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NEW INEQUALITIES FOR PRODUCTS OF CROSS-SECTION MEASURES

HORST MARTINI AND ZOKHRAB MUSTAFAEV

(Communicated by M. A. Hernandez Cifre)

Abstract. The main purpose of this paper is to sharpen some upper and lower bounds on products
of cross-section measures of centered convex bodies. The bounds are given in terms of relative
inner and outer radii of isoperimetrices of normed spaces, and improve previously known results
in the symmetric case. Thus, our results mainly refer to the geometry of finite dimensional real
Banach spaces.

1. Introduction

We recall that a convex body K in Rd,d > 2, is a compact, convex set with
nonempty interior, and that K is said to be centered if it is symmetric with respect
to the origin 0 of R?. As usual, $~! denotes the standard Euclidean unit sphere in
RY. We write A; for the i-dimensional Lebesgue measure (volume) in RY, where
1 <i<d, and instead of A; we simply write A. We denote by u’ the (d—1)-
dimensional subspace orthogonal to u € $4=1 and by I, the 1-subspace parallel to
u.

For a convex body K C R? we denote by Ay_;(K,u") and A;(K,u) the (d —1)-
dimensional and 1-dimensional inner cross-section measures of K, i.e., the maximal
measure of a hyperplane section of K normal to u € S9!, and the maximal chord
length of K in the direction u, respectively. Furthermore, A;(K|l,) denotes the width of
K at u,and A;_(K|u") is called the (d — 1)-dimensional outer cross-section measure
or brightness of K at u € 8§91 where K |uL is the orthogonal projection of K onto
u" . These notions given above can be found in the monograph [3]. In [11] and [16] the
following results for cross-section measures were derived.

For a convex body K in Rd, d > 2, and every direction u € $9-1 we have

AMK) < Ag—1(K|uh) Ay (K, u) < dA(K), )

and both sides are sharp.
On the other hand, for each u € $9-1 a convex body K in Rd, d > 2, satisfies

A(K) < Ag—1(K,uh) A (K|L) < dA(K), )
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again with sharpness on both sides.

Our main purpose is to establish strengthenings of (1) and (2) for centered convex
bodies. The inner radius and outer radius of isoperimetrices of normed spaces (for
Holmes-Thompson and Busemann measures) will be used to obtain these inequalities.
Thus, our main results will be related to finite dimensional real Banach spaces.

For a convex body K in RY, the polar body K° of K is defined by

K°={yeR": (xy) < LxeK}.

We identify R and its dual space R by using the standard basis. In that case, A;
and A" coincide in R?. The symbol &; stands for the volume of the standard Euclidean
unit ball in R’

For a convex body K in RY and u € $97! | the support function of K is defined by

hk (u) = sup{(u.y) :y € K},
and with o as an interior point of K its radial function pg(u) is defined by
px(u) =max{a >0:auecK}.

It is well known that

1
o(u) = st 3
If K is a centered convex body, then 2px (1) = A;(KN1,), and 2hg(u) = A (K|l,,) for

any u € gd=1,

The projection body TIK of a convex body K in R? is defined by hrg(u) =
Aa—1(K|ub) for each u € S9! (see [3, Chapter 4]). Note that any projection body is a
zonoid (i.e., a limit of vector sums of segments). In particular, if K is a polytope, then its
projection body is a zonotope centered at the origin (see [15] and [4] for many properties
and applications of this interesting class of convex bodies). We also refer to [1], [6],
[7], and [12] for affine isoperimetric inequalilties related to projection bodies. The
intersection body IK of a convex body K C R? is defined by pyx (1) = A4 (K Nu')
for each u € §¢7! (cf. [5] and [3, Chapter 8]). If K is a centered convex body, then /K
is also a centered convex body (see [2]).

We write (R?, ||-||) =M fora d-dimensional real Banach space, i.e., a Minkowski
space with unit ball B which is a centered convex body; see [17]. The unit sphere of
M is the boundary 0B of the unit ball.

2. Isoperimetrices and inner/outer radii in Minkowski spaces

A Minkowski space M“ possesses a Haar measure 1, and this measure is unique
up to multiplying the Lebesgue measure by a constant, i.e., 4 = ogA.
The following notions are well known; see [17, Chapter 5]. The d-dimensional
Holmes-Thompson volume of a convex body K in M is defined by
A(K)A(B°) A(B°)

HT .
K)y=——= e, 0op=—-=
Up ( ) Py ) > UB & )
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and the d-dimensional Busemann volume of K is defined by

g (K) = %mm ie., op= % (and "™ (B) = &4).

In order to define the Minkowski surface area of a convex body, one has to define
op similarly in M¢~!. That is, for the Holmes-Thompson measure we have op(u) =
Aa—1((BNut)°)/es_1, and for the Busemann measure op(u) = &5_1/Aq_1(BNu')
(see [17, pp. 150-151]). The Minkowski surface area of K can be also defined in terms
of mixed volumes (see [14] for notation and more about mixed volumes) by

HB(9K) = dV(K[d —1].Ip),

where Ip is that convex body whose support function is (). For the Holmes-Thomp-
son measure, I is given by 57 =TI(B°)/g;_1, (cf.[17, p. 150 and p. 157] for detailed
explanation) and therefore it is a centered zonoid. For the Busemann measure we have
15"5 = ¢&4_1(IB)° (see again [17, pp. 150-151]). Among all homothetic images of I
a unique one is specified, which is called the isoperimetrix Iz and is determined by
up(dip) = dug(lp). The isoperimetrix for the Holmes-Thompson measure is defined
by

N & L HT &4 1 o
T = = B 4
BOUAB) P e M) @

and the isoperimetrix for the Busemann measure by

N A(B Eq—
s = 2B) s _ a1y gy e, )
&4 &g

see [17, Chapter 5].

DEFINITION 1. If K is a convex body in M , the inner radius of K is defined by
r(K,Ig) :== max{o > 0: 3x € M with ofy C K +x},
and the outer radius of K is defined by
R(K,Ig) :==min{o > 0: 3x € M’ with ol D K +x}.
One should notice that 7(K,I) and R(K,I) can be also defined in terms of the

support functions of the involved sets. In particular, if K is a centered convex body,
then r(K,Ip) is the maximum value of ¢ such that o < hi (u)/h;, (u) forall u € gd=1,

Similarly, R(K,I3) is the minimum value of o such that o > hx(u) /hj,(u) for all
ue S (see [13] and [18]).
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3. New inequalities for cross-section measures

We present now the announced stronger inequalities than (1) and (2), and some
consequences thereof.

THEOREM 2. If B is a centered convex body in RY, and u € $°" is a unit vector,
then
1 2e4-1 _ ha—1(Blut) M (BN ) < 1 2¢

R(B,IHT) & A(B) T (B IHT) gy

Proof. Let B be a centered convex body in R?. Then
r(B,I{)IE"T € B S R(BITTT.

This is equivalent to

o &4 I1B° o &a I1B°
B, [T CBCR(B,HT
B Ty ey SEERE) Ty e
Hence
~ &4 X Eq
BT —=%  hppo(u) < h <SRBT —— hpe(u).
I"( »IB )A«(BO)SC],I 1B (M) B(I/L) ( B )A(BO)SC],I I1B (I/L)

If we set B to be B° and use the identity (3), we obtain

o 3 g o 3 g
r(B° BT ) L —hnig (w)pp () < 1 < R(B® I ) ——— hryp (1) pis ).

A(B)eq-1 A(B)€s-1
Therefore,
1 1
r(BO,iHoT)Ad_l(BW )kl(Bﬁlu) < 2€;_1 gR(BO,iHOT)Ad_I(BW )A](Bﬁlu)7
A(B) & A(B)
yielding
1 2€4-1 _ Aa—1(Blu)M (BN, 1 2841 0
R(B°,IHTY &g A(B) T (B IHT) gy
REMARK 3. We recall (see [9]) that
1 2€;_1 1
R(B°,IHT) & '
and
1 2e41 d.
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THEOREM 4. If B is a centered convex body in R and u € S~ is a unit vector,
then

cBuss 264-1 _ Ag—1(BNub) Ay (Bl B 2€d—
V(B,Igm) €1 < d 1( u ) 1( ‘ ) SR(B,Ig”“) &a 1'
& A(B) &4
Proof. Let B be a centered convex body in R?. Then
(B, 188 C B C R(B, 128
This can also be written as
g, A(B ~puss A (B
r(B,Ig“-‘)Qsd, 1(IB)° CBC R(B,I‘,?“-‘)Qed,1 (IB)°.
& &
Hence
A(B) A(B

r(B,fg”S)gsd,lh(IB)o (u) S hB(M) S R(B,igus)g)Sd,lh(lB)o (u)

From the relation between the support function and the radial function we obtain

o A(B ap o A(B
V(B,Igus)ﬁsdq < hp(u)pis(u) < R(B,Ig”s)ﬁedq,
&y &
and therefore
on o 2E4- _1(BNut)A (Bl n 264
V(B,Igm) € 1< 2’d 1( Nu )Al( ‘ )SR(B,Igm) € 1' 0

& A(B) €
REMARK 5. We recall (see [10]) that

o 2E4
F(B, 1B 2L >,

&4

Also,

24

R(B,15") <d.

&4

From Theorem 2 and Theorem 4, we deduce the following statement.

COROLLARY 6. If B is a centered convex body in R and u € %~ is a unit
vector, then

) A (BAub)A(BIL) ) )
B 18Ty r(B, 1Bm) < 24 Y < R(B°,IET)R(B, I5™).
7‘( ) )I"( B ) ld_l(B\ul)M(Bﬁl,,) ( ) ) ( ' IB )
REMARK 7. From Remarks 3 and 5 we get the inequalities (B°, [%1 )r(B, [5) >

1/d and R(B°,I%T)R(B,I5") < d.
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THEOREM 8. If B is a centered convex body in R?, then

1 R X
< R(B,I5)r(B°, [HT) < 1,

— <R(B,IHT)r(B°,15%) < 1.

U

Furthermore, for both inequalities the upper bound on the right cannot be reduced.

Proof. Let B be a centered convex body in R?. Since R(B,IHT) > r(B,IHT)
and R(B,[5") > r(B,I5"), we have R(B,I5")r(B°,ifiT) > r(B,I5")r(B°, i), and
R(B,IHT)r(B°, 184) > r(B,IHT)r(B°, [54) . Thus, the lower bound for both inequalities
follows from Remark 7.

Itis well known that /B C T1B, and that for d > 3 equality holds iff B is a centered
ellipsoid (see [8]). Therefore (I1B)° C (IB)°, also equivalent to

AB) (TIB\° _A(B
(B) ( ) cMB). upy.
& \ &1 &
A(B A(B
Thus L(IHQT)0 - ng’”, from which it follows that
&4 &4
(I C g, (6)
and for d > 3 equality holds iff B is a centered ellipsoid.
As we know,
r(B, [T C BC R(B,IHT)HT .
Therefore,

1 X 1 X
7AIHTOCBOC7AIHT °
R(B7I§1T)(B ) = = r(B7I§1T)(B )

Setting B° to be B and using (6), we obtain

1 X 1 X
C T A II-IOT ° C 7/\]3145.
S S e

From the definition of the outer radius for the Busemann isoperimetrix, we get

. 1
R(B, By < ————|
BI) S e )

which establishes the first inequality.
To obtain the second inequality, we write

r(BO,iBgS)iBgS g B° g R(Bo7iBg4s)iBg¢s.

Hence
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Using (6) when B is replaced by B° and applying polarity we also get (I5)° C
IHT  Therefore,

1 FHT
C———1
= (B, By P

Again, from the definition of the outer radius for the Holmes-Thompson case, we
get

1

)

The following example shows that the upper bound is attained for both inequali-
ties. Let B = oE, where ¢ is a positive real number and E is the standard unit ball in
R?. Then one can easily show that 1B = ad’led,lE, IgT =oFE,and [T = (1/0)E
Therefore, R(B,IHT) = r(B,I4T) = R(B°, %) = r(B°, i) = 1.

Similarly, IB= o/ 'e;_E, [5" = oE, and [5 = (1/a)E . We also get R(B, [5")
= r(B,I3") = R(B°,I§*) = r(B°,Ig*) = 1. O

R(B,IHT) <

4. New inequalities for width and diameter of the
isoperimetrix in Minkowski spaces

The following results refer to extremal values of the Minkowskian width func-
tion of convex bodies involving inner and outer radii. Let B be the unit ball of a
Minkowski space. We denote by wg(K) and Dg(K) the Minkowski thickness (or
Minkowski minimal width) and the Minkowski diameter of a convex body K, respec-

. 2w(K,u) and Dy(K) — 2w(K, u)

w5t w(B,u) B = ’
where w(K,u) = hg(u) + hg(—u) is the Euclidean width of K in the direction u. In
particular, if K is a centered convex body, then w(K,u) = 2hg(u). Therefore, since
IHT is centered, using (4) we can expand wg(7HT) as follows:

tively. They are defined as wg(K) =

3 2w (T 2hiyr (u) 2, hrige () ppe
wg(fH7) = min 2wl ) _ min — " = min o 218 ()pp- (1)
uest-t w(B,u)  uesi-t hp(u)  uesi-1 €41 A(B°)
- . &y /ld_l(Bo\ul)kl(Boﬂlu)
= min .
uesd=1 €41 A(B°)

Similarly,

SHT\ &4 ld_l(Bo\uJ')ll(Boﬁlu)
Dsly™) = max, e 2(B) |

It has been proven that £;/¢;_ < wp(IHT) and Dp(IH") < dey/es_, (see [10]).
We improve these bounds as follows (see Remark 3).

PROPOSITION 9. If B is the unit ball of a d-dimensional Minkowski space M,

then
2

— < W I ,
w0
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N 2

Dp(ITy < ———.
B( B ) r(B7I§1T)

Proof. From Theorem 2, we obtain that for any u € sd-1

2 < &4 Ag_1(B°lut)A(B°N1,) < 2
R(B.IJT) ™ €11 A (B°) S BT

The results follow by taking min and max with respect to u € $9~! in the left-hand
inequality and the right-hand inequality, respectively. []

Using (5) we can also expand wg([5") as follows:

. _2w(IB ) - 2hjpus(u)
IBu.\ — min B > — mmin B~
walls™) uestt w(Bu)  uesi hp(u)
2e4-1 . A(B) 4eg-1 . A(B)
= min = min

€1 uesi-1 pip(u)hp(u) €1 uesi-1 Ag 1 (BNul)A(BIL,)
Similarly,

4eqq A(B)

Dp(I5") = :
5(l5") &1 uesi-1 Ag_1(BNul)Ai(B|l,)

It has also been proven that 4e,_/(des) < wg(I5"), and Dp(I5") < 4e4_1 /¢4
(see again [10]). We establish the following improved bounds for wB(fg“S) and DB(fg”S)
(see Remark 5).

PROPOSITION 10. If B is the unit ball of a d-dimensional Minkowski space M,

then 5
— <w iBus ,

R -
N 2
D IBM.Y < -
RNy

Proof. From Theorem 4, we get for any u € gd-1

1 &4 < A,(B) < 1 &q
R(B7ig”s) 2€5 1 = JLd,l(Bﬁui)M(B\lu) = r(B7ig”S) 28d_1'

The results follow by taking min and max with respect to u € S9! in the left-hand
inequality and the right-hand inequality, respectively. [
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