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A NOTE ON THE SENSITIVITY ANALYSIS
FOR THE SYMPLECTIC QR FACTORIZATION

HANYU LI AND PENG LV

(Communicated by S. Puntanen)

Abstract. In this note, the rigorous perturbation bounds for R factor of the implicit Bunch form
of the symplectic QR factorization under normwise perturbation are derived by using the block
matrix-vector equation approach, the technique of Lyapunov majorant function, and the Banach
fixed point principle. These bounds are tighter than the one in [Li et al. Linear Multilinear
Algebra, 63, (2015), 78-96] and can be regarded as the rigorous versions of the optimal first-
order perturbation bounds in [Li ez al. J. Franklin Inst., 353, 5 (2016), 1186—1205].

1. Introduction
Let R"™*" be the set of m x n real matrices and R”"*" be the subset of R"*" with
rank r. For a matrix Q € R¥™?™ /it is said to be symplectic if Q7 JQ = J, where QT

denotes the transpose of Q and

J = diag(Jo, Jo, -, Jo) € R¥mx2m

01
- [_1 0} |
Let A € R¥<2" with m > n. If ATJA is nonsingular, then A has the following factor-
ization

with

A=0 m P =[01.0) [ﬁ] PT=QiRP", (L)
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where Q € RZ7?™ is symplectic, Q; € R%quzn satisfies QTJQ; =J; with J; =J(1:

2m
2n,1:2n), R = (r;j) € R¥*2" is upper triangular with 2 x 2 main diagonal blocks:

[mazil 0 } s T2im12i-1 =T2i2i >0, i=1,2,---,n,

i 2i
and P is a permutation matrix. The above factorization is unique and is called an
implicit Bunch form of the symplectic QR factorization [12]. Besides, some authors
also considered other forms of the symplectic QR factorization [4, 10, 13]. In this
paper, we mainly discuss the symplectic QR factorization in (1.1).

The symplectic QR factorization, combined with the Pietzsch algorithm, can be
used to accurately compute the eigenvalues of some classes of skew-symmetric or skew-
Hermitian matrices [13] and is also a useful tool in the computation of some optimal
control problems [2, 3, 8, 15]; see also [12] for a detailed introduction. Its algorithms,
stability of algorithms, and perturbation analysis have been considered in [1, 2, 3, 4,
8, 10, 12, 13]. Some first-order and rigorous perturbation bounds were presented [1,
4,10, 13]. Recently, Li et al. [12] derived the optimal first-order perturbation bounds
of the symplectic QR factorization (1.1) under normwise perturbation and presented its
normwise condition numbers.

In this paper, we will combine the block matrix-vector equation approach (see
[11]) with the technique of Lyapunov majorant function (see [6, Definition 5.4]) and the
Banach fixed point principle (see [6, Appendix D]) to study the rigorous perturbation
bounds for R factor of the symplectic QR factorization (1.1) when the original matrix
has the normwise perturbation. The new bounds will correspond to the optimal first-
order perturbation bounds in [12] and are tighter than the one given in [10].

The rest of this paper is organized as follows. Section 2 presents some notation
and preliminaries. The new rigorous perturbation bounds are given in Section 3. In
Section 4, we give a numerical example to illustrate the results derived in Sections 3.
The last section provides the concluding remarks of the whole paper.

2. Notation and preliminaries

Most of the notation and preliminaries given in this section can also be found in
[11]. For the convenience of readers, we still exhibit them here.

Given a matrix A = (a;;) € R™*", its spectral norm and Frobenius norm are de-
noted by ||A]|, and ||A||r, respectively. For these two matrix norms, the following
inequalities hold (see [14, pp.80]):

IXYZl, <X (1Yl [12]l2,  1XYZ[p < X2 (Y]] 121l 2.1

whenever the matrix product XYZ is well-defined.
For the matrix A = (A;;) € R, where A;; € R**?, i, j=1,2,---,n, we define
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the following operators:

i VCC(AH) ]
_VGC(AU)_
vec(Ayy) .
1 :
veeldzn) vee (A
uvecb (A) = : eR", vecb(A) = : ER4”2,
vec (Azy) -
R vec (Ay)
vee (Ap—1)(n-1)) :
vec (A1) | vee (Ann) |
vec(An)
AL A - Ay, A A - Ay,
0 1Ay - Ay 0 Axp - A
upb(A)=1 .~ |,uwb@A)=| . . |,
0 0 - 3Au, 0 0 - Ay

where vi =2n(n+ 1) and the operator ‘vec’ stacks the columns of a matrix one under-
neath the other.

Let Dy, € R?*?" denote the set of diagonal positive definite matrices with 2 x 2
main diagonal blocks s;I,, where s; > 0, i = 1,2,---,n. Hereafter, I is the identity
matrix of order r. Then, for any D € Dy,

upb(AD) = upb(A)D, Dupb(A) = Dupb(A). (2.2)
Making use of the structures of the operators defined above, we have
uvecb(A) = Myyechvecb(A),  vecb (utb(A)) = Mypvecb(A),

vecb (upb (A)) = Myppvecb(A), 2.3)

where

Myyeey = diag (S1,S2,--+,S,) € R ><4n2’

Si= [04(n—i+1)x4<i_1),I4<,,_i+1)] € RAm—i+1)xdn,
My, = diag (S‘l,S‘z’ ... 73‘") c R4n2><4n2’
§; = diag (04(1-71)X4(,-,1),I4(n7i+1)) € R4
Mypp = diag (S51,55,-++,5,) € R xdn?
Si = diag (04— 1)xa(i—1) 1/21a, La(u—s)) € Rénxdn.
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Moreover,
MuvecsML oo, =1, ML Muvecr = M, 2.4
uvecbMyyech = Lvys uvecbuvecb — Mutb- ( . )

Thus, letting uvecb’ : R" — R2*2% be the right inverse of the operator ‘uvecb’ such
that uvecb-uvech’ = L, xv, and uvecb’ - uvecb = utb. Then the matrix of the operator
‘uvech’ is M, . Thatis, uvecb’ (A) = ML _ vecb(A).

Let A = (A;;) € R?™2" with A;; e R22, i=1,2,---,m, j=1,2,---,n. Like the
result for the regular operator ‘vec’, the following result holds for ‘vecb’:

[1,,,vecb(A) = vecb(AT), (2.5)

A m n
where I, = (I, ®@Th) € R4 with T1,,, = Y, ¥ (Ej; ®EIT,) In these ex-
i=1j=1 '
pressions, @ denotes the Kronecker product [5, Chapter 4] and the matrix E;; € R"*"
has entry 1 in the (i, j)-th position and zeros elsewhere. Given another matrix B, the
block Kronecker product between B and A is defined by

B®A11 BRA --- BOAY,
B®Ay BRAxy --- BQAy,
BXA = ) . . .

B®Au BQA - BRAu,

For the block Kronecker product, the following results hold [7]

vecb (ACB) = (BT M A)vecb (C), (2.6)
[BRA[, = [|B]|,]|All,, (2.7)
(BKA)(CKG) = (BCKAG), (2.8)
(B &A)*1 =B 'XA"!, if Band A are nonsingular. (2.9)

Here, the matrices C and G are of suitable orders and are partitioned appropriately.
In addition, the following inequality from [10, Lemma 2.1] is also necessary.

LEMMA 2.1. For any matrix A = (A;;) € R*2" with A;; € R>*? and D € Dy,
we have

[lupb (A) — D~ 'upb (A") D[, < \/1+ GBIl (2.10)

where ¢p = | Inax {s;/si}.

<i<j<n
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3. Perturbation bounds for the symplectic QR factorization
Assume that the matrices A, O and R in (1.1) are perturbed as
A—A+AA, Q1 — 01+AQ1, R— R+AR,

where AA € R¥™21 AQ; € R2"*2 s such that (Q; +AQ,) J (01 +AQ;) = J;, and
AR € R?™2" is upper triangular such that R + AR has the same structure as that of R.
Thus, the perturbed symplectic QR factorization of A in (1.1) is

A+AA= (0, +AQ;)(R+AR)PT. (3.1)

Then
(A+AA)"J(A+AA) = P(R+AR)"J, (R+AR) PT. (3.2)

In the following, we regard AR as the unknown matrix of the matrix equation (3.2), and
obtain the condition under which Eq. (3.2) has the unique solution.
As donein [11] and [12], from (3.2), we have

HARR™" = upb (0 JAAPR™! — (0] 7AAPR™)" ) +upb (R TP AATJAAPR ™)
—upb (R TARTJJARR ™). (3.3)
Applying the operator ‘vecb’ to (3.3) and using (2.3), (2.6) and (2.5) gives
(R"TRJy) vech (AR) = Mypy [(R™T K Q{J) — (O JRR™T) I, ] vech (AAP)
+ Mypy (R"TRR ™) vech (PTAATJAAP — AR"J1AR) .
As done in [11] and noting J; ' = JI and (2.9), we can obtain

vecb (AR) = (RTRJ] ) Mypy [(RTRQ[J) — (QJRRT) 1] vech (AAP)
+ (R"®JT) Myps (R™" KR ) vecb (PTAATJAAP — AR"J1AR)  (3.4)
and show that Eq. (3.4) is equivalent to

uvechb (AR)
= Muvecs (R" RJ|) My, [(RTTRQ[J) — (O] JRR ) 1,,] vech (AAP)
+ Myvech (RTRJT ) Myp (R™TRR™T) vech (PTAATJAAP — ARTJIAR) . (3.5)
As a matter of convenience, let
Gr = Myvec (RT RJT) Myp, [(RTTRQ]J) — (Q]JRR ) 1,,]
Hg = Myyech (R"RJ] ) Myp, (RTTRRT).
Thus, applying the operator ‘uvecb” to (3.5) leads to

AR = uvecb’ [Grvecb (AAP) + Hgvecb (PTAATJAAP — AR, AR)].
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The above equation can be written as an operator equation for AR:

AR = ®(AR,AA)

= uvecb' [Grvecb (AAP) + Hgvecb (PTAATJAAP — ARTJ1AR)] . (3.6)
As done in [11] and [9], in the following, we will apply the technique of Lyapunov
majorant function and the Banach fixed point principle to investigate the rigorous per-
turbation bounds for AR based on the operator equation (3.6). For completeness of the
method and convenience of readers, we include the detailed process here though some

steps are the same as the ones in [11].
Assume that Z € R>"*?" is upper triangular with the same structure as that of AR,

|Z|| < p forsome p >0, and ||AA||r = 6. Then it follows from the definition of the
operator ‘avecb” and (2.1) that

1©(Z,A4) || < ||Grll,8 + |1 HRl126 + | Hrl,p*. (3.7)
From (3.7), we have the Lyapunov majorant function of the operator equation (3.6)
h(p,8) = ||Grll,8 + | Hrll,8> + | Hrllp*
and the Lyapunov majorant equation
h(p.8)=p. ie. |Grllo6+[|Hrl,8%+ |Hrll,p> = p. (3.8)

Assume that § € Q = {8 >0:1—4||Hgl|, (||Grl|,6 + ||Hr|,6%) > 0}. Then, the
Lyapunov majorant equation (3.8) has two nonnegative roots: p; (8) < p2 (6) with

2 (/IGrll,8 + ||Hrll,8°)
1 /T 4HRl] (1GkIL8 + [Hrll,87)

Let the set () be
PB(8) = {Z € R* " : Having the same strure as that of AR and || Z||» < f(p)},

which is closed and convex. We can check that the operator @ (-,AA) maps the set
%(8) into itself and for Z,Z € A(§),

oz a0) - (Z.04)]|, <1y (1(3).8) ]2~

Since the derivative of the function & (p,§) relative to p at f(0) satisfies

hy (f(8),8)=1- \/1 —4|1Hg|l; (1Grl,6 + |[Hrl,6%) <1

when 6 € Q; = {8 > 0:1—4|Hgl|, (|Grll,6 + ||Hg|,6%) > 0}. Then the operator
®(-,AA) is contractive on the set A(5) for 6 € Q;. Thus, from the Banach fixed
point principle, we have that the operator equation (3.6), i.e., the matrix equation (3.2),
has a unique solution in the set Z(8). As aresult, ||AR|| < f(6) for 6 € Q. In this
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case, the unknown matrix AQ; in (3.1) is also determined uniquely. This fact can be
justified by noting that AR is determined uniquely and R + AR is nonsingular, where
the latter can be derived from
|[ARR™||, < 2||Hgll, AR < 2||Hrll £ ()
_ 4lIHgll; (IGrll,8 + || Hrl1,8%)
L+ /1 —4[Hgll, ([ Grll,6 + [|Hr],6?)

To obtain the above inequality, we have used the following inequality

1
Il > 5 R

27

which can be verified by noting the structures of the matrices Myyech , Mupb, and Hg.
In summary, we have the following main theorem.

THEOREM 3.1. Let the unique symplectic QR factorization of A € R be as
in(1.1), A € R and

Gr = Muvees (R" BJT) Mupy [(R™T RQ[J) — (QTTRR™T) L]
Hg = Myyech (RTRJT) Mypy (RTTRRT).

if
1
I#2ell (Gl A1+ el 1841 ) < 5. (3.9)

then A+ AA has the unique symplectic QR factorization (3.1). Moreover,

2
2 (Gl llaA ]+ 1l 1441

IAR]| - < (3.10)
1+\/1—4HR||2 (Il 184l + 1l A4

<2(1IGrll,1A4] - + |zl A4l G.11)

< (1+2Grll,) 184] - (3.12)

Proof. It is easy to see that the condition (3.9) is the same as the one in €. Thus,
from the discussions before Theorem 3.1, it suffices to obtain the bound (3.12). This
can be done by noting (3.11) and the fact

2
2||Hgll,[|AA][ < A/ 1+ |Grllz = [|Grll, < 1.
which can be derived from (3.9). [

REMARK 3.1. From (3.10), by omitting the higher-order terms, we can get the
first-order perturbation bound of R factor in (1.1):

4R < 1Grl 44 +0 (144l ) (3.13)
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under the condition which ensures that the unique symplectic QR factorization of A +
AA exists. This condition like (3.2) in [12] or (3.1) in [10] will be weaker than (3.9). In
[12, Theorem 3.2], the authors presented the following optimal first-order bound for R
factorin (1.1):

2
AR < || (R" ©7]) 7Kor||aa]p +0 (1A ) G.14)
where
.@=diag(:@1,_@1,_@2,_@2,...’_@n,gn) c R4n2><4n2
with
11
@k:diag 1,---,1,=,=,0,---,0 €R2n><2n7 k=12,---,n,
2k—2 2n—2k
and

Kor = (RTTPT @ 01J) — (@17 @ R7TPT) a0 2.

Now we show that the bound (3.14) is the same as (3.13). In fact, according to the
above definition and the definition of the operator ‘upb’, we can check that for any
matrix X € R¥"*21

Pvec(X) = vec (upb (X)).

Thus, for any matrix ¥ € R?™*2" using the fact that ||vec(Y)||, = [|vecb (Y)||,, (2.6),
and (2.3), we have

| (R" ®J1) ZKgrvec(Y)|],
= [|[(R" @J] ) Dvec (Q{JYPR™' =R TPTYTJT Q1) ||,
=||(R" ®J ) vec [upb (Q{JYPR™' —RTPTY"J"Q))]|],
= ||vec [J{upb (Q{JYPR™' =R TPTY"J" Q)R] ||,
= ||vecb [J{ upb (Q]JYPR™" —RTPTY"J" Q1) R]||,
=||(R"®J]) Mypp, [vech (O JYPR™' —R™TPTYTIT01)] ]|,
=|[(R"RJ]) Mup, [(RTRQ[J) — (QTJRR ™) [0 vech (YP),.  (3.15)

From the definitions of the matrices My, and My, we can verify that
Mutb( Ig]]) upb—(Rngl) upb
which together with (3.15) and (2.4) gives

H(RT®J1T)9KQRvec ||2 | M, T et GrVECD (YP) ||, = || Grvecb (Y P)|,.

2
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Thus, from the definition of spectral norm and the fact that |[vec(Y)||, = ||Y||p =
|vecb (YP)||,, we get

|8 @ 77) Ko = | (8" .77 FKgnvec

IveeD)]5=1 M,

= max |[Ggvecb(YP)||,

[[vee(Y)[l,=1

=, md Grvecb (YP)||, = ||Gr||5 -
Hvecb(YP))(HZZIH RV ( )”2 ” RHQ

So the bounds (3.14) and (3.13) are the same. Therefore, the rigorous bounds in Theo-
rem 3.1 can be regarded as the rigorous versions of the optimal first-order perturbation
bound given in [12].

REMARK 3.2. For another form of the symplectic QR factorization, the following
rigorous perturbation bound were derived in [10, Theorem 5.1],

Ikl < (V6 V3) (i \/1+x (07 R) ) l@ilLlasly, G16)

under the condition [|Q|,||R™"||,/|AA|lz < \/3/2— 1. Here, for a nonsingular matrix
X, k(X) denotes its condition number and is defined by K (X) = || X]|, [|X ! H2 As
pointed out in [12], the bound still holds for the factorization (1.1). In the following,
we will show that the bound (3.12) is tighter than (3.16).

In fact, similar to the proof of Corollary 3.4 in [12], for any D € Dy, and X €
R>™<21 using (2.9), (2.8) , (2.7) and (2.1), we have

Gkl
~ [ Museer (RT 2T ) (D7 812, ) (DR ) Mo [ (RT 80077 ) = (QTTRRT ) 1]
- HMuver (R D '®J! ) g [(DR’T IEQITJ> - (DQITJIER’T> ﬁ,n,n} i

< [R7 D[ | (0BT 0TS ~ (DTsmRT) ]|

2

HMupb [(DR TR Q1TJ> (DQ{J XR*T> ﬁ,,,,,l] vech (X)Hz,
3.17)

H HZ Hvecb Hz:]

Whereas, combining (2.5), (2.6), (2.3), (2.2), (2.10) and (2.1) gives

max || My [(DRTRQO[T) — (DQTJRR™T)11,,,] veeh (X) ||,

Ivecb(X) =1

=  max ||Mypvech(Q[JXR'D—R"X"JTQ\D)||,
Ivecb(X)|=1

—  max Hvecb (upb (QIJXR_ID—D‘ (QIJXR‘ID)TD»H
Ivecb(X) =1 2

= max |upb (017XR™'D) ~D~"upb ((0fsxR~'D)") D
X||p=1

< max V1+63||ofIXR™'D|,. <\/1+G3||R™'D]|, |01, (3.18)
=
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Thus, substituting (3.18) into (3.17) yields

IGell < (inf V143 (07') ) el

2n

Meanwhile, from the fact QITJ Q1 =J1, itis easy to obtain that

(Dielgzn./l +g5K(D_1R)) 101, > 1

Thus, we have the claimed result that the bound (3.12) is indeed tighter than (3.16).
Naturally, the bound (3.10) is also always tighter than (3.16). However, in general, the
bound (3.10) is not attainable. This is because, to obtain the bound (3.10), we have used
the triangle inequality and the submultiplicative inequality several times. Only when all
the inequalities in those inequalities are equalities can the equality in the bound (3.10)
be achieved. In general, this case is infrequent. Whereas, numerical results given in
Section 4 show that the bound (3.12) and hence (3.10) can be much tighter than (3.16).

REMARK 3.3. Asdonein [12], from
AQ; =AAPR™' — Q|ARR™ ' — AQ|ARR !, (3.19)

which is derived from (3.1) and (1.1), by omitting the higher-order terms and using
(2.6), (3.4), (2.8), we obtain

vecb (AQ)) = Gg, vecb (AAP), (3.20)
where
Go, = (R TR’ by) — (LB O] ) My, [([RTTRQ]T) — (O] JRR )11, -
Then
14011 < Go 1y aall +0 (11AA]) (3.21)
Similar to the discussions in Remark 3.1, we can verify that
|(RTTPT @ L) + (Ion ® Q1J1) ZKgr||, = 1Gg, II,-

So the bound (3.21) is same as the optimal one in [12, Theorem 3.6].
Furthermore, using (3.19) and the results on R factor given in Theorem 3.1, we
can obtain the rigorous perturbation bounds for Q; factor:

1801l < (24 V2) | (B R QT ) Mugs (R RRT) |, (1184 ]7+ AR} )
+(2+2) IGo 112l
< (24+v2) [IGay I, + | (R 8Q1) |, (1 + Grll,)] 144

which correspond to the optimal first-order perturbation bound (3.21). However, these
two bounds are larger than the one given in [ 10, Theorem 5.1]. So we omit their detailed
derivation.
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4. Numerical experiments

In this section, a numerical example from [12] is used to compare the bounds
derived in this paper with the corresponding ones given in [10] and [12].

EXAMPLE 4.1. This example is the same as Example 5.1 of [12]. Specifically, let
€ > 0 be small enough, and
1000
00€%0
0100
0001

From the explanations in [12, Example 5.1], we have that A has the unique symplectic
QR factorization (1.1), and Q = Q1 = diag(e~!,¢,1,1),R = diag(e,&,1,1) and P =
le1,e3,e2,e4]. Using the expressions of Gg and Gp, , we can verify that

A=

Bod o
Gr=| 0 GGy 0 | eR¥ Gy = 23 € RI6X16,
0 0 0G ! 0 0Hy O
H 00 0 Hy
where
1 r 1 1 1
500% | o _[otoo| o fo-tod|, _|b00d
Cu=10000[92"100e0['92 |0 0 -1o G34= 16000
1 1 1 1
2005 000 ¢ (10 00 100}
% 00 —55 000 %7 1001
010 0 010 6:2 1 010 0
0lo o0
"Tlool o T loot o TFTEMMT 0010
—£00 % ~100 0 | -100 3

Thus, upon computation, we have

V2 V2
ba.13) = ||Grll, = rF baiy = H(RT@JIT) -@KQRuz P

”—’3_”( “TPT & Iy) + (I

bi.an = |Go, I, =
and

2\/—
b2y = 1+2|Grl, =1+ ——

b0 = (vVE+3) (it 1 Gx (07'R) ) Il = (V6 v3) LT

Here, the results from [12, Example 5.1] are used to obtain b3 16). It is easy to see
that, for this example, the first-order perturbation bounds (3.13) and (3.21) are the same
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as the corresponding optimal ones given in [12], and the rigorous perturbation bound
(3.12) is tighter than the one from [10], i.e., the bound (3.16). These results confirm
the analysis given in Remarks 3.1, 3.2, and 3.3. To illustrate the differences between
the bounds (3.12) and (3.16) clearly, a figure on the values of € and the corresponding
bounds (3.12) and (3.16) is given below. More specifically, we set € = 1072, 1073,
1074,1077,10°%, 1077, and 10~® and then compute the corresponding bounds (3.12)
and (3.16). This figure shows that the bound (3.12) can be much tighter than (3.16).

10 T T T T T

—6—(3.12)
F — ¥ —
1015» N (3.16) |

the values of bounds

10 10 10 107° 10 10 10”
the values of &

Figure 1: Comparison of the bounds (3.12) and (3.16)

5. Concluding remarks

In this note, we consider the rigorous perturbation bounds for R factor of the
implicit Bunch form of the symplectic QR factorization when the original matrix has
the normwise perturbation. Using the approach in this paper, we can also obtain the
rigorous perturbation bounds for R factor with componentwise perturbation, i.e., the
perturbation AA € R¥*2" of A satisfies:

|AA| < eCA],

where C = (¢;;) € R¥™ 2" with 0 < ¢;; < 1, € >0 is a small constant, and for any
matrix X = (x;;), |X| is define by (|x;;|). However, we cannot show that the obtained
bounds are always tighter than the corresponding one in [10] in theory though the for-
mer behave better in numerical experiments. So these results are not presented in this
note.
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