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ON SUFFICIENT CONDITIONS FOR A POLYNOMIAL
TO BE SIGN-INDEPENDENTLY HYPERBOLIC
OR TO HAVE REAL SEPARATED ZEROS

IRINA KARPENKO AND ANNA VISHNYAKOVA

(Communicated by I. Franjic)

Abstract. The well-known Hutchinson’s theorem states that if P be a polynomial with positive

2
coefficients, P(x) = Yi_qaxx*, and aj:ik >4 for k=2,3,...,n, then all the zeros of P are

real. We obtain sufficient conditions for a real polynomial to be a sign-independently hyperbolic
polynomial or to have real separated roots in the style of Hutchinson’s theorem.

1. Introduction

To formulate our results we need some definitions and notations.

DEFINITION 1. A real polynomial P is called hyperbolic (or real-rooted) if all
zeros of P are real.

Denote by %7 C R[x] the set of hyperbolic polynomials, and by .7 % the set
of hyperbolic polynomials with all positive coefficients.

DEFINITION 2. A hyperbolic polynomial is called sign-independently hyperbolic
if it remains hyperbolic after an arbitrary sign change of its coefficients (see [6] and

[2D-

Obviously all coefficients of a sign-independently hyperbolic polynomial are non-
vanishing.
For P(x) = 3}_axk € A P, we use the following notations.

aj_—
pk:pk(P>:=a—‘, 1<k<n (1)
k
2
Pre G

qr = qx(P) := 2<k<n.

- - )
Pi—1 Ap—20aj
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It is easy to check that

k-1
G=—2 k>l a= s (“—1) L k=2 @
pPip2---Pk 45 95 "o qi_ 19k \90

Note that the problem of finding whether or not a given polynomial has only real
zeros is rather difficult and subtle. In 1926, Hutchinson ([5, p. 327]) extended the work
of Petrovitch ([7]) and Hardy ([3] or [4, pp. 95—-100]) and found the following sufficient
condition for a polynomial (entire function) with positive coefficients to have only real
Zeros.

THEOREM A. ([5, p. 327]) Ler f(x) =X aix* be an entire function with pos-
2
itive coefficients. Inequalities qi(f) := a:l:; >4, Yk > 2, hold if and only if the
following two properties are valid:
(i) The zeros of f are all real, simple and negative, and
(ii) the zeros of any polynomial Y} _,, aiZ*, formed by taking any number of con-
secutive terms of f, are all real and non-positive.

For some extensions of Hutchinson’s results see, for example, ([1, §4]).
We need two frequently used measures of zero separation for hyperbolic polyno-
mials.

DEFINITION 3. Given a polynomial P € 5%, degP > 2, denote by mesh(P)
the minimal distance between its roots:

mesh(P) := lgIJI‘lglglil(XjJr] —X;)
for P=C(x—x;)(x—x2)-...- (x—xp), where x; <xp <...<x,. (If P has a double

real root, then mesh(P) =0).

DEFINITION 4. Given a polynomial P € 57, degP > 2, denote by Imesh(P)
the minimal quotient between its roots:

Imesh(P) := min Ll
1<j<n—1 X;j
for P=C(x+x1)(x+x2) ... (x+x,), where 0 < x; <xp <...<x, (If P hasa
negative double root, then Imesh(P) = 1).

A question on finding simple sufficient conditions for a polynomial to have a
mesh (or logarithmic mesh) that is greater than a prescribed number was given to us
by Mikhail Tyaglov. The following theorem gives such sufficient condition for a mesh.

THEOREM 1. Let ¢ > 0 be a given number.

1. Suppose that P(x) =Y} _, aix* be a polynomial with positive coefficients, n >
2, and p}, | (P) —4pi(P)prs1(P) = ¢ for k=1,2,....,n—1. Then P € AP and
mesh(P) > c.
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2. For every ¢ >0, € >0, and every n > 2, there exists a polynomial Pe(x ) =
Si_oan(e)xt € AP, suchthat pi | (Pe) —4pi(Pe)pi1 (Pe) > * —¢€ for k=1,2,.
n—1, but mesh(P) < c.

Note that for ¢ =0, Theorem 1 reduces to Hutchinson’s Theorem A.
The next theorem deals with logarithmic mesh.

THEOREM 2. Let d > 1 be a given number.

1. Suppose that P(x) =Y}_ Oakxk is a polynomial with positive coefficients, n > 2,
and qi(P) > dH fork=23,....n. Then P € 3¢ % and Imesh(P) > d.

2. For every d>1, >0, and every n > 2, there exists a polynomial Pg(x) =
Sipar(e)xk € H Py, suchthat q;(Pe) > (dH —¢€ fori=2,3,...,n, but Imesh(P;)
<d.

We mention that for d = 1, Theorem 2 reduces to Hutchinson’s Theorem A as
well.

Applying the reasonings analogous to those used in the proofs of Theorems 1 and
2 we can obtain the following statement.

THEOREM 3. Suppose that P(x) = ¥}, aix* is a polynomial with positive coef-
>4, Vn>2. Let 0 <x; <xp <--- < x, be the zeros of

ficients, n >
P(—x).

1. Fork=1,2,....,n—1, denote by Ay := p%H(P) —4pi(P)pry1(P). Then xpiq —
Xp = Ay for every k.

2. Fork=1,2,. —1, denote by & := % (Prsn — \/kar2 —4ppi2(P)prs1(P)

— Pk — \/Pk —4pi(P)pis1(P)). Then xpy1 —xi < O for every k.

To formulate our next theorem, we need one more notation. For x > 1, we con-

2
sider the function ¢(x) =1— 22:’:1x‘k?. We observe that ¢ is an increasing func-
tion in (1;e0), limy_j+0@(x) = —oo and limy—.;..@(x) = 1. So the equation 1 —
2

2350 x~'T =0 has the unique positive root which we denote by a... One can check
that a.. ~ 4.81058280.
The following theorem answers the question posed by Boris Shapiro.

THEOREM 4. I. Let f(x) = 2;’,0 aix* be an entire function with positive coeffi-

2
cients. Suppose that q;(f) := > o forall k > 2. Then for every n € N, the n-th

ak za
section Su(x) == X1, agx* is sign-independently hyperbolic.

2. For every € > 0, there exists a real entire function g¢(z) = Y, by (€)Z with
non-vanishing coefficients such that qi(ge) > ae — € for all k > 2, and all but a finite
number of sections of g¢ are not hyperbolic.
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2. Proofs of Theorems 1 and 2

Proof of Theorem 1. 1. Set Q(x) := P(—x) = X¢_o(—1)*ax*.
By assumption p,%H(P) —4pi(P)pr+1(P) 20 for k=1,2,...,n—1, whence 0 <

p1(P) < p2(P) <...< pu(P).
For x € [0; p1(P)), we get ap > ajx > axx> > ... > a,x". Thus we have

O(x) = (ap — a1x) + (axx* —asx®) +... >0 for x€[0;pi(P)).
For x > p,(P), we get ap < ajx < ax*> < ... < a,x". Thus we have
(—1)"Q(x) = (anx" — ap_1X" )+ (ap_oX" > —ap_3x"3)+...>0 for x> p,(P).
Letus fix [,1 <I<n—1.For x € (p;(P);p1+1(P)), we have

ap < ax < a2x2 <. < al,lxl_l < alxl

and
ax > a1+1xl+1 > al+2xl+2 > . > apx.
Thus for x € (p;(P); pi+1(P)), we get
(-1)'Q(x) = Z(—l)”’apcf + <—al_1xl_1 +a! —al+1xl+1> + Y (—1)!ax/
j=0 j=1+2

=:21(x)+ (—al,lel +apxt — alelH) + 35 (x).

We observe that for all x € (p;(P); p;+1(P)), summands in X (x) are alternating in sign
and their moduli are increasing. Analogously for all x € (p;(P); p;+1(P)), summands in
>, (x) are alternating in sign and their moduli are decreasing. So Z;(x) > 0, X(x) > 0
forall x € (p;(P); pr+1(P)), and

(-1)'0(x) = —a X ' +ap —q )Tt for x € (pi(P)ipisa(P)).

The quadratic polynomial —a X apxd — ary 12/T1 has all real roots since its dis-
criminant is nonnegative: D = al2 —4a;_1a;41 > 0 by our assumptions. The roots of
this quadratic polynomial are

aj—\Jai —4ai_a
x (1) 3 pis1(P \/PIH —4p(P)pr+1(P)

2a;41

and

aj+\/aj —4a_ja;4,
(1) :=

2a;41

X2

= % <P1+1 + \/P1+1 —4pi(P )P1+1(P)> :

Now we will check that p;(P) < x;(I) <x2(I) < pi+1(P). We have

pi(P) <xi(l) < 2pi(P) < pry1(P \/PIH —4pi(P)p1+1(P) &
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\/P;H —4pi(P)pr41(P) < pry1(P) —2pi(P).
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By the assumption p; 1 (P) —2p;(P) > 0, whence the last inequality is equivalent to

Pry(P) = 4p(P)pis1(P) < (pre1(P) — 2py(P))?

which is obviously valid. Further we have

(1) < pry1(P) < \/le —4pi(P)pi41(P) < pr41(P),

and the last inequality is obviously valid.
We have proved that forevery [ =1,2,...,n—1,

(—=1)'Q(x) > 0 forall x € (x1(1);x2(1)) C (p1(P); prs1(P)).

So that
QO(x) > 0 forall x € [0; py (P)).
0(x) < O forall x € (x1(1):x2(1)) C (p1(P): p2(P))
Q(x) > 0 forall x € (x1(2):x2(2)) C (p2(P): p3(P)).
O(x) < 0 forall x € (x1(3):x2(3)) C (p3(P): pa(P))
Thus

Jy1 € [p1(P);x1(1)] such that Q(y;)
Jyz € [x2(1);x1(2)] such that Q(yy)
Jys € [x2(2);x1(3)] such that Q(y3) =

0
0.
0

Fyn—1 € [x2(n—2);x1(n—1)] such that Q(y,—1) =0.
Fyn € [x2(n— 1);+0e) such that Q(y,) =0.

We have proved that Q € 7%, so P € 7% . Moreover,

mesh(P) =mesh(Q) > min (x2(j) —x1(j))

1<j<n—1

e 1\/p1+1 —4pj(P)pjt1(P) = ¢

by the assumption. The first statement of Theorem 1 is proved.
2. Let ¢ >0, € >0 and n > 2 are given. Denote by k := max(
0, A :=2++4+k> 4. Consider the polynomial Q>(x) :==1+x+ %

3)

2,c2—8)>

7. We observe
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that p;(Q2) = 1,p2(Q2) = A. Since D =1 — % > 0 the polynomial Q is hyper-
bolic. We have: mesh(Q,) = @ = VA2 —4A = Vk < c. We also have p3(Q;) —
x

4pr(02)p1(Q2) = A —dh =k > c? —e.

For g > 0, consider the polynomial Q3 ¢ (x) := Q2 (x) +&x>. Since Qr € H P,
we can choose €; small enough so that Q3 ¢, € % . Moreover, since mesh(Q») < ¢
by Hurwitz’s theorem we can choose &; small enough so that mesh(Qs ¢, ) < c. Note
that p1(Qse) = 1.p2(Q3¢,) = A, p3(Q3¢,) = ai Finally we choose € > 0 small
enough so that p3(Qs.¢,)> —4p3(Q3.6))P2(Q3.,) = ¢* — €.

For & > 0, consider the polynomial Q4 (x) := Q3¢ (x) + &x*. We can choose
& small enough so that Q4 ¢, € 77, and mesh(Q4,,) < c. Note that p1(Qse,) =
1,p2(Qag,) = A, p3(0Qss,) = )LLI P4(04e,) = 8—1. We choose & > 0 small enough so
that p4(Q4.e,)* —4pa(Qae,)p3(Qae,) = * —&.

Continuing the construction in the given manner we obtain the required polyno-
mial.

The second statement of Theorem 1 is proved. [

Proof of Theorem 2. 1. The proof is analogous to the proof of Theorem 1, but
is shorter. Set Q(x) := P(—x). By assumption g;(P) > (dH) >4 for k=2,3,.
thus p,%H(P) —4pr(P)prs1(P) 20 for k=1,2,...,n— 1. So all the arguments from
the proof of the first statement of Theorem 1 remain valid. We obtain that Q has positive
Zeros yi,ya,...,yn satisfying conditions (3) (we use the same notations

x (1) := <p1+1 \/p,H —4pi( )Pl+l(P)>

and

(1) i= 3 (P (@) e ()= 4 o (2)).

l=1,2,....,n—1). So we have proved that P € J# %, . Since the zeros of P are
—VYn, = Yn—15---5 Y2, Y1, W€ get

- Pi1(P)+/P2a(P) —4p;(P)pja (P)

Imesh(P) > min xZ(J,) = min s
st () 1SSty (p \/p,H —4p;(P)pj1(P)

‘Ij+l +\/qj+1 4‘]j+1( )

- 1<m<i ’

SIS \/qj+1 4‘]j+1( )

. : . aj(P )ﬂ/q2 (P)~4q;+1(P) ) 2
Solving the inequality ik as s >d we obtain ¢, 1(P) > )" <
qj+1(P \/qm —4q;11(P
Jj <n—1, and we are done. The first statement of Theorem 2 is proved.
2. We use the same reasoning as in the proof of the second statement of Theorem
. O
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3. Proof of Theorem 4

1. Let f(x) =Xr a;x* be an entire function with positive coefficients. Without

2
loss of generality we can assume that ap = 1 and a; = 1. For q; := qx(f) = a::;k,

k>2, wehave f(x) =1+x+37, W (see (2)).
3 14
Let n > 2 be any natural number, and (0y);_, be any sequence such that o €

{—1,1} for all k. We have to prove that the polynomial S,(z) = X7_, oraxz* is hyper-
bolic. We consider the following sequence of radii

Ri=Vq, Ri=qq3 ...-qj\/qi+1, J=2,3,....n—L

By our assumptions Ry < Ry < ... <R, (smce =/q;9;+1>1).
For every fixed j = 1727... n—1, we put
Sn(z) = o 7+ <60+G1Z+Jz,1 Ok Zk>
nZ) = ——7 73 k=1 k=2 2
RN Y} Sd a3 G

+< i 1 2Gk > Zk) =:2o(z) + Z1(2) + Za(2).

k=j+1492 943 - qr 19k

For any 0 € [0;2r], we have

(9293 qj\/Tj51)’

—1 j—2
T qy - d4;

e
=043 q) A -

Let us estimate £ (z) and X,(z) from above for z = R;e®. We obtain

[Zo(R;e®)| =

n k
DRE) < 3 (293 qj\/q11)
J ~

k—1 k-2
P Y
1
_ 2
=qg ) W Z T ;
k=j+ 1q;+1 q,+2 q,+3 w19k

2 i1 [ 1
S 43 4 ; D2 2 )
2
=92q3----9q \/q;+1 2 k—))?
k=j+1 4/ aoo

n
2 -1 [
=0 A\ T Y, —2
! ! k=1+/ 2k
5 R A |
<@ d \an X —p
k=1 /U
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Analogously we get

jfl( L. —\k  j—1
0 43 - qj\/qj1) 2 k=1 k  k k
IZi(Rje"™)] < 2 s = 2q2q3~...~qk Qk+lqk+2""'Qj\/Q§+l

k=0 92 493 ~---4i— 161k k=0

1

2 [

=993 qz+1 2 i1k [k
\/ ‘lj+1

k= OC]k+2qk+3 g

) —j—1 1
2 =1 /[ j
qufh'“"qj \/az 1+2+ +(j—k-1) S
a2

= 4243 N Z A)z
= qq;- Wk Z T <DG a4 D

s=1 a S a

=

Therefore we obtain that for every 6 € [0;27],

, T T |
Z0(Rj€®)| = g5 qf N\ d = adi - d) N T 2

> [Z1(Rje®)|+ [Z2(R;e™®)],

2

since by definition of a.. we have 1 =2%7 | ac. *
Using the Rouché theorem we conclude that forevery j=1,2,...,n—1, the num-
ber of zeros of S,(z) inside the circle {z: |z| < R} is equal to the number of zeros of

() = sz in this circle. Thus S, has exactly j zeros inside the circle
2 43 414

{z:]z] <R;} for each Jj. So Sy, has one zero in {z: |z < R;} and since S, is a real
polynomial this zero is real. Next we observe that S, has two zeros in {z: |z| < Ry}
and since one of the zeros is real we get that both zeros are real. Arguing similarly
we obtain that the polynomial §,, of degree n has n — 1 real zeros. Therefore S, is
hyperbolic.

2. Let us choose an arbitrary € > 0 and denote by b := max (=" L e — £). Since
b < a. we have @(b) < 0. So there exists n € N such that

2

1235 % <o,

k=1
Consider the real entire function
n—1 Zk
8(2) =), P o T Z
k=0b"2 2 k=n+1b

‘We show that for all m > 2n, the m-th section of this function

n—1 k n m k

Z Z Z
Sm(z) == Z bk(k—l) - bn(n—l) + 2 k(k—1)

k=0b"72 2 k=n+1b" 72
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is not hyperbolic. At first we consider the polynomial S,,,. Suppose that this polynomial
is hyperbolic. The coefficients of Sy, are not of the same sign, therefore S,, could not
have all negative zeros. So if this polynomial is hyperbolic it necessarily has positive
zeros. But we prove that Sp,(x) > 0 for all x > 0.

For x > 0, we have

n—1 xk
Son(x) = Z kk—1) Tt Z ik 1)
k=0b~2 b 2 k=n+1b
n—1 k 2n7k X
= (2n k)(2n 1) a1
k=0 b b2
— 2n—k
X x"
2 2 \/ 2n k)(2n—k—1) n(n—1)
k=0 b
X" 1 X" L |
= n(n—1) Z (n—k)2 -1 = n n l) Z T_ -1 >0
b~z k=0p 72 j=1b72

by our choice of n. Hence S5,, does not have positive zeros whence it is not hyperbolic.
For every m > 2n we have Sy,(x) > S»,(x) for all x > 0, so S,, is not hyperbolic also.

[1]
[2]
[3]
[4]
[5]
[6]

[7]

Theorem 4 is proved. [J
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