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GENERALIZED VON NEUMANN-JORDAN CONSTANT
¢\’ (X) FOR THE REGULAR OCTAGON SPACE

CHANGSEN YANG AND TIANYU WANG

(Communicated by S. Varosanec)

Abstract. In this paper, we study the exact values of the generalized von Neumann-Jordan con-
stant Cl(\,pj) (X) for X being the regular octagon space. We give that C,(V’;) X)=14+(vV2-1)is
valid for p>2, and C\)(X) = 22P[1 + (V2 - D)7 1P for 1< p<2.

1. Introduction

In order to study the geometric structure of a Banach space, geometric constants
play an important role. In many geometric constants, the von Neuman-Jordan constant
Cny(X) is widely treated. In [1], as a generalization of the von Neuman-Jordan con-

stant, a new geometric constant called the generalized von Neumann-Jordan constant

C](V’}) (X) was introduced. The authors proved that the C](V’}) (X) was strongly connected

with geometric structure, such as uniformly non-square, uniformly normal structure.

Hence it’s necessary to compute the C}(\ij) (X) for some concrete spaces.

Throughout this paper, let X = (X, || -||) be a real Banach spaces. We will use By,
Sx and ex(By) to denote unit ball, unit sphere of X and the set of extreme points of
By, respectively.

Recall that the von Neumann-Jordan constant Cy;(X) of a Banach space X was
introduced by Clarkson [2], as the smallest constant C for which,

1 eyl + e —yl?
C = 2(lxlP+ lIylP)

<C,

holds for all x,y € X.
The properties of Cy, (X) have been investigated in many papers (see for instances
[31-[L1]).

Recently, a generalized form of this constant was introduced as following
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DEFINITION 1.1. The generalized von Neumann-Jordan constant C](VI}) (X) is de-
fined by [1]

llx + Y17+ []x = II” .
207 1([lxl|P + [lyllP) -

CI(\Z)(X) ::sup{ x,y€eX, (X)J)7é(070)}7

where 1 < p < oo,
It’s equivalent to

x4+ ay[lP + [l —eyl”

Xy €Sy, 0<r< 1
2T +p) VX b

) (x) = sup{

where 1 < p < oo.
Now let us collect some properties of this constant (see [1]):
i) 1<l x) <2
(ii) X is uniformly non- square if and only if CN 7 (X ) <
(iii) Let 7 € (1,2] and 2 +4 = 1. Then for X = L, [O,l]
(1)if 1 < p<r then c}v}( X) =227 andif r < p </ then C¥)(X) =27 P+,

(2)if ¥/ < p < oo then C\)(X) = 1.
In this paper, for any p > 1, we obtain the exact values of the generalized von

Neumann-Jordan constant C](VI}) (X) for X being the regular octagon space.

2. Main results

Firstly, in order to get our main result, we need following lemmas.

LEMMA 2.1. Let p > 2.11. Then

(V2+1)P 1< (2V2)P 1+ (V2 -1)7). 2.1)

Proof. Obviously, (2.1) is equivalent to

(V2+1)P+1 V2 GWZHD)PHL (4-2y2)0!
V2+1 +\/§+1<(2\f2)p (V2+1)P  V2+1 ((V241)7+1].
So, we only need to prove the following (2.2)
[(4—2v2)P~ 1)1+ (V2 +1)7] > V2. 2.2)

Now by p > 2.11, we have

[(4—2v2)P ' 1[I+ (V2+ 1)P] = [(4—2v2)" 1 — 1)1 + (V24 1)>1]]
=1.426-- > V2,

as desired. [
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LEMMA 2.2. Let 2 < p <2.11 and x € [\/2,1.735]. Then
x4+ D" = (V2= 1)x— (V2—-1D)]P <27 1+ (V2 - 1)7). (2.3)

Proof. Letting h(x) = (S2)P~1 — (V2 — 1)(;%\@71)),7,1’ we can easily find the

function A(x) is increasing on [v/2,1.735]. So by

n(1.735) < (@)“1_(\@_ 1)(2.73527—\@)1.11

=1.154--- < 1.155--- = 1+ (V2 - 1)>!!
<1+(WV2-1)P,
we know that (2.3) is valid. [
LEMMA 2.3. Let p>2 and t € [0,1.7357"]. Then

(1+6)P 1+ (1= (V2= 1)r)P~] <14+ (Va-1). (2.4)

2r—1

Proof. Clearly,

(14+2)P 1 -(1-(vV2 1+1735 N1 /1—(v/2—1) x 1.7357 1\ p-1
< ) ()

<0.79P~ l+0 38171,

On the other hand, by p > 2, we have

(V2+1)P7H1=0.79771) — (V2 +1) x 0.381)P7 1 /2~ 1
> (V2+1)x0.21 — (vV24+1) x 0381 +2—1
=0.0013--->0.

Then,
1-0.79P71 —0.3817 "'+ (V2 —-1)P > 0,

which implies (2.4). O
LEMMA 2.4. Let p >2 and 7 € [0, ‘[] Then

2PN 14+ (14+ (V2= 1)P) = (14+1)P + (1 — (V2—1)T)P. (2.5)

Proof. Letting f(7)=2P"'(1+7°)(1+(V2—1)")—(1+1)" - (1 - (vV2—1)1)?,
we have f(0) =2P"!(1+(v2—1)?)~2>0 and

(5)=(5

(

S) @ (VD) (1 (V2= 1))~ 1= (V2 1))
) A1+ + (V2= 1)7) — 1= (V2+ 1)} =0,

WV

§|~S\
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Hence, to complete the proof of (2.5), it is enough to show that f(¢y) > O for any
possible stationary point 7y € (0, \/75) Now suppose that f(7) have a stationary point
to € (0, g), then we have

(L) =221 1+ (V2 D7) + (V2= 1) (1 = (V2= Dig)?™L,  (2.6)
that is,

(1+10)" "+ (1= (V2= 1))
=27~ (1 (V2= 1)P) +V2(1 = (V2= 1)ro)P 2.7)

Casel. p > 2.11. Applying Lemma 2.1 and through (2.6), (2.7), we have

flio) =27 (1 +1)[1+ (V2= 1)P] = (1 +10)” = [1 = (V2 = 1)ro]”

=20 (1)1 + (V2= 1)P] — (1 +10) {20 0 1+ (V2= 1)7]

+(\/§—1)[1—(\/§—1)to]”’1} [1 = (V2= 1))

=27 L4 (V2= 7] =21 (14 (V2= 1)) = V2L = (V2= gl !

=2p71[1+(\/§—1)]—(1+t0)p1 [1— (V2= Do)~

> 2 1+ (V= 1] = (L4 )7 = (1= (V2= 1) 5!

>0

Casell. 2 < p<2.11. By (2.6),

(147 = (V2= Dl = (V2= ) =277 (14 (V2 1)),

Hence by Lemma 2.2, we get #o < 1.735~!. Therefore by Lemma 2.3 we have

flo) =21+ (V2=1)P) = (1+10)" ' = (1= (V2= Dp)?" ' =0. O

LEMMA 2.5. Let X be any Banach space, then for any o, € [0,1] and any
X1,X2,V1,Y2 € Bx with x=ox) + (1 — o)xz, y = By1 + (1 — B)y2, we have

[l 2y l[P o [l = eyl P < max{{ i + 2y, 17+ [ — 2y [17 2, j = 1,2}

Proof. By Holder inequality, for any o, 8 € [0, 1] and any x1,x2,y1,y2 € By with
x=o0x;+ (1 —a)xs, y= By + (1 —B)y2, we have

[[x +£3[[7 4 []x — 2|
= [loe(xr +1y) + (1 = 00) (e2 + 1) [|P + [foe(xr — 2y) + (1 — o) (x2 — ty) |7
< ollxy +1y)|P + (1= o) |x + ([P + ef|x; — 2y ]| + (1 — o) [|x2 — ty[|?
= o[ B(x1+1y1) + (1= B) Cer +1y2) |7+ 1B (1 — ty1) + (1 = B) (x1 — 232) (7]

+(1 = a)[[|B(x2+1y1) + (1 = B)(xa+232) |7+ [|B(x2 — £y1) + (1 = B) (x2 — 132) || ]
< of[[lxr +tyill? + [lxer — ey [|P] 4 e (1 = B)[[lx1 +22[[P + []x1 —ty2 7]

+(1 =) Bllxa+ ey |7 + [lx2 =ty [|P]+ (1 — o) (L= B)[[|x2 +ty2 |7 + [l x2 — ty2|¥]
< max{|jx; +1y;||P + |Jxi—y;||P 1 i, j=1,2}. O
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THEOREM 2.1. Let p >2 and X be the regular octagon space which is R* en-
dowed with the norm

Ixl] = max{[xi|+ (V2= 1) |xal, [xa| + (V2= D) |1 [}.
Then

(X)) =1+ (V2-1). (2.8)

Proof. Firstly, we can prove that

[+ 217 + [be = 2y [|” < max{(14+6)P + (1= (V2= 1)),
(I+(V2-1D)P) (1 +0)P2(1+(V2-1))’}  (2.9)

forany x,y € ex(Bx) and every 7 € [0,1].
Since ex(Bx) = {(£1,0),(0,£1),(£ \/_ \/_) (
x into —x or y into —y. So we may assume that x,y = (0,1), (1,0) or (i%, %)
Case I. x = (1,0).
I,. If y=(1,0), then

i\}_ %)} and we can change

et eyl + [l = 2y]]P = (L+0)P + (1= 1) < (L+6)P 4 (1= (V2= 1)r)?.

Hence, (2.9) is valid for this case.
Ip. If y=(0,1), then

ety ][+ e = ey]]P = 2(1+ (V2= 1)r)P.
I..Ify= (\%,%), then we can get
ety |7+ e =yl = (1+0)P + (1= (V2= 1)r)?

is valid for ¢ € [0, \/—] and

ety ][+ = ay])P = (14 (V2= 1)P) (1 1)

is valid for ¢ € [\% 1]. Hence (2.9) is also valid.

Casell. x = (% %)

I, If y=(1,0) or y=(0,1) , then |x+ry|| =1+ and |x —ty| = max{l —
(V2 1);,([2—1)(1+z)}

I, If y = (%,%) then |[x+17y||=1+1¢, and ||x—ty||=1—1.

He I y = (=75, 5). then [x+oy|| = x— oyl = 1+ (v2-1)r.

Case IIl. x = (0,1) or x = (— \%, \%) These cases can be prove similarly as

above. Hence, we can show (2.9) is valid by the case 1. Applying Lemma 2.5, we have
(2.9) is also valid for any x,y € Sy and every ¢ € [0,1].
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2(1+(vV2=1)r)P
T2 I(p)

2p(1+ (V2= 1))P
20=1(14-17)?

Now letting y(z) , we have

v(1) = 71{\6—1—%1}.

So,
i
max;eo 1) W(1) = w((vV2—1)77T) :

=22P(1+(vV2—-1)rT)r-!

<1+ (V2-1)P.
Noting that (1+ (v2—1)?)(1+1)? = (141)P + (1 — (V2 — 1)t)? if and only if 7 €
[%,1},We can get

Pl <1+(vz-1y.

by Lemma 2.4. Finally, taking xo = (1,0) and yo = (\/LE’ iz), we have

P — 14

This completes the proof of (2.8). O
Let’s turn to consider the case 1 < p < 2. Firstly, we need the following lemma.

LEMMA 2.6. Let o € [0,1], then

3 2 5
>3, (2.10)
and
(V2)" +(V2=1)"+ (2= v2)* > V2 +1. .11

Proof. Letting f(a) =3%4+2— % x 2%, we have

() =2¢ [(%)am - %mz} <2¢ Bm - §1n2 <0,

and hence f(or) > f(1) =0 for o € [0,1].

Next, we consider the function g(x) =x*+ (x—1)*+ (2 —x)* —x. By applying
g'(x) = — Dx* 2+ (x—1)*24+(2-x)%2 <0 on (1,2), we get g(x) is a
concave function on [1,2]. Therefore by g(1) = 1 and (2.10) we have,

g2 —g() _ g(15)—g(l) _ (3)*+ %~
V2—1 7 15-1 05

This completes the proof of (2.11). [

[S1[o)

= 0.

By the proof of Theorem 2.1, we have
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THEOREM 2.2. Let 1 < p <2 and X be the regular octagon space. Then

P (x)=2>P(1+(V2—1)7 1)L,

Proof. Taking f(t) = ()71 (ﬁ_l)t)’), from f’(zp) = 0, we can find 7y must

20=1(14¢P)
satisfies
(40t (1= (V21! i
V2141 1—pt =12
On [0 7\f], we note the function ¢(¢) =: \éHﬁﬂ’ 3 is decreasing from v2+1 to
(V2+1)P (1-(v2-1

and the function @(¢)=: Lis increasing from 1 to

1
(V2)p=1-1
). So the solution of (2.12) is unique. Now by

1- t”

<¢§>ﬂ*1<¢§—1)+1 ’

-1
(easy to see (V2+1)?

" VP IWE D < <\/§)p o
(V2+1)P T 4++/2>2++/2 and (2.11) for a = p — 1, we have

(1— 2 )p_l L+(v2p!
(V2rDrTevz)  VEEL (Ve
> (1o 2y e

2+f V2+1-(v2)r!
_

V2-1)P (2 f)l’ '
V2+1-(V2)r-

> 1.

Hence,
1

ity - (V22— 1)
VY20 = e V)

[1-V2(v2- 17! ek
< TSI )—rp(ﬁ(ﬁ 17T).

S0 we musthave fo < \/z(\/i_ 1),?1 by ¢(0) > ¢(0). And also
— _ -1
a1 £0) = flig) = T LU (V2 e
<22 p[1+(\/§_1)%]

<214 (V2- 1))l
Finally, for the function y(z) which is in the proof of Theorem 2.1, we also have

max y(r) =2>"P(1+ (V2 — 1)%)1”1.
1€[0,1]

To complete the proof, we only need to note for 1 < p <2

1+ (V2= 1)1 <278 1+ (V2 - 1)), O
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