl) /0 0 AW (2.16)

Thus if A =sp, we have

u(x) = ue(x) + o (x)
1
= )Lh_{];l ((P\/QLZ 52+1)P2( )+ A, — Yr(p\/lz_(sz_"_l)pz(x))
= (Plp( +5gn 25 / (Plp

) Ax
= 1+sgn(x (—p/
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REMARK 2. Forall x € R\ {0} and A € C, we can write

A+sp (K
x)/o (P\/m(I)A(I)dt. (2.17)

The eigenfunctions @, possesses the following properties:

D,(A,x)=¢ ;Lz_(52+1)p2(x) +sgn(x)

i) There is a positive constant C such that for all AL € C, x € R and n € Ny, we

have
dn

I D, (A,x)| < C(1+ |A])|x["el™mA K, (2.18)

ii) There exists a positive constant C such that for all x € R and A € R, with |A] >

Vs2+1p, we have

|@y(2,x)] < C(L+ [x])(1+ 4]+ p)e M.

iil) There exists a positive constant C such that for all x € R and A € R, with |A] <

\/mp, we have
[@4(A.0)| < M(1+ ) (1+ 2]+ p)el VI DPEATRIN,
The following lemma shall be useful.
LEMMA 2. (i) Forall x >0 and A € C, we have

e pyre1C) /,%/xy cos((y/A? —s?p?)y)dy (2.19)

where J (x,.) is the positive continuous function on (—|x|, |x|), with support in [—|x|, |x|]
given in (2.10).
(ii) For all x € R\ {0} and A € C, we have

A+sp K
TA(x) /0 P A

1 Il pa
:zA(x)/, (SP%“W)—a—y%@w))cas(\/ﬂ—ﬂp?y)dy, (2.20)

Il

where
|x]

H(t,y)A(t)det if <
o= 4 [, A AT <1y

if [y] > |x].

Proof. The first assertion (i) is immediately from (2.10).
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Now we want to prove (ii). From the relation (2.19) and Fubini’s theorem, we have

sp [ oo b
7:(_—)6;)/0 (P\/)LZ_—SZPZ(I)A(t)dz A+ P/ /COS(WY)‘Z)’%(Z‘,})))A(I)(Z:
7L+SP /\x\ \x\;g/ty (t)dt)cos(\/my)dy
sp [
N }Zx;)[) G %y )COS(\/dey. 2.21)

Moreover, by integration by parts, we obtain

§ 1 i
1% 0 %g/(x,y)cos(\/my)dy:T(l)/ ij ()@y)sin(\/rszpzy)dy

On the other hand

sp_ (M _sp M
A(x) Jo ‘%”(x’y)cos(\/my)dy_ 2A(x) /—|x|gf(x,y)008(\/m>))dy

Thus
|x]
)LJES)p %%(xm)cos(\/my)dy
1 [x] a
% — 59 2_2p2
24l )/—lxl (Spg’l(x’y) 8yg’l(x’y)> Cas(my)dy

This finishes the proof. [J

THEOREM 1. The eigenfunction ®y(A,x) have the following Laplace integral
representation

VxeR\{0},VA eC, &4A,x)= . Ki(x,y)cas((y/ A% —s2p?)y)dy (2.22)

—h

where K(x,y) is a continuous function on (—|x|, |x|), with support in [—|x|,|x|] given

by
gn(x) : sgn (x) 9

1 S,
K\'('xay) - 5%(x7y) +Sp ZA()C) g)f/('xﬂy) (x) ay (‘x y) (223)
Proof. Forall xR\ {0} and A € C, the relations (2.17), (2.19) and (2.20), give
that
Jx|
Dy(A,x) = ¢ )L2—(s2+1)p2( x) + sgn(x) P = pz( y)A(y)dy
||
= H(x, A2 —52 d
A y)cos‘i‘(\/ s2p )y) y
+sgn(x }:(_)f;) ¢ ;Lz,(serl)pz(Y)A(Y)dy

|| spsgn(x sgn(x
= [ G+ T ) - 35 S )

x cas(y/A2 —s2p2y)A(y)dy.
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||
D(A,x) = IKv(x,y)caS(\/lz—szpzy)dy- O

,Ix

Thus

We consider the generalized intertwining operator V; defined on &(R) by

Il

Vs =4 L K(x,y)f(y)dy if x€R\{0}, (2.24)
£(0) if x=0,

where K;(x,y) is the continuous function on (—|x|,|x|), with support in [—|x|,|x|] de-
fined by relation (2.23).
We have

VA EC, VxR, @ (A,x)="V,(cas(/A2—52p2))(x). (2.25)

Using the similar method presented in [22, 23, 24], we prove the following results.
The operator V; is a topological automorphism of & (R) satisfying

VFEER), A(Vif)=Vi(Yof). (2.26)

The operator 'V is defined on D(R) by

WeR VN0)= [ Ky f0A(adx (2.27)

[x[>]y]

The operator "V is a topological automorphism of D(R). The operators V; and 'V
possess the following properties:
(i) Forall f € D(R) and g € &(R), we have

Lm0y = [ fVigloa @, (2.28)
R R

(ii) The inverse operator V,"! is given by

Vol =" fe) + (spI=Y) NI f), (2.29)

where 'y ~! is the inverse of the transmutation operator associated with operator L and
J is the integral operator defined by

Jf(x) = / F(6)dt, x€R. (2.30)
(iii) The generalized intertwining operator V and its dual 'V; are positive.

COROLLARY 1. Forall A,x € R, and |A| > sp we have

|®s(2,0)] < 2. (2.31)

Proof. Therelations (2.24), (2.25) and the previous result (iii), give the result. [
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2.2. Generalized Hartley transform associated to the operator A;

NOTATIONS. We denote by Lg (R), 1 < p < oo, the space of measurable functions
f on R satisfying

1/p
ey = ([ rrama) <= if1<p<e

1F |z m) = esssup|f(x)] < o.

xeR

S2(R), s € [~1,1], the space of C*-functions on R such that for all m,n € N

—5°) X m dn
Gnanl ) 1= supe? VIZI (14 2y T (1) < o

xe€R

2, (R) (resp. w( )) the subspace of .#?(R) consisting of even (resp. odd) func-
tions.

DEFINITION 1. The generalized Hartley transform, associated to Ay, of a func-
tion f € L}(R) is defined by

H, (f) (L) :/f(x)d)s(l,x)A(x)dx, forall A € R. (2.32)
R
PROPOSITION 2. Forall f € D(R) we have

T (f) = A o' Vs (), (2.33)

where 5, is the modified Hartley transform defined on D(R) by

VAEC, (S /f cas(\/22 — 2p2x)dx = He(£) (/22 — £2p2).
(2.34)

Proof. The result is immediately from the relations (2.25) and (2.28). O
PROPOSITION 3. Let f € L} (R). For almost all y, the function

Y — V() = /lel Ky(x,9) F(¥)A (x) dx, (2.35)

is defined almost everywhere on R and belongs to L'(R). Moreover, for all bounded
continuous function g on R, we have the following formula:

L0y = [ F(:Vig(0A (). 2.36)
R R

Proof. The functions (x,y) — K;(x,y) f(x)A (x) and (x,y) — K;(x,y) f(x)g(y)A (x)
are Lebesgue integrable on R”. Then by using Fubini’s theorem, we get the result. [
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PROPOSITION 4. Forall f € /?(R), we have the decomposition

Ao S () = 2F1(£) (\/ A2 = (2 4+ 1)p2) = 2(+5p) ZLI (£2) (/22 = (> + 1)p?),

(2.37)

where J is the integral operator defined by (2.30) and Fy, stands for the Fourier trans-
form related to the differential operator L, defined on 5”38 (R) by

ZuHa) = | e (0A()dx, A ER,

¢, being the eigenfunction of L as defined by (2.8).
Proof. If f € .72,(R), identity (2.37) is obvious. Assume f € .72, (R). By using
(2.32), (2.14), (2.8), and by integrating by parts we obtain

1
A _SP /I%f(x)yr(/) Azf(serl)pz(x)A(x)dx

1 d d
- W/Ra (A -0 () ) () W
— o L WA
= ~(+5p) [ 0 I (DA

= —2(A+sp)ZLUf)(\/ A2 — (s + 1)p?),

T Sf(A) =

which completes the proof. [

Using Bloom-Xu’s approach [4], we prove.

THEOREM 2. The transform /4, is a bijection from .#*(R) to ./ (R).

We shall need the following properties.

PROPOSITION 5. (Transmutation formula)

(i) Let f € #?(R) and g a nice function. Then
/ A f(¥)g(x)A(x)dx = / F(0)Asg(x)A(x)dx. (2.38)
R R

(ii) For f € 72(R)

T, (Asf) (8) =EHA[f(8), CER. (2.39)
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Proof. Let f € .#?(R) and g a nice function, and consider the bracket

First, we have

0f8) = [ F0)g0A@dr=— [ 00wl
/ F(0)g(—x)A (x)dx+ /]R F(0g (—x)A(x)dx
— (. Yog) - <f )
where h(x) = h(—x).
Second, we have
(Ga0-e) = [ GATOTED a0

_ A (f )C) _2f(_x)>g(x)A/(x)dx

= % R(A/(x)f(x)g(x) —A'(x) f(—x)g(x))dx
= [ W 0r @) A (s W)
= 1 [ W07 @) + A (gl
= 1 [ AW + g)ar
AW

= AW f(x)(g(x) +2g(_x)>A(x)dx

= (1556 +2).

Finally,

(=sp)s8) = =sp [ F(=2)g(WAMdx=—sp [ F()e(-x)AL)dx
= (f.(~sp2).
All together, this gives

(Asf,8) = rf+——f bd) spfg>

{
<fYrg 5 +—— (g+8) — SP§>
{

/s Yrg+—— g—8) spg“>
= (f,Asg)-
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Assertion (ii) follows by substituting in (2.38) g by ;. 0O

2.3. Inversion formula and Plancherel’s theorem for 7}

DEFINITION 2. The generalized translation operators 7;, x € R are defined on
L;(R). by ‘
VAEeC, (T f)(A) =Ds(A,x) 73, (f)(A). (2.40)

Using the generalized translation operator, we define the generalized convolution

product of functions as follows.

DEFINITION 3. For f,g € D(R), the generalized convolution product f x4, g is
defined by

Fiagl) = /IR TF()g()A(K)dy, forallx € R. (2.41)

PROPOSITION 6. (i) Let f and g be in D(R). Then the generalized convolution
product f x4, g belongs to D(R) and we have

T (f*a,8)(8) = A4, (F)(§) #a,(8)(G), forall§ €R. (242)

(ii) We have the relation
Vf,g € DR), "Vi(f*a,8) ="Vs(f)* "Vi(g), (2.43)

where x, is the convolution product on R given by (1.6).

Proof. We obtain the result by the similar ideas as on the context of Chébli-
Trimeche hypergroup (cf. [22]). O

DEFINITION 4. Let f € LY(R), f is called /%, -function of positive type if for
all ¢ € D(R), we have

[ F@9 s, 00

LEMMA 3. Let u in D'(R). The following assertions are equivalents:
(i) For all ¢ € D(R), we have (u,9?) > 0.

(ii) u is a positive distribution.

(iii) u is a positive measure.

Proof. By using the proof of Theorem XVIII of [21] p. 276277, we obtain the
result. [

THEOREM 3. (Bockner’s theorem) Let f € LY (R), if f is J}, -function of posi-
tive type, there exists a positive bounded measure 1L on R, such that f(x) = %’j\?l () (x),
forall x € R.
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Proof. Let f € L7 (R), of positive type and putting u = J2; (f). For all ¢ €
D(R), we have
(u,9?) = <éﬁé (), 0%)

= (f,.7. ' (9%)

<f,=f”f?xr (@) *a, A4, (@) 2 0.
Hence u is a positive distribution. Again, by using lemma 3 it is a measure of positive
type. As u € 4, (Ly(R)), by a standard analysis, we prove this measure is bounded
and we deduce the result. [

DEFINITION 5. Let u € D'(R), u is called %, -distribution of positive type if
forall ¢ € D(R), we have

<u? (p *A.r (p> 2 0'

THEOREM 4. (Bockner-Schwartz’s theorem)

Let u € D'(R). The following assertions are equivalents:

(i) u is of positive type.

(ii) u is a tempered distribution, and there exists a tempered positive measure [l
on R, such that u = ,%”Ajl(;,t)

Proof. We want to prove that (i) = (ii).

It is easy to see that for all ¢ € D(R), the function @ +— ux*,, @4, @ is of positive
type. Then by the Theorem 3, there exists a bounded positive measure [, such that
Mo = HA, (uxp, @ xa, @). Let x € D(R) such that 0, (x)(A) #0, forall A € R.
We consider the measure u defined by u = W It is clear that p is a positive
measure, we can write:

2 2
A, (Wi, @xa, @*a, X *a, X) = (HA, (X)) Mo = (Ha,(0)) 1y
Thus )
to = (4, (@) 1, forall ¢ € D(R).
Then, we have

(U, @ xp, 0) = <M*A <P*A ®,6)
=" )(0)

-/ ( ffm (A)dpa(2).

Thus, we deduce that

(u, ) = /R%S(W)(l)dﬂ(l) = (A (), w).

S

So the result follows.
Now we want to prove that (ii) = (i).
If u =, (u), we have forall ¢ € D(R),

(A (1), 0%, 0) = (W, A, (050, 9))
= (u, (4, (9))%) > 0.
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The theorem is then proved. [

REMARK 3. As above, we prove the Bockner and Bockner-Schwartz’s theorems
for the classical Hartley transform #¢ defined by (1.1).

NOTATION. We denote by LZ(R. ), 1 < p < e, the space of measurable functions
f on R satisfying

d 1/p
Ul = ([, 0Pt ) < if1<p<e

1fllz () = ess sup [f(x)] <o,
xeR ¢

where c(s) is a continuous function on (0,e°) such that

¢U(s) ~k s%T2, ass — oo, (2.44)
- ky s ass—0 if p>0
1 28, p
<) {k3 £ a5 50 if p =0 (2:45)
for some kj k. k3 € C.
LY (R), 1 < p < oo, the space of measurable functions f on R satisfying
1/p .
g = ([ rpanes) " <o tr<p<e
||fHL;‘;(R) = esssup|f(x)| < e,
x€R
where dVvs is the measure given by
dvy(i) = 4] ! i
4\/12_ (s2+1 2|c \/12 s2—|—l )‘2 R\(=v/s2+1p,\/s2+1p) 7’
(2.46)
with 1, is the characteristic function of

(s2+1)p,\/(s2+1)p)

R\ (—/(52+ Dp. /(22 + Dp).
THEOREM 5. Forall f € D(R), we have
= [ A DD x)av ),
where dvy is given by (2.46).

Proof. By using Proposition 6 we see that the functional

(S,.f)="v,'(f)(0), feDR)
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is ¢ - positive type distribution in D'(R). From Remark 3, we have the Bochner-

Schwartz theorem for #:. Thus, we deduce that there exists a positive measure Vs,
such that for all f in D(R), we have

= [ AV Dav ().
Using the relation (2.33) we obtain
0)= [ A4 (NA)dw(2)
By substituting in this relation f by 77 f, x € R, and by using (2.40) we obtain
/ A () (R)dvs (A / A (F) (W) Dy (A, x)dvs(1). (2.47)

If we suppose that f is even, then by the inversion formula for the transform .#;, (see

[22]), we have
du
/JL )2‘6( 2 (2.48)

But the parametrization u? = A2 — (s*> + 1)p?, shows that u € [0,c) if and only if
A ER\ (—/(s24+1)p,\/(s2+1)p), thus from (2.37) we deduce that (2.48) can also
be written in the form

w=[ A (PR, (2.2)

(s2+1)p,\/(s2+1)p)
o [A|dA
4R (2 + Dple(v/ 22— (P Dp?) >

Using the relation (2.47) we deduce that the measure dv; is supported by

R\ (—/(s2+ Dp. /(2 + Dp)

and given by (2.46). [

THEOREM 6. Let f € L}(R) suchthat #,(f) belongsto L} (R). Then we have
the following inversion formula

X) = / A (F)(A)Ds (A, x)dvs(L) a.e.xER.
R
Proof. It is easy to see that if J# (f) belongs to Ly, (R) then .ZL(f.) belongs

to LL(R.), where f, is the even part of f. For || > \/(s2+ 1)p the function A
L (f)(k)_ff’“ DED pelongs to L} (R), then Z(Jf,) € L}(R+), where f, is the odd
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partof f and J the transform given by (2.30). On the other hand using (2.31) we obtain
for u> =A% — (s> +1)p?

ogu()] <2 —p) EA P o),

Furthermore, the function p — /2 + (s2 + 1)p2.7.(J f,)(u) isin LL(R,), so by the
dominated convergence theorem we obtain

du
FLJ o)AMY (x) ———
J FUL A0 =
We get the result by using the relation

/R S (F)(M)Ds(A,x)dVs(A)
= [ A weut -k

Ry (1)

and the analogous theorem correspondmg to . O

N( [ AU We )

([ AR W )
THEOREM 7. (Plancherel formula) Forall f € .#*(R), we have
|14, (D()Pdvi(2) (249)
= [ Ur0PAAr+ 2507 [ 1£,(0PAMdx~25pRe( [ f(0TFIA)d).
where dvy is the measure given by (2.46).
Proof. By (2.37)
|1 D@ Pav(2)
=4 [ 1ZL00(/22 = (2 + Dp2) Pav(2)
4 [ A+ 5pPIFLIL) (A2 = (2 + 1p?) Pav(4)

—8spRe(/RﬁL(fe)( 22— (2 + Dp) FLIL) (A2 = (2 + 1)p2)dvi(2))
=L+hL+5.

By a Plancherel formula for the Fourier transform .7,

L= /R LAy, and I = —2spRe / FOTT A ()dx)
Moreover
b =4 [ (4 5pPIFLUL) (/22 = 2+ 1)p?) Pav(A)
=4 [ 2+ 2P FLIL) (22~ (2 + 1p?) Pav(4)

2 d[.l s2 2 a 2 d[,L
= [ PIAUR WP o + 25 1AW oap:
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Using now the identity
FLLh) () =~ +p*) FL(h) (), he SER)
and, by integration by parts, we deduce that

du
le(u)[?

b= = [ FUL ) TR e +25° [ |710£) ()

_ / LI £, ()T fy (A (x)dx +252p? / T f, (x)PA(x)dx
R R

- [ 5 (A0 o0 T+ 259 [ 14,9 A ()

L1l PAWdx+220% [ £, (0PAR)dx.

Hence
L+hL+1h :/R|fe(x)|2A(x)dx+/R|f0(x))|2A(x)dx+2s2p2/R|Jf0(x)|2A(x)dx
~2spRe( /R S ()T (A (x)dx)
_ /R () PA(x)dx+252p> /R \Jf(,(x)|2—2spRe< /R fe(x)Jf(,(x)A(x)dx>.

This completes the proof. [l

In the rest of this article, we assume that s = 0.

2.4. The generalized heat kernel
DEFINITION 6. Let # > 0. The heat kernel E; associated with the operator Ay is

defined by
VeR, E(x) =2 (e ) (). (2.50)

REMARK 4. As the function 4 — e—*** is an even function on R, then from the
relation (2.37), we deduce that

VxER, E(x)= %ﬁ;l(e*’@”f’z))(x). (2.51)

We introduce also the generalized heat functions N,(z,.), n € N are defined on R
by
Na(t,x) = (27) ! / e P Dy (A, x)dvs (A). (2.52)
R

These functions satisfies the following properties.
i) Forall > 0, Ny(z,.) is an C*-function on R.
ii) Forall 7 > 0 and Vx € R, Ny(t,x) = E;(x) > 0.

iii) Forall > 0, VA € R, /4, (Nn(t, .)) (A) = Are A2,



74 H. MEJJAOLI

PROPOSITION 7. Let t > 0. We have

1 2

vy S R7 t‘/s (EI)(y) = 2\/56_4_' (253)

Proof. From the relations (2.50) and (2.33), we have

1, 2 1 2
VyER, Vi(E)() =" (e )(y)zz—\/ﬁe .t

PROPOSITION 8. Let p € [1,). There exists a positive constant C(p,t) such
that
VxeR, (E(x))" <C(pt)EL(x). (2.54)

r
p

Proof. From [9], p. 251, there exist two real numbers (; and p,, such that

2 2
et e_ft_t ete! E_Z_t
Vx € R, <E, < .
X 22a+1r(a+ 1)ZO£+1 B(x) [(.X) 22a+1r‘(a+ 1)ZO£+1 B(x)
(2.55)

Using the hypothesis on the function A, there exist C > 0 such that forall x € R, B(x) >
C. Thus, according (2.55), we obtain (2.54). U

3. An L? version of Hardy’s theorem

PROPOSITION 9. Let p € [1,0| and f a measurable function on R such that

e f belongs to LI (R) for some a > 0. Then the function S (f) given for all
A eC by

AN = [ 700224 W,

is well defined, entire on C, and there exists a positive constant C such that
. n?
VE, neR, | (f)(E+in)| <Ceta. (3.56)

Proof. The first assertion follows from Holder’s inequality, the relation (2.18), and
the derivation theorem under the integral sign.
If p=1, we deduce from Remark 2 that for all £, € R

|74, (f)(E+im)| < /R\f(x)HCI)S(é+in7x)|A(x)dx
< C/Re”“x2|f(x)\e7“xzem”x‘A (x)dx (3.57)

2 [n] I
< Coi- Rew(k;—”z\f(x) |A(x)dx < ez_"HeuxszL}\ (®)"
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If p € (1,0], we deduce from Remark 2 and Holder’s inequality that forall £,n €
R

[ #a,(F)(E +in)| < /le(X)Hd’s(%ﬂLiH,X)lA (x)dx

< C/ e“xz\f(x)|67“x2e|"”x|A (x)dx
R

n|

M _ /( __)2 2
< e ([ e EPARAN [l fll g o)

L
7

where p’ is the conjugate exponent of p. By using the properties of the function A, the

integral of the right member is finite. So, as the function e f belongs to L (R), we
obtain (3.56). [

THEOREM 8. Let f be a measurable function on R such that
¢ f € LV (R) and e 74, (f) € LY, (R), (3.58)
for some constants a,b >0, 1 < p,q < oo, and at least one of p and q is finite. Then
o [fab> %, we have f =0, almost everywhere.
o Ifab< 1, forallt € (b,4;), the functions f = E,, satisfy the relations (3.58).
For prove this theorem we need the following lemmas.
LEMMA 4. ([10]) Let h be an entire function on C such that
VZEC, |h(z)| < C(1+z])meRe’ (3.59)

and
vxeR, |h(x)]<C, (3.60)

for some m e N, a,C > 0. Then h is constant on C.
LEMMA 5. ([10]) Let g € [1,o0) and h an entire function on C such that
Ve C, |h(z)| < M(1+ |z])me®Re’ (3.61)

and
1R llLs (m) < oo (3.62)

for some m e N, a,M > 0. Then h=0.

Proof of Theorem 8. We will divide the proof in several steps.
1% step: If ab > %. We consider the function / defined on C by

W) = ek, (H)(R). (3.63)
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From Proposition 9, there exist a positive constant C such that for all £, n € R, we
52
have |h(E+in)| < Ceda .

i) If 1 <g < oo, wehave
2 1 \32
Iy @ = [ 1% 0, ()RR av, ()
The inequality ab > i implies

2
gl gy < 1€ A, (D)llig, ) < ==

We deduce from Lemma 5 that for all A € C, h(1) =0.
It follows that for all A € R, %, (f)(A) = 0 and then from the injectivity of the
transform .77}, we have
f=0, ae., onR.

ii) If g = oo, we have

2 1 )22 2
]l @) = €7 A, (F) €504 || o @) < €2 A4, (F) Iz @) < o

From Lemma 4, there exists a constant C such that forall A € C, h(1) =C.

2
It follows that forall A e R, &4 (f)(A) = Ce~% . The assumption on % (f)
is expressed as

4, (F) (M) < Me ™™ ae. 2 €R,

for some constant M > 0.
The continuity of 73, (f) on R shows that for all A € R, |4 (f)(1)] <

Me"** _ Then for all A € R, IC| < Mel3a22% It follows from the inequality
ab > %, that C = 0. Therefore

f=0,ae., onR.

ond step: If ab = ‘l‘, we have
i) If 1 < g < oo. With the same proof as for the point i) of the first step, we
deduce that
f=0, ae., onR.

ii) 1If g =eo. We have |[hr|l;g g) < e°. Then by Lemma 4, the relation (3.63)
and the property (iii) of the generalized heat function No(ﬁ, .), we deduce that

2

=<7
VEER, i (f)(§) =Ce i =CH(EL)(S) (3.64)
for some constant C. Thus from the injectivity of the transform 7, we obtain

VxeR, f(x)= CE% (x) ae. (3.63)
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By using this relation and (2.55), we have

1
Ce3a?, a+1
VxeR, _ened < e”xzf(x).
I'loe+1)y/B(x)
From the properties of the functions A and B, we see that for finite p, ||¢% I L5

oo. In contrast from equation (3.58) we have He“" il 2 (®) <% this is 1mp0551ble un-

less C = 0. Then, we deduce from equation (3.65) that f 0 a.e.
3 step: If ab < i-Letre (b, L 1z) and f = E,. From the relation (2.55), we get

Vx € R, Klef(%f")xz < e“xzf(x) < K2e*($*“)x2,

for some constants Kj, K» > 0. As 1 < %, we deduce that ¢ f € LL(R). Using the
relation (2.50), we get

VAER, M4 (f)(A)=e DA

The condition 7 > b and the relations (2.44) and (2.45), imply that eblziﬁ\s (f) €
L}, (R). This completes the proof of the theorem. [

We determine, in this section, the functions f satisfying the relations (3.58) in the
special case p = g = o. The result obtained for the generalized Hartley transform is an
analogue of the classical Hardy’s theorem.

THEOREM 9. Let f be a measurable function on R such that

<Me 2,a.e.x€ an A <Me 2, ora € R, .
xX)| < Me™® Rand |74, (f)(A)] < Me " forall L e R,  (3.66)
for some constants a,b,M > 0. Then

o [fab > %, we have f =0, almost everywhere.

o [fab= %, the function f is of the form f = C()Ezl_ , for some real constant Cy.

o [fab< %, there are infinitely many nonzero functions f satisfying the conditions
(3.66).

Proof. 1% step: If ab > %, the point i) of the first step of the proof of Theorem
8 gives the result.

2" step: If ab = §, we obtain Hehlz%\ (F)|zz(m) < oo from the relation (3.64).
In contrast, as B(x) > 1, we get from (2.55) that

VXER, e™ \f(x)|<mae

Thus ||e%* f ||z () < e°. This completes the proof of the theorem.

3 step: If ab < Z , the functions f =F,, t € (b, 41a) satisfy the conditions (3.66).
This completes the proof of the theorem. [
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4. Morgan’s theorem for the generalized Hartley transform

Let 6,,0, € [0,27], Q be the open angle in C defined by
Q.= {reie, r>0,0<06< 92}

and Q be the closure of Q. Let g: Q — C be a continuous holomorphic on C.
The order of g is defined by

r(g) = inf{y >0, g(z) = 0(!), |z = =, z€ Q.
Suppose that 0 < r(g) < . The type of g on Q is defined by
t(g) =inf{y>0, g(z) = O(™"), || =, z€ Q.

Before stating the main result of this section, we give the following lemma which we
prove by the same way as Lemma 2.3 in [1].

LEMMA 6. Suppose r € (1,2), g € [1,%0], T>0 and B> tsin(5(r—1)). If g is
an entire function on C satisfying the following conditions

lg(x+iy)| <Ce™' foranyx,yR (4.67)

and
P gr € LY(R), (4.68)

then g =0.
PROPOSITION 10. Let p € [1,o0], a >0 and y> 2 and [ a measurable function

on R such that
M e LP(R). (4.69)

Then #, (f) is well defined on C, entire and we have

VAEC, i f(A)= /R FO@(A,0AX)dx, A ER. (4.70)

Proof. The first assertion follows from Holder’s inequality, the relation (2.18), and
the derivation theorem under the integral sign. [l
THEOREM 10. Let f be a measurable function on R such that
alx|? p bAS q
e fe L (R) and " 4, (f) € Ly, (R), 4.71)
for some constants a,b >0, 1 < p,q < o0, and v,8 be positive real numbers satisfying

1
y>2and L+ L =1.1f (a)7 (08)% > (sin(5(3-1)))°, then f =o0.
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Proof. From the relations (2.18) and (4.70), we have
VAEC, AL [ If@leMmH A dx “72)
R

First case p=1
l
Let Rel:= ((bS)%l <sin(%(5 - 1))) J(ay)r ) . The inequality (4.72) and the
convexity inequality
mA| ] < Fof? + = [imAf®
X y 6R5 )
imply that for all A € C, we have

|\, f(A)] < /R | () e e umwx\A()

< ems " [ | 0] I A )

4 .
As a> R7 , we obtain

R5 \ImM‘S

VAEC, |/, f(A)|<Ces (4.73)

Second case p € (1,e0]
By applying Holder’s inequality to the relation (4.72) we get

VA eC, |#4,f(A)< /]R M| F(x) e elmA N A () dx
< </Re—ap’\xwep’\lml\\X\A(x)d )7(/]1R PR £ (x )\M(x)dx)ﬁ,

where p’ is the conjugate exponent of p.
1
As above, let Re [ := ((bS)%l (sin(%(S - 1))) ° (ay)%> . The convexity in-
equality
m 2 1 < 4l m AR,
x| < —|x
Y 6R5
imply that
/ —ap' Y b 02 A ()0 < Ce s / D A (x)dx. (4.74)
R

As a > 7 , we obtain

1 (fma
VAEC, |HafA)|<Cerw ™M 4.75)

Condition (4.71), inequalities (4.73) and (4.75) imply that the function 7 (f) satisfies
the assumptions (4.67) and (4.68) of Lemma 6 with r =68, T = 61? and B=0b. The
condition K € I implies that

| S
b> WSIH (5(6— 1))7
which gives .4 (f) =0 by Lemma 6. [J
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5. Generalized Cowling-Price theorem for the generalized Hartley transform

In this section we assume that p = 0.

THEOREM 11. Let f be a measurable function on R such that

P
/ (F4) |f(X)‘pA(x)dx<°° (5.76)
R (T4 '
and
AN EN .
/]R e < (5.77)

for some constants a,b,n >0, m>1 and 1 < p,q < oo. Then
i) If ab > i, we have f =0 almost everywhere

ii)Ifab:%f then f is of the form f = ZCN .0 wheredémin(%—!—%,%),
Jj=

where p' is the conjugate of p. Especially, lf

20+1 m—1

7—)7
2p' q

. .n
n< 1+ pmin(—+
p
then f =0 almost everywhere. Furthermore, if n > 1 and m € (1,q+ 1], then f is a
constant multiple of Ey.
d
iii) If ab < %, forall 6 € (b,ﬁ), the functions of the form f = ZCJ-NJ-(&.),

j=0
d € N, satisfy (5.76) and (5.77).

Proof. We shall show that 77} (f)(z) exists and is an entire function in z € C and

| A, (f)(2)] < Ceﬁ“mzlz(l +[Img|)*, forallz€ C, forsome s>0. (5.78)

The first assertion follows from the hypothesis on the function f and Holder’s inequal-
ity using (5.76) and the derivation theorem under the integral sign. We want to prove
(5.78). Actually, it follows from (2.18) that for all z =& +in € C,

0, (NE+) < [ 100G+ 2)JA ()

(£, @) @)
Al
-1

»  (Ep@) 17l
< Ce% < da - 1+ |x peallxl- w)zA x)dx.
o )

(x)eMM A (x)dx
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Then by using the Holder inequality, and the relations (5.76) and (1.7), we can obtain

€1

2 np’ / 7

A0 ()E +im)| < Cete ([ (1) F e 5 A ()
R

2 oo L

< Ce'tr (/ (L41)F+20H map/ 42 ar)7
0

ny 2ol OH»I

< Cetal™P (1 4 |Imz|)?

Thus (5.78) is proved.
If ab = %,then
n ZOHr
[0, ()& +im)| < CeMME (14 imz)) P57
Therefore, if we let g(z) = e?* 4, (f)(2). then
JrZoHrl

9(2)] < CeP R (14 [Imz]) 7

Hence it follows from (5.77) that

gl
foa e <

Here we use the following lemma.

LEMMA 7. ([20]) Let h be an entire function on C such that

Ih(2)] < CeRe (14 |Imz])”

for some m >0, a> 0 and

|h(x)|
/R W‘Q(Xﬂdx < oo

for some q I, s>1 and Q € Py(R). Then h is a polynomial with degh <
min{m, = 1} and, if s < q+M-+1, then h is a constant.

Hence by this lemma g is a polynomial, we say P, with degP;, :=d < min{% +

23{[—)&;1 , m— 1} Then

S, (f)(x) = Py(x)e ™
and thus,

d
= Y CjNj(b,.) forallxeR.

Therefore, nonzero f satisfies (5.76) provided that

200+ 1 m—l}

n>1+pmin{ﬁ+ s
p 2p q
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Furthermore, if m < g+ 1, then g is a constant by the Lemma 7 and thus

() =Ce ™™ and  f(x) = CyEp(x).

When n > 1 and m > 1, these functions satisfy (5.77) and (5.76) respectively. This
proves ii).
If ab > 4 , then we can choose positive constants, a,b; such that a > a; = 4h >

ﬁ. Then f and 4, (f) also satisfy (5.76) and (5.77) with a and b replaced by a;

and b; respectively. Therefore, it follows that JZ (f)(x) = Py, (x)e‘bl"z. But then
6 (f) cannot satisfy (5.77) unless P,; = 0, which implies f = 0. This proves i).

If ab < I, thenforall § € (b, 1), the functions of the form f(x) 2 CiNj(

where d € N, satisfy (5.76) and (5.77). This proves iii). [J

6. Beurling’s theorem for the generalized Hartley transform

Beurling’s theorem and Bonami, Demange, and Jaming’s extension are general-
ized for the generalized Hartley transform as follows.

THEOREM 12. Let N€N, § >0 and f € L (R) satisfy

A D ORDC vl 4 (1 _
// (1+ x|+ )V YA (x)dxd vy (y) < oo, (6.79)

where R is a polynomial of degree m. If N > m8 + 3, then

fx)= 3  aNj(rx)ae., (6.80)

el
where r >0, aj € C. Otherwise, f(x) =0 almost everywhere.
Proof. We start the following lemma.
LEMMA 8. We suppose that f € L% (R) satisfies (6.79). Then f € L} (R).

Proof. We may suppose that f is not negligible. (6.79) and the Fubini theorem
imply that for almost every (z,y) € R,

|4, () D)IRY)[° 1 (x)]| b4 (14 < o
(T+ [y~ /R(lﬂx‘)zv A (x)dx < eo.

Since f and thus, 743, (f) are not negligible, there exist yo € R, yo # 0, such that

T, (f)(yo)R(yo) # 0.
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Therefore,
SO ol
L _oMI0IA (x)dx < oo.
LA
since 2 S 1 forl it follows th Ax)d 0
mce ————— = or large x, 1t follows that X X)dx < oo,
e : [1fwiaw

This lemma and Proposition 3 imply that 'V, (f) is well-defined almost every-
where on R. By the same techniques used in [15], we can deduce that

L IV, (AWl (Vi) (HG)IRG)P
(+ P+ )Y

dxdy < oo.

According to Theorem 2.3 in [19], we conclude that for all x € R,

2

Vs (f)(x) = P(x)e” 7,

where r > 0 and P a polynomial of degree strictly lower than N’mfé’l . Then by (2.33),

AN) = AoV (£)) = e (P)e ) () = Q)™

where Q is a polynomial of degree deg P. Then by using properties of the generalized
heat kernels functions we can find constants a; such that

AN =4 T @) o).

: N—md—1
J< 2

By the injectivity of J#,, the desired result follows. [J
As an application of Theorem 12, we want to prove the following Gelfand-Shilov
type theorem for the generalized Hartley transform.

COROLLARY 2. Let NmeN, 6 >0, a,b> 0 with ab > 4,and1<pq<°°
with p+5—1-LethL/24( ) satisfy

|f&)le P
/ T + |x| A(x)dx < o0 (6.81)
and
(e RO
/. 1 T dvy(y) < (6.82)

for some R € ,,.
i)If ab > i or (p,q) # (2,2), then f(x) =0 almost everywhere.
ii) If ab= % and (p,q) = (2,2), then f is of the form (6.80) whenever N > ’”‘sT”
)=

and r = 2b*. Otherwise, f(x) =0 almost everywhere.
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Proof. Since

(2b)?

2a
4ab|x||y| < (2a)?
p

—— "+ =D,

it follows from (6.81) and (6.82) that

@I DONROI® a1y
// (1+ [x[+ [y))2V et A(x)dxdvg(y) <

Then (6.79) is satisfied, because 4ab > 1. Therefore, according to the proof of Theorem
12, we can deduce that

// APV () ()| (V) (£)0)IIR()
(L4 [x + |y

dxdy < oo,

and 'V, (f) and f are of the forms

2

Vo (f)(x) = P(x)e” % and A4, (f)() = Qe ™,

where r > 0 and P, Q are polynomials of the same degree strictly lower than m}ﬁ .

Therefore, substituting these from, we can deduce that

/ / W5 a4 b p () | 0 ()[R ()P

dxd oo,
TESCENIE s

When 4ab > 1, this integral is not finite unless f =0 almost everywhere. Moreover, it
follows from (6.81) and (6.82) that

207 |

|P(x)|e” 3 e
A(x)dx < oo
/ (1+[x)NV (x)

and

)q q
/IQ We et R

(ETT

Hence, one of these integrals is not finite unless (p,q) = (2,2). When 4ab =1 and
(p,q) = (2,2), the finiteness of above integrals implies that » = 25 and the rest follows
from Theorem 12. [

7. Miyachi’s theorem for the generalized Hartley transform

THEOREM 13. Let f be a measurable function on R such that

(Ep)"'f e Lh(®) + L5 (R) (7.83)
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and

for some constants a,b,A > O, 1<p,q < oo, Then
i)If ab > %, we have f =0 almost everywhere.
ii) If ab = Alf, we have f = CE), with |C| <A

d
iii) If ab < Alf, forall 6 € (b,ﬁ), the functions of the form f = ZCJ-NJ-(S,.),

j=0
d € N, satisfy (7.83) and (7.84).

To prove this result we need the following lemmas.
LEMMA 9. ([16]) Let h be an entire on C function such that
Ih(z)| < AeBR and /R log* |h(y)|dy < o, (7.85)
for some positive constants A,B. Then h is a constant on C.

LEMMA 10. Let p € [1,o0] and f a measurable function on R such that (Ezl_)_lf
belongs to L% (R) for some a > 0. Then

e (") e L),

Proof. We consider two cases.
1% case: If p € [1,00[, from (2.27), we have

(V) < L ([ K[ (By) sl ()A(x)dx)pdy.

By applying Holder’s inequality to the middle integral, we obtain

p ra

ay? (1 apy* t e
(VD)) < L Ve (1) 1) 0) [V [(EL)7 0] 7
where p’ is the conjugate exponent of p. By the relations (2.54), (2.53), and (2.36), we

deduce that ,
" (tVs<f>)HL,,( <m|(Ey)"'s

where M — (c(p’ 4161) \/ﬁ>

21 cgse: If p = oo, using (2.27), we obtain for almost all y in R:
VWL < [ Kl ((By) T ) £y @A () dx

x>y

<IEL) Fligm'VELD).

4a

oo

Ly (R)
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By the relation (2.53), we deduce that

e Ve (O gy < Moll (B )™ Fllgey <
where My = \/% . This completes the proof. [J

LEMMA 11. Let r be in [1,00]. We consider a function g in L (R). Then there
exists a positive constant C such that:

e Vi(E L 9)llrr) < Cllgll;

where || - ||1r(w) is the norm of the usual Lebesgue space L'(R) and a > 0.

Proof. The proof is immediately from Lemma 10. [
LEMMA 12. Let p,q in [1,] and f a measurable function on R such that
(Eﬁ)*lfeLg (R)+ L% (R), (7.86)
for some a > 0. Then the function defined on C by
H0 (f) () = /R ) Ds(A,0)A (x)dx, (7.87)

is well defined and entire on C. Moreover there exists a positive constant C such that
forall £, 1 in R we have

2
|, (f)(E +in)| < Ce'a. (7.88)

Proof. The first assertion follows from the hypothesis on the function f and Hol-
der’s inequality using (7.86) and the derivation theorem under the integral sign. We
want to prove (7.88).

The condition (7.86) implies that the function f belongs to L} (R). Hence we
deduce from (2.33) that for all £,1 in R we have

A (NE+] =] [ V(D) 0)eas(y(E+m)dyl.

<
R

The integral of the second member can also be estimate in the form

Vo (1)) \ (" +eM)dy.

2
et /R e Vs ()W) (efa(yf L 4 gmalvt 2 "

Indeed from (7.86) there exists u in L (R) and v in L] (R) such that

f:Eﬁ(u—Fv).
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Thus using the Lemma 11 and Holder’s inequality we obtain

2 Caly+ )2
de (r+25) )dygC(HuHLﬁ(R)"'HVHLZ(R))<°°'

L vnoe )

Therefore, the desired result follows. [l

Proof of Theorem 13. We will divide the proof in several cases.
First case: ab > %.
Consider the function % defined on C by

W) = ela o, (1) (2): (7.89)

This function is entire on C and using (7.88) we obtain:
2

|h(&+in)| < Ce%, (7.90)

for all £, € R. On the other hand we have
2
[ togt (y)ldy = [ togle% A4, (1) ()
Ry Ry

by?
= / log™ |}Le(z%—b)y2 Mﬁiﬂ |dy

/log )dy+/ b)y? dy

because log" (cd) < log*(c)+d forall ¢,d > 0. Since ab > %, (7.84) implies that

/Rlog+ Ih(y)|dy < oo. (7.91)

From the relations (7.90) and (7.91), it follows from Lemma 9 that there exists a
constant C such that

h(&+in)=C, &neR.
Thus 2
T (f)(y) = Ce™ 5.
Using now the condition (7.84) and that ab > ‘l‘ , we deduce that C = 0 and hence from
the injectivity of 4, (f) we deduce that f =

Second case: ab = % .
The same proof as for the the first step give that

V2
T, (f)(y) =Ce .
Thus (7.84) holds whenever |C| < A. Hence

2

f=Ce T, with|C|<A
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Third case: ab < %.
If f is a given form, then

2

S, (N)) = 0(y)e @

for some Q € &. These functions clearly satisfy the conditions (7.83),(7.84) for all
8 € (b, 7-). The proof of the Theorem is complete. [J

The following is an immediate corollary of Theorem 13.
COROLLARY 3. Let [ be a measurable function on R such that
( %) fELp( )+ L1 (R) (7.92)

and

L 1@ ag <o (7.93)

for some constants a,b,r >0 and 1 < p,q < oo. Then
i)If ab> %, we have f =0 almost everywhere.

ii)If ab < 4 , then forall 6 € (b, ) all the functions of the form f = 2 CiN;(6,.),
j=0
d € N, satisfy (7.92) and (7.93).
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