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POINTWISE CONVERGENCE AND CESARO
SUMMABILITY OF DOUBLE ORTHOGONAL SERIES

FERENC MORICZ AND ZOLTAN NEMETH

(Communicated by J. Pecari¢)

Abstract. Let (X,.7,11) be a positive measure space and {¢;«(x) : j,k=1,2,...} be a double
orthonormal system of real-valued functions on X . We extend four previous results of Borgen
[2] and Tandori [4, 5] from single to double orthogonal series.

1. Known results for single orthogonal series

Let (X,.7,u) be a positive measure space and {;(x): j=1,2,...} be an or-
thonormal system of real-valued functions on X, in abbreviation: ONS. We consider
the orthogonal series

D cj9;(x), (1.1)
J=1
where {c;:j=1,2,...} is a sequence of real numbers (so-called coefficients) satisfy-
ing the condition
Y o <o (1.2)
=1
By the Riesz-Fischer theorem, there exists a function f(x) € L? = L*(X,.7,u)

such that (1.1) is the generalized Fourier series of f(x) with respect to the system
{0;(x)} and the partial sums

sm(x) = c;9;(x), m=12,...
j=1

of the orthogonal series (1.1) converge to f(x) in L?-norm:

lim [ |s,(x) — f(x)>du(x) = 0. (1.3)

m—oo
Here and in the sequel, the integrals are taken over the entire space X .
Mathematics subject classification (2010): 42B08, 42C10.
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It is well known that condition (1.2) does not ensure the pointwise convergence of
the partial sums s, (x) to f(x) as m — oo. The Rademacher—-Menshov theorem (see,
e.g., [1, Theorem 2.3.2, p. 80]) reads as follows: If

2 [log (j+1) ] oo, (1.4)

where the logarithm is to the base 2, then

lim s,,(x) = f(x) ae., (L.5)
m—oo
where f(x) is the sum of the orthogonal series (1.1) in the L?-norm (see in (1.3)).
The Cesaro summability (C, 1) of the orthogonal series is defined by the conver-
gence of the arithmetic means

of the partial sums. It is well known that the a.e. (C,1) summability is guaranteed by
a weaker condition than (1.4). In fact, the Menshov—Kaczmarz theorem (see, e.g., [1,
Theorem 2.8.1, p. 125]) reads as follows: If

Z [loglog ]+3)] oo, (1.6)
=

then
lim 0,(x) = f(x) ae.,

n—o0

where f(x) occurs in (1.3).
Among others, the following theorems were proved in [2] by Borges and in [4, 5]
by Tandori.

THEOREM A. If condition (1.2) is satisfied, then

lim (son(x) — o (x)) =0 ae.

n—00

THEOREM B. If condition (1.2) is satisfied, then

oo

2 (n+1)|Ac,(x)> <o ace,

n=1
where
ACy, (x) 1= Opt1(x) — On(x), n=12....

THEOREM C. If condition (1.2) is satisfied, and {G m(x) :m= 1,2,...} con-
verges a.e., then {G,, n=1,2,. } also converges a.e.
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Our goal in this paper is to extend Theorems A, B, C from single to double orthog-
onal series.

In the proof of the extension of Theorem C from single to double orthogonal series
(see Corollary 4 below), we will make use of such an argument that is analogous to the
one in the proof of Theorem C. For the reader’s convenience, we present it.

Proof of Theorem C. Suppose
2m <p<2m+1’ (17)

where m, p € N. By the familiar Cauchy inequality for sequences of real numbers, we
may estimate as follows

—1

|0 (x) — o (x)| = 22‘,”1|A0k(x)|

p—1 5 1/2 , p—1 1 1/2
<<2(k+1)|Aak(x)}> (k%mm> . (1.8)

fe=2m

For p < 2"*! (seein (1.7)), we clearly have that

(1.9)

It follows from (1.8) and (1.9) that

2m+171

1/2
max |0p(x)—62m(x)|<< D (k+1)|AGk(x)}2> —0 ae.asm— oo,
2m<p<2m+l k—om
(1.10)

due to Theorem B.

By assumption, the subsequence { oom(x) :m = 1,2,...} converges a.e. Now,
the limit in (1.10) clearly shows that the whole sequence {0, (x):p =1,2,...} also
converges a.e. The proof of Theorem C is complete. [

2. Known results for double orthogonal series

We consider the double ONS {¢; (x) : j,k =1,2,...} of real-valued functions
on a positive measure space (X,.%, ). We investigate the pointwise convergence and
summability of the double orthogonal series

Y 2 cjk®jk(x (2.1)
j=lk=1
where {c;:j,k=1,2,...} is a double sequence of real numbers satisfying the condi-

tion ~
22

(2.2)

||Ms
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By the Riesz—Fischer theorem, there exists a function g(x) € L? such that (2.1) is
the generalized double Fourier series of g(x) with respect to the system {¢;x(x)} and
the rectangular partial sums

ma) 1= X, 2 €iadix(x) 23)
j=1k=1
of the double orthogonal series (2.1) converge to g(x) in L?-norm:
ml,iqllloo |Smn (%) — g(x)|*dpu(x) = 0. 2.4

It is also well known that condition (2.2) does not ensure the pointwise conver-
gence of the rectangular partial sums s,,,(x) as m,n — co. The extension of the
Rademacher—-Menshov theorem (see, e.g., [3, Theorem A]) reads as follows: If the
condition

2y [log(j+ 1)) [log(k +1)]* < oo, (2.5)

M
M

~

I
—_
~

Il
-

is satisfied, then
lim sp,(x) =g(x) ae.,

m,n—oo

where g(x) occurs in (2.4).
The a.e. Cesaro summability (C,1,1) of the double orthogonal series (2.1) is de-
fined by the a.e. convergence of the arithmetic means

1 M N
omn(x) = TN 3D smalx), M,N=1,2,... (2.6)
m=1n=1

of the rectangular partial sums, can be guaranteed under a weaker condition than (2.5).
In fact, the extension of the Menshov—Kaczmarz theorem (proved in [3, Corollary 4])
reads as follows: If the condition

b

is satisfied, then we have

¢ [loglog(j+3)] [loglog(k +3)]* < o 2.7)

HMS

Mhm oun(x) =g(x) ae.

N—soo

3. New results
Our first new result reads as follows.

THEOREM 1. Suppose the double orthogonal series (2.1) is such that condition
(2.2) is satisfied, then

lim (Szmgn (x) — Opm on (x)) =0 ae. 3.1

m,n—oo
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Making use of Theorem 1 and the extension of the Menshov—Kaczmarz theorem,
we can get a short proof for the extension of [1, Theorem 2.3.4, p. 83].

COROLLARY 2. Suppose the double orthogonal series (2.1) is such that condition
(2.7) is satisfied, then we have

lHm somon(x) =g(x) ae. (3.2)

m,n—oo

Our third new result reads as follows.

THEOREM 3. Suppose the double orthogonal series (2.1) is such that condition
(2.2) is satisfied, then

3 Y (4 D+ DAL @) <o ae, (3.3)
m=1n=1
where
ALle,n(x) = Gm+l7n+1(x) - Gm+l7n(x) - cymm-‘,—l(x) + Ompn (x) (3.4)

The following Corollary 4 of Theorem 3 is also of special interest.

COROLLARY 4. Suppose the double orthogonal series (2.1) is such that condition
(2.2) is satisfied. If the double subsequences

{ m2N :1727~~~§N:0717...}

and

{om,(x):M=0,1,....n=1,2,...}
of the Cesaro means of (2.1) converge a.e. to the same limit {(x), then the whole double
sequence {Omu(x):m,n=1,2,...} also converges to the same {(x) a.e.

In the case of the above conditions, the subsequence {Gym v : M,N = 0,1,...}
clearly converges to the same limit £(x) a.e., since it is a subsequence of both {o; N
and {oym ,} -

4. Proof of the new results

Proof of Theorem 1. It is routine to check that from (2.3) and (2.6) it follows that

om on _ 1 )

S2m72n( ) Opm_ 2n Z Z

Jj=2k=2

I ——cjxPjk(x), mn=12,....

Making use of orthonormality of the system {¢; (x)}, integration gives

2T G117
/|S2m72n( G2m2n } ZZWCJ-JC7 m,n=1,2,....

Jj=2k=
4.1
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Clearly, it follows from (4.1) that

zz/mmn O 20 ()| dpt (x)

m=0n=0

o oo 2T 2 1)2 5
:ZE%%W?M

m=1n=1]

S 1
2221—1 TS TR (4.2)

m2M > 2 >k

where we interchanged the order of summations with respect to j and m as well as
with respect to k and n.
It is easy to check that

1 | 4 4
2 zﬂ: 2 4m<3,410gj:3_'2’
m2m> m=llog /
and analogously, we have
2 1 - 4
n:2n>k 2 " 3k

Taking into account the last two inequalities, from (4.2) it follows that

16 & & 1
2 2/|S2m (X G2m,2’1(x)|2dﬂ(x) < 9 2 26 -1) (k=1)% ik K2
m=1n=1 J=2k=2
<Y YT A< (4.3)

2k=2

~
Il

due to our assumption (2.2).
By the monotone convergence theorem of the Lebesgue integral, we conclude from
(4.3) that the double series

Z 2 |s2m 21 (x) — Gam o1 (X)’2 <eo ae.
m=1n=

Thus, our Theorem 1 has been proved. [J

Proof of Corollary 2. We start with the elementary inequality

52 20 (x) = g ()* < 2(Js2m 20 (x) = Gam 20 ()| + om0 (x) — g () ). (4.4)

By Theorem 1, the first term on the right-hand side of (4.4) converges to 0 as m,n —
. As to the second term there, due to condition (2.7) and the extended Menshov—
Kaczmarz theorem it is clear that the second term also tends to 0 a.e. as m,n — . The
proof of (3.2) is complete. []



POINTWISE CONVERGENCE AND SUMMABILITY OF DOUBLE ORTHOGONAL SERIES 187

Proof of Theorem 3. Let m,n > 1. By (2.6) and (3.4), it is routine to check that

m+1nt1
(—-Dk—-1)
A1,10mn(x Z Z mqﬁk%ﬁk(}c).

Making use of orthonormality of the system {¢; (x)}, integration gives
m+1n+1

P G 1) 2 25U kD

(m+1)(11) [ 18110a) P dp(x) =
whence we get

(m+1)( n+1)/|A17lam,n(x)\2du(x)

m+1n+1

m+1 2(n+1) ZZ]_l 4.3)

Jj=2 k=2

||Mx ||Mx

PP
-33;

Next, we interchange the order of summations with respect to j and m as well as with
respect to k and n. As a result, we obtain

m=2n=2

S — 1
J.;,{%Q aC mij'lnE 2m+ Dn2(n+ 1)
| = =

j=2k=2

due to our assumption (2.2) and the fact that
DRI
g mAm+1) " 2(j - 1)

By the monotone convergence theorem of the Lebesgue integral, we conclude from
(4.6) that the double series in (3.3) converges a.e. The proof of Theorem 3 is com-
plete. U

Proof of Corollary 4. We will imitate the proof of Theorem C in Section 1. To
start with, suppose

M < p<2Mtland 2V < g <2V M,N=172,.... 4.7)

We observe that the following sum is a telescopic one, and due to this fact we have

Z Z A11Omu(x) = Opg(x) — GzM.’q()C) — 0, (x) + oam ov (x).

m=2M p=2N
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Keeping this in mind and using the familiar Cauchy inequality for sequences of num-
bers, we may estimate as follows

2M<r;12§MH 2N<I2§)2(N+1 |Gp.q(x) — Ot 4(X) = 0, v (X) + O o ()]

= max Z Z A} 1Opn(x

2M<p<2M+12N<q<2N+1 oM N

AM+1_oN+1_ 1/2 ,oM+1_oN+1_q 1 1/2
g( > o> (m+1)(n+l)}A1716m’n(x)|2) ( y m)

m=2M p=2N m=2M  p=2N

2M+1712N+171 5 1/2
( PIEDY (m+1)(n+1)}A1,16m,n(x)|) —0 ae.asM,N—o,  (4.8)

m=2M  p=2N

due to Theorem 3.

Now, by the assumptions of Corollary 4 and the inequality (4.8), for 2¥ < p <
2M+1 and 2N < g <2V we may estimate as follows

(6.4 (6) = £2)] = | (Gpa() = G 4 (3) — 0, (x) + Oy 1 ()
(01,4 (6) = £06)) + (0.0 (¥) = £(3) = (G v () — ()|

< |Gp7q(x) — O 4 (X) — O, v (X) + Opm o (x)|
+}62M7q(x) — E(x)} + |Gp72N (x) — €(x)| + |G2M72N (x) — E(x)}.

Taking the maximum in the inequality just received with respect to p and g subject to
(4.7), we obtain that

max max |0, (x) —{(x
2M<p<2M+12N<q<2N+l‘ Paq( ) (x)]

< —
< 2M<I;13>2(MH2N 211<2N+1 |Gp.q(x) — O 4 (X) — O, o () + Ou o (x)]

+ max_|oum ,(x) — £(x)| +

2N<q<2N+1

+|Ggm v (x) — £(x) . (4.9)

| v (x) = £(x)]

max
2M<p<2M+l

Letting M,N — oo in (4.9), it follows from (4.8) and the assumptions in Corollary 4
that the finite limit

lim o, l €.
m G q(x) =E(x) ae

exists. The proof of Corollary 4 is complete. [l
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